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Foreword 


Approximately 90 percent of all the scientists and engineers who ever 
pushed a stylus, quill, or pen since the beginning of mankind are alive and 
productive today. Moreover, the number is increasing at a rapid rate. It 
is no wonder that we feel a rapid surge in the number of papers and reports 
that are finding their way into the literature. As an example, the total number 
of abstracts of papers published in the NASA serial document entitled “Scientific 
and Technical Aerospace Reports” for the first 3 months of 1963 was 2840, 
whereas for the same period 2 years later in 1965 the number swelled to 6338. 
As a result, today’s research scientist or engineer finds he is spending increas- 
ingly more time reviewing the reports of others in order to remain abreast 
of the state of the art in his chosen endeavor. To lighten this burden, it 
becomes almost a necessity to collect periodically the material in a given area, 
and to try to single out the significant and present it in an orderly fashion 
as a summary document. In this form, the state of the art becomes readily 
apparent. Additional benefits accrue by uncovering gaps in the knowledge 
in some areas, while at the same time indicating areas where the coverage has 
been excessive and requires deemphasis. 

In view of the many uses afforded by such a document, it is felt that one 
of the most important functions of a research organization is to determine 
where and when such summaries are required, and to see that they find their 
way into print. The following work on liquid behavior in moving containers, 
through the excellent efforts of its editor and the other contributors, is con- 
sidered to have met the requirements for a summary document of this nature. 

Douglas Michel 
Space Vehicle Structure Programs 
Office of Advanced Research and Technology, NASA 
m 
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The dynamic behavior of liquids in moving containers is a fascinating 
subject that has attracted the attention of geophysicists and seismologists, 
engineers, mathematicians, and other scientific workers for a period of many 
years. With the development of space technology as an active program of 
hardware development and testing and widespread laboratory research, it was 
perhaps to have been e^cpected that the motions of propellants and other 
liquids contained in launch vehicles and spacecraft would be of great interest. 
It has turned out, in fact, that in many cases this problem has exerted a very 
great infiuence on both design details and concepts. It is therefore the purpose 
of this monograph to present a rather comprehensive view of the general 
subject as it specifically relates to space technology applications. 

General technical direction for the organization and production of this 
volume was vested in an Advisory Committee consisting of Douglas Michel 
of the NASA OfiBce of Advanced Research and Technology as chairman, 
Geoi^e W. Brooks of the NASA Langley Research Center, Helmut F. Bauer 
of the Georgia Institute of Technology, and myself. Obviously, however, 
responsibility for the accuracy of technical details within each chapter resides 
with the individual authors. It was my challenging and yet rewarding task 
to attempt to provide a unifying infiuence in the welding together of the various 
contributions. Many staff members of Southwest Research Institute gave 
generously of their efforts and talents in the production of this volume; I 
specifically wish to acknowledge, both for myself and all of the authors, our 
appreciation to Enul Gavlick for supervision of the production and editing of 
the final draft copy, and to Victor Hernandez and James Stevens for preparing 
all of the illustrations. 

H. Norman Abramson 
Department of Mechanical Sciences 
Southwest Research Institute 

Preceding page blank 
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Introduction 


Chapter 1 


H. Norman Abramson 


1.1 THE DYNAMIC BEHAVIOR OF LIQUIDS IN 
MOVING CONTAINERS 

It is common everyday knowledge to each of 
us that any small container filled with liquid 
must be moved or carried very carefully to 
avoid spills. Experience has taught us that the 
unrestrained free surface of the liquid has an 
alarming propensity to undergo rather large 
excursions, for even very small motions of the 
container, and that one has to adjust very 
carefully the frequency of the container motion 
to avoid this sloshing of the liquid. Drinking 
coffee while riding on a train can be a frustrating 
experience, since the soft springs of most 
railroad cars designed for passenger comfort 
result in motions with frequencies distressingly 
close to those of the coffee. 

Similar phenomena surround us at almost 
every turn, arising from the accouterments of 
our modem technology and civilization as well 
as from nature, herself. Obviously, almost 
any moving vehicle provides a prime example 
wherein the response of a contained liquid may 
be of concern: (a) aircraft and rocket fuel 
tanks; (6) cargo, ballast, or fuel tanks of large 
ships; (c) fuel or cargo tanks of automotive 
vehicles; (d) railroad tank cars, etc. On a 
much larger scale, one should not omit from 
consideration the oscillations of water in 
lakes and harbors occurring as the result of 
earthquakes. 

While it is the primary concern of this 
monograph to deal with this general subject as 
it applies to rockets and spacecraft, we would 
be remiss indeed to neglect some mention of 
these other applications. On the other hand, 
rather comprehensive reference lists have al- 
ready been published on several occasions 
(refs. 1.1 through 1.4), and, therefore, we wish 


to point out here only representative examples 
of some of the important technical areas that 
have been investigated, other than those that 
pertain specifically to space technology. 

The motions of water in lakes and harbors 
have interested geophysicists and engineers for 
many years, from the viewpoints of tidal 
oscillations, seiches induced in harbors by 
storms in the open sea, and earthquake dis- 
turbances. The first two of these constitute 
a classical problem for which a large body of 
analytical solutions has been developed (refs. 
1.5 through 1.7).. A fine example of the appli- 
cation of such techniques to problems of engi- 
neering s^nificance is that of the critical design 
of the Mulberry harbors for the Normandy 
invasion of World War II (ref. 1.8). Seismolo- 
gists have been particularly interested not only 
in the liquid motion but in the forces produced 
by them on containing structures (refs. 1.9 
through 1.14). The recent catastrophe of 
Longarone, Italy (October 9, 1963), in which 
landslides into the contained lake induced such 
violent sloshing motions of the water that, even 
though the dam structure itself did not fail, 
the overspilling water resulted in almost total 
destruction of the village and loss of life, 
represents yet another stark example of the 
real significance of these problems. 

Oceangoing vessels are, of course, subject to 
rather violent sea conditions at times, resulting 
in fairly large amplitudes of pitching, heaving, 
rolling, and other motions. The response of 
liquids contained in cargo, ballast, or fuel 
tanks has therefore often been of concern, al- 
though the problem is usually alleviated to a 
large extent by the ship’s master operating with 
tanks as nearly completely empty or completely 
full as he can arrange. On the other hand, the 
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stabilization of ships in roll by means of pas- 
sively acting partially full tank systems has 
proved quite effective in many instances, even 
though the optimum design of such tanks is 
as yet an uncertain art (refs. 1.15 and 1.16). 

In similar fashion, the motions of liquids in 
automotive, or rail vehicle, cargo or fuel tanks 
have at times been of concern. Usually, how- 
ever, in these cases the volume and weight of 
the contained liquid has been sufficiently small 
compared with vehicle weight that the forces 
produced are of little consequence, such that 
even very crude and simple baffles have served 
to suppress the liquid motion sufficiently. An 
interesting case in point, however, is that the 
fuel tanks of all racing cars in the Indianapolis 
500 of 1965 contained hollow' plastic ball-like 
devices (“wiffle” balls) intended to prevent fuel 
sloshing. 

Aircraft certainly constitute a class of vehicles 
in which one would anticipate that liquid re- 
sponse in fuel tanks might be a significant 
problem. Indeed, such is the case, although 
the earliest occurrence of such problems 
arose not just of itself, but through coupling 
with other weU-known aircraft dynamic prob- 
lems. The first was probably that of sloshing 
in wing fuel tanks coupling with the wing 
vibration modes so as to modify seriously 
the flutter characteristics (ref. 1.17); the second 
was probably that of the overall effect of fuel 
sloshing on aircraft dynamic stability (ref. 1.18). 
For aircraft such as the supersonic transport, 
in which a large portion of the takeoff gross 
weight may be in fuel, this problem could be of 
governing importance to many aspects of the 
design. 

Perhaps just two more examples, this time 
from particularly mUitary applications, may 
serve to round out this brief survey of liquid 
response problems which precedes our primary 
area of application to space technology. One 
of these concerns the flight characteristics of a 
spin-stabilized projectile having a liquid core 
(refs. 1.19 and 1.20). In fact, it has been found 
that the motions of the contained liquid may 
couple with the natural nutational mode of 
motion of the projectile so as to cause actual 
flight instabilities. The entire question of liquid 
behavior in spinning tanks (refs. 1.21 and 1.22) 


is a very interesting one which, unfortunately, 
we shall not be able to discuss in any detail 
in this monograph. The other problem relates 
to explosion effects on liquid-filled tanks (ref. 
1.23). In the case of nuclear detonations, of 
course, the loading on the tank may result from 
either the airblast or the groimd shock, the 
latter case being somewhat related to the 
problem of earthquake excitation mentioned 
previously. 

1.S PROPELLANT SLOSHING IN LAUNCH VE- 
HICLES 

Turning our attention now to those aspects 
of the general problem that are of most direct 
importance to space technology, consider the 
large liquid-filled boost or launch vehicle. Such 
devices have an enormous percentage of their 
initial weight as fuel and consequently the 
dynamic forces resulting from the motions of 
these large liquid masses could be very sub- 
stantial, even beyond the capabilities of the 
control system to counteract them or the struc- 
tm*e to resist them. The important thing to 
realize, however, is that we are dealing wdth a 
fairly complex dynamical system and must 
therefore be especially aware of the possibility 
of coupling between various of its components. 
Thus, the control system natural frequencies, 
the elastic body frequencies, and the fuel-slosh 
frequencies must all be fairly wddely separated; 
unfortunately, this is not always the case. 
Table 1.1 gives data for several representative 
vehicles, from which one can see that the 
various frequencies are indeed not always 
widely separated. 

If the dominant fuel-slosh frequencies are 
close to any of the control system frequencies, 
an instability in the flight characteristics can 
result; while if the fuel-slosh frequencies are 
close to the elastic body bending frequencies, a 
large amplitude dynamic response problem may 
arise. In any case, the governing design prob- 
lem is that of stability and control, so that one 
must also carefully consider the location and 
configuration of the propellant tanks and the 
characteristics of the control sensing elements 
(ref. 1.24). 

Saturn I provides us with a clear example of 
an actual in-flight stability problem arising as a 
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Table 1.1. — Characteristics of Some Representative Launch Vehicles 


Vehicle 

Length, 

m 

Diam- 
eter, m 

Thrust, 

kp 

1 

i 

Range, 
n. mi. 

Control 

fre- 

quency, 

cps 

1 

Funda- 
mental 
slosh fre- 
quency at 
liftoff, cps 

Funda- 
. mental 
bending 
frequency 
at liftoff, 
cps 

Important missions 

Redstone 

21 

1.78 

32 000 

200 

0.5 

0.8 

10-12 

Exploration. 

Redstone- 

Mercury 

25 

1.78 

32 000 

200 

.5 

.8 

10 

Suborbital manned 
flights. 

Jupiter 

20 

2. 65 

68 000 

1500 

.4 

•.6 

9 

Reentry, recovery of 
monkeys Able and 
Baker. 

Juno II 

25 

2.65 

68 000 


.4 

.6 

8 

Moon try. Sun orbit. 
Manned space flight. 

Saturn I 

60 

6.5 

685 000 


.3 

.45 

2 

Saturn V 

130 

10 

3.4X10* 

BB 

. 16 

•> 0. 3-0. 4 

1 

Manned space flight. 


* Large slosh masses in unfavorable locations. 

t> Exceptionally large slosh masses because of the large tank diameter. 


consequence of fuel slosh (ref. 1.25). This 
vehicle, it may be recalled, is unusual by virtue 
of its clustered-tank configuration: A single 
large cylindrical tank, surrounded by a cluster 
of e^ht smaller cylindrical tanks (this is but 
one of several types of segmented or compart- 
mented tank designs, as shown in %. 1.1) . Figure 
1.2 shows a representation of two of the many 
telemetry records, taken during an early flight 
(1961), the upper one being the liquid-slosh 
amplitude in one of the outer LOX tanks and 
the lower one being the vehicle angular velocity 
in roll. The eaiiy parts of these records, say 
up to some time just imder 100 seconds, are 
more or less random and of relatively small 
amplitude. At a flight time of about 100 
seconds, however, the amplitudes of both the 
slosh motion and the roll velocity build up 
rapidly, with a fairly discrete frequency, for 
10 seconds or so, and then begin to decay. 
The cause of these observed oscillations was 
attributed to a phase lag in the filter network 
of the roil control loop that exhibited itself 
near the frequency of the first rotational 
sloshing mode of this vehicle. At this particu- 
lar time in the flight, the liquid level in the 
tank had dropped to the extent that the baflSes 
provided for the purpose of suppressing sloshing 
motions were no longer effective and hence the 
damping of the propellant motions was very 
low. As the flight continued, the propellant 



Circular tank Clustered tanks Scalloped tank 

(Redstone, Jupiter) (Saturn II 

@ ooo 

Sector - compartmented tank Annular tank Tri- tanks 
(Saturn V) (Titan III) 

Ficuhe 1.1. — ^Typical laimch vehicle tank configurations. 



level lowered even farther, to the extent that 
the slosh masses became quite small and a 
change in phasing of the liquid motions in the 
various outer tanks occurred, so that the 
oscillatory motions then began to damp out. 
Fortimateiy, this problem occurred late m the 
thrust portion of the flight so that the oscilla- 
tions could not achieve dangerous levels before 
the propellant tanks became virtually ex- 
hausted; even so, there was a premature engine 
shutdown on this flig ht, which could have been 
caused by this oscillatory condition. Certainly, 
had this situation arisen early in the flight, the 
consequences mi gh t have been severe. 






















Figcve 1^. — Saturn I fuel slosh instability during flight (ref. 1^5). 


Of course, as is evident from this discussion, 
because of the consumption of propellants 
during flight, significant changes in the various 
frequencies take place rather rapidly. An idea 
of these changes may be gained from figure 
1.3, which compares behavior in circular and 
scalloped tanks (ref. 1.26). There are, in fact, 
many interesting features to these curves, and 
hence we shall return to them very shortly for 
some additional discussion. 

Generally speaking, we have seen that slosh- 
ing of the liquid propellants may interact with 
both the control system dynamics and the 
elastic vehicle structural dynamics, each of 
which may also couple with the other. The 
liquid-sloshing frequencies are often closer to 
the rigid body control frequencies than to the 
elastic body frequencies (see table 1.1) and 
therefore might ordinarily be the more im- 
portant problem area; however, the liquid sys- 
tem is subject to some degree of control and, 
hence, the interaction between the elastic 
structure and the control system may become 


more important. Such control of the liquid 
dynamic behavior is generally accomplished 
either by the introduction of various arrange- 
ments of bafiles intended to provide an ade- 
quate degree of damping in the liqtiid system 
(fig. 1.4), or by modifying the tank geometry in 
such a way as to change drastically the liquid 
frequencies. 

In order to examine in further detail the 
various aspects of this quite complex problem, 
it should be noted first (from table 1.1) that 
both the liquid-slosh frequencies and the elastic- 
body-bending frequencies decrease with in- 
creasing tank diameter. Now, we have already 
seen that for large circular tank vehicles such as 
Saturn I, the slosh frequencies are so low as to 
couple with the rigid-body motions; this is 
seen clearly in the left side of figure 1.3. 
Successful flight would depend, in this case, 
upon the provision of adequate damping in the 
propellant tanks, probably by the use of various 
arrangements of baffles. Compartmentation, 
or subdivision, of the tank (fig. 1.1) has a very 
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0 50 100 150 0 50 100 150 

Time, sec Time, sec 

Figukb U. — Variation of yehicle frequencies with flight time (ref. 1.26). 


marked effect in increasing the propellant slosh 
frequencies and, therefore, would appear to be 
an ideal method of avoiding coupling with the 
rigid-body motions; the right side of figure 1.3 
clearly shows this effect. Unfortunately, how- 
ever, this solution is not as simple as it seems, 
for the compartmented tanks usually have 
substantially reduced elastic bending frequen- 
cies (these decreases would probably also cause 
some changes in the control system design, 
so that the effects of such changes are by no 
means isolated uuto themselves but form a loop), 
as compared with the circular tank, and, 
therefore, coupling between the propellant 
sloshing and elastic modes may result in large 
dynamic responses; again, this is indicated in 
the r%ht aide of figure 1.3. There is still 
another complication that enters this discussion 
when sector-compartmented tanks are con- 
sidered: While the lowest slosh frequency is 
substantially raised by compartmentation, in 
the sector tank new slosh frequencies are 
introduced that are not widely spaced, so that 
the possibility of coupling with the elastic 
modes may be greatly enhanced. 

The question of relative advantages of 
circular-versus-compartmented-tank configura- 
tions is one that has no simple answer. Aside 


even from considerations of slosh characteristics 
and elastic bending frequencies disciissid above, 
one should recc^ize that the compartmented 
tank would probably be l%hter in weight than 
its equivalent circular tank (taking into account 
the weight of bafi^g required in the latter), 
but it would probably be considerably more 
expensive to fabricate. 

1.3 PROPELLANT MOTIONS IN SPACE VEHICLES 

The previous discussion has centered around 
what might be considered a typical case of 
liquid propellant sloshing in a large cylindrical 
tank, the liquid motions being described as 
arising essentially from lateral motions of the 
tank. Further considerations of such lateral 
sloshing are primarily involved with other 
tank geometries, such as those shown in figure 
1.5, which represent only a very few possi- 
bilities. Obviously, it is of interest to know 
the propellant (or other liquid) slosh char- 
acteristics in these various kinds of tanks, and 
in various orientations. 

The excitations or tank motions that may 
lead to propellant sloshing are also quite 
varied, encompassing a wide system of direc- 
tions, amplitudes, and frequencies. Thus, the 
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Ficdre 1.4. — Truncated -cone-type ring baffles for sup- 
pression of lateral sloshing. 


contained liquids can be expected to respond in 
a variety of ways and, in fact, do exhibit an 
amazing number of kinds of motions of varying 
complexity, none of them really simple and aU 
of them difficult to predict and understand 
(refs. 1.3, 1.4, and 1.27 through 1.30), although 
not all are of great importance in actual space 
vehicles. Without going into detail at this 
time, perhaps it is worthwhile to mention just 
a few of these: 

Lateral sloshing. — This is the type of 
liquid motion (essentially antisymmetric 
modes) under discussion, occurring pri- 
marily in response to translational or 
pitching motions of the tank (figs. 1.6 and 
1.7). 



Simple Modified 

cylinder cylinder 



spheroids 



Sphere 



Modified 

ellipsoid 




Toroids 


Ficcbe 1.5. — Typical space vehicle tank configurations. 


Vertical sloshing. — Liquid motions (usu- 
ally symmetric modes) occurring primarily 
in response to motions of the tank normal 
to the equilibrium free surface (fig. 1.8>. 

Rotational sloshing (swirl motion). — 
Liquid motion exhibiting an apparent 
swirling of the liquid about a normal axis 
and arising as an instability of the anti- 
symmetric lateral sloshing mode near 
resonance. 

Vortex formaiion. — Development of a 
ventilated vortex in the outlet of a tank 
while under dra inin g conditions (fig. 1.9). 

Surface spray. — Development of a dense 
spray of small droplets at the liquid-free 
surface as the result of high-frequency 
rigid-body excitation of the tank, or elastic 
vibrations (fig. 1.10). 

Dome impact. — Liquid in a partially filled 
tank, under conditions of abrupt thrust 
cutoff while in the atmosphere, may impact 
against the opposing tank bulkhead. 

Low gravity phenomena. — Under condi- 
tions of very low gravity (orbital or inter- 
planetaiy flight), the liquid behavior is 
governed primarily by surface tension (and 
viscous) forces rather than by inertial 
forces and may be oriented randomly within 
the tank, depending essentially upon wet- 
ting characteristics on the tank wall. 

Docking impact. — Liquid impact upon a 
tank bulkhead arising from docking, or 
other maneuvers in space flight, when the 
liquid is initially controlled by low gravity 
conditions. 
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Figure 1.7. — First two free surface modes of liquid motion 
in a spherical tank. 


interactions with other components of the 
dynamic system and to provide adequate 
remedial measures. For each type of tank 
configuration, orientation, and excitation, the 
designer requires, among other things, knowledge 
relating to (a) liqtiid natural frequencies and 
mode shapes, (6) forced response characteristics, 
(c) damping with and without baffles or other 
suppression devices, and (d) simulation tech- 


Figube 1.6. — First two free surface modes of liquid motion niques. We shall therefore discuss these various 
in an upright circular cylindrical tank. topics in some detail in the following chapters. 


The designer must, for each type of liquid SCOPE OF THE MONOGRAPH 

motion, imderstand its behavior and charac- This monograph attempts to present a rather 
teristics sufficiently well to analyze its possible comprehensive view of the general subject, and 
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Figure 1.8. — Symmetric free surface mode of liquid 
motion resulting from vertical excitation. 


while it is doubtful that any single presentation 
could be of equal value to students, researchers, 
analysts, and designers alike, it may be that 
each of these will at least find here significant 
quantities of helpful information. Each of the 
following chapters therefore discusses in detail 
one or more aspects of the general problem we 
have outlined in sketchy fashion in this 
introduction. 

Each chapter attempts to give an integrated 
\uew of theoretical and experimental data on 
the particular subject at hand, wuth some con- 
centration on the presentation of results rather 
than on the details of procedures; however, 
general methods of analysis have been outlined 
where it was felt that these have reasonably 
wide application, are relatively little known, or 
may be necessary to have at hand for proper 
application of the final results of data that are 
cited. A list of references is also given in each 
chapter, although, again, no claim is made for 
completeness. In this connection, it should be 
remarked that no special effort was made to cite 


technical literature other than that readily 
available in the English language. 

The characteristics of lateral sloshing be- 
havior, primarily liquid frequencies, mode 
shapes, and forced response characteristics, for 
various container configurations are presented 
in some detail in chapter 2. The basic ele- 
ments of the imderlying hydrod 3 mamic theory 
are presented, followed by analytical relation- 
ships and calculated and experimental data for 
a wide variety of cases. Only rigid tanks are 
considered. 

The no nlin ear effects rising inherently from 
particular tank geometries (primarily in the 
compartmented tank), or as a consequence of 
large amplitudes of excitation, or from insta- 
bilities in the lai^e amplitude motions near 
resonance (rotational sloshing), are discussed 
in chapter 3. The fiirst of these, especially, 
may have important implications for design. 

Chapter 4 presents a large quantity of experi- 
mental data gained primarily from laboratory 
investigations of damping characteristics in 
lateral sloshing in rigid tanks. First, consid- 
eration is given to the simple viscous damping 
effects in various tanks and, second, to the 
effectiveness of different types of suppression 
devices. Such devices may take a wude variety 
of forms, ranging from floating objects and sys- 
tems w'hich follow the free surface to many 
types of fixed baffle configurations. 

Because so much of our presently available 
knowledge on this general subject comes as a 
result of extensive laboratory investigations, 
the subjects of simulation and experimental 
techniques are discussed in detail in chapter 5. 
The subject of similitude by use of small 
models based on dimensional analysis is pre- 
sented in some detail, and in rather general 
terms, which can then be specialized to specific 
cases. Physical properties of various propel- 
lants and other commonly used liquids, as well 
as a wide variety of potentially useful model 
liquids, are tabulated in the appendix. 

With the force and moment response of the 
liquid under various conditions of lateral slosh- 
ing in rigid tanks fairly well defined in these 
early chapters, the question then arises of in- 
tegrating this knowledge into analyses of the 
overall system dynamic beha^nor. This is usu- 
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Ficorb 1.9. — ^Vortex formed during gravity draining of a tank. 


combined tvith similar representations for other 
dynamic components of the vehicle, and then 
the overall system dynamic behavior can be 
analyzed by analog or digital techniques. 
Various types of equivalent mechanical models 
are derived and discussed in chapter 6, includ- 
ing both very simple and relatively complex 
ones. The general subject of vehicle stability 
and control is then treated in chapter 7, demon- 
strating how various of the analyses and data 
are integrated; elastic body effects, however, 
are not yet included. 

The various, and interesting, aspects of 
liquid behavior in response to vertical excita- 
tions of the tank are discussed in chapter 8. 
The first topic is that of subharmonic response 
(i.e., liquid response mth a frequency less than 
that of the excitation) of the liquid surface to 
fairly low frequency excitations, with detailed 
comparisons made between theory and the re- 
sults of laboratory experiments. The second 
topic relates to liquid spray formed at the free 
surface because of relatively high frequency 



Figure 1.10. — Surface spray resulting from high frequency 
vertical excitation. 


ally accomplished by first devising appropriate 
equivalent (mathematical) mechanical models 
composed of sets of simple spring-mass-dashpot 
(or pendulum) elements, which can then be 
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excitation; the third topic relates to certain 
interesting aspects of bubble dynamics and 
cavitation that have been observed in labora- 
tory studies. 

Chapter 9 now brings into focus some of the 
effects rising from the elasticity of the con- 
tainers. The first point of discussion is that 
of the influence of the bquid in modifying the 
vibration characteristics of the elastic shell, 
without considering any significant coupling 
and primarily as a result only of the added 
mass. Both bending- and breathing-tjpe 
vibrations are considered. Next, the coupled 
problem is considered and interesting forms of 
liquid response induced by tank wall elastic 
vibrations (observed in the laboratory) are 
discussed. The influence of the elastic bottom 
of the tank, wth regard to the vertical slosh- 
ing problems discussed in chapter 8, is then 
discussed. Finally, the effects of body-bend- 
ing flexibihty on the general problem of vehicle 
stability and control, for which the rigid- 
body case was presented in chapter 7, are outi 
lined. 

Three interesting but unrelated topics that 
seem to warrant some presentation, although 
slightly apart from the bulk of the material 
presented in this monograph, are collected 
together in chapter 10. The problem of dome 
impact is presented first, and while such a 


problem actually arose during one phase of 
development of the Bedstone missile, the im- 
portance of this problem in launch-abort 
situations and the closely related one of orbital 
maneuvering and docking is not yet fully 
established. Vortex formation is an interesting 
phenomenon, but one which can be suppressed 
quite simply in most cases by baffling the tank 
outlets, and is therefore discussed only briefly. 
The Titan II launch vehicle, in the early stages 
of its flight test program, exhibited rather 
severe longitudinal oscillations of the entire 
system, now often called “pogo” oscillations. 
The liquid systems and the elastic structure 
were quite well coupled and, together with the 
combustion system, formed a closed loop. 
While not solely a problem of liquid dynamic 
response, it was felt that the phenomenon was 
of sufficient importance to warrant a brief 
presentation. 

The various complex and important behavior 
of liquids under conditions of low and zero 
gravity are discussed in detail in chapter 11, 
the concluding chapter of this monograph. 
Means of simulating such behavior in laboratory 
experiments are especially treated in some 
detail, as are the various techniques for control- 
ling the location and orientation of liquids 
within ta nks subject to the weightless condition 
of the space environment. 
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Chapter 2 


Lateral Sloshing in Moving Containers 

Sandor Silverman and H. Norman Abramson 


2.1 MATHEMATICAL BACKGROUND 

We have discussed in chapter 1 how lateral 
sloshing of propellants or other liquids may be 
induced in a rocket or space vehicle and why it 
is of importance. We shall present, in this 
chapter, theoretical and expeiimental results 
pertaining to undamped liquid sloshing behav- 
ior in rigid containers. Obviously, any attempt 
to repeat details of the mathematical develop- 
ments leading to these results would be far too 
voluminous to permit incorporation in a mono- 
graph of this t 3 q>e. Further, while the detailed 
manipulations for any specific tank geometry 
are quite tedious, the principal mathematical 
problem of finding a solution to the boundary- 
value problem for Laplace’s equation is straight- 
forward and relatively weU known . The natural 
frequffliciea, mode shapes, potential functions, 
free surface displacements, and forces and 
moments are given for a variety of container 
geometries. In the case of forced motion, the 
forcing function is assumed to be of the form 
Solutions for arbitrary tank motions may 
be obtained from harmonic solutions by using 
Fourier series or Fourier integral techniques, 
and while some analyses of liquid behavior in 
containers subjected to impulsive motion have 
been performed (see ref. 2.1 for specific refer- 
ences), they are not of governing importance 
for this monograph. 

During sloshing in a cylindrical container, the 
lower part of the liquid performs oscillations as 
though it were a rigid body and only the liquid 
in the vicinity of the free surface moves inde- 
pendently; as the frequency of oscillation of the 
free surface increases, the motion penetrates 
less deeply into the liquid. For liquid depth to 
diameter A/d>l, the liquid naturid frequencies 
may be considered to be independent of the 


liquid depth, as will be shown later. For con- 
tainers of symmetric cross section, the frequen- 
cies of primary interest are the lowest few cor- 
responding to the first few antisymmetric mode 
shapes. -It is intuitively clear that the S 3 nn- 
metric liquid mode shapes do not cause any 
resultant lateral forces and moments to act 
on the container; they can, however, couple 
with the elastic container and lead to other in- 
terestmg aspects of the overall problem. (This 
general subject will be discussed in detail in 
ch. 8.) In the case of a circular cylindrical tank, 
the orthogonality condition for trigonometric 
functions insures that antisymmetric motion is 
the only class of motion which contributes to 
the net horizontal force and moment exerted 
by the liquid on the container (refs. 2.1 and 2.2) . 

Several methods have been employed to 
minimiz e the effects of liquid motion. Baffles 
of various configurations have been devised 
which add a small amount of damping to the 
system and mainly affect the magnitude of the 
slosh forces and the amplitude of the liquid 
motion. (See ch. 4.) If a shift in the range of 
the fluid natural frequencies is desired, a more 
effective method is to divide the tank into 
subtanks by means of radial or concentric walls, 
which has led to interest in the ring sector tank 
and its variations (sec. 2.3). Bauer (refs. 2.3 
to 2.5) has shown theoretically that compart- 
mentation of a cylindrical tank into sectors has 
the effect of raising the first natural frequency 
and lowering the second so that these two fre- 
quencies are not widely separated, as has been 
confirmeid experimentally (refs. 2.6 to 2.8). 
These experiments have also indicated that: 
(o) radial compartmentation with solid walls 
does not reduce the slosh forces as much as do 
ordinary ring baffles, and (6) there is a marked 
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dependence of liquid natural frequency on 
excitation amplitude. (Such nonlinear effects 
will be discussed in more detail in ch. 3.) 

The cylindrical tank with an annular cross 
section has also been investigated theoretically 
in reference 2.2, but experimental verification of 
this theory is not yet available. The attract- 
iveness of this tank configuration resides in the 
wide separation between frequencies of the inner 
and outer compartments and in the fact that 
phasing of the liquid motions between the two 
compartments results in a lower total force. 

Eulitz (refs. 2.9 and 2.10) has suggested that 
sloshing be avoided by using an experimentally 
based analytical method. Virtually countless 
other schemes for the suppression of sloshing 
have been proposed at one time or another, but 
we shall not recount them here. 

In general, very good agreement between 
theory and experimental observations has been 
obtained for lateral sloshing. Wall-pressure 
distributions have been obtained from sloshing 
experiments with rigid model cylindrical tanks 
having fiat bottoms (ref. 2.11), and it has been 
found that the total force and moment obtained 
by integration of the pressure distributions are 
in good agreement with theory. Sloshing 
behavior in tanks with conical bottoms can be 
represented by sloshing behavior in a tank 
with an equivalent flat bottom (based on equal 
liquid volumes); this conclusion appears to be 
valid at least through the second mode and 
possibly through the third, and implies that a 
similar technique may be applied (with caution) 
to tanks of other bottom geometries (ref. 2.12). 

A few general theoretical analyses for pre- 
dicting natural frequencies of fluids in containers 
of various shapes are available (refs. 2.13 and 

2.14) . Lamb (ref. 2.13) discusses the elliptic 
canal in section 291, the parabohc container in 
section 193 (tidal wave theory), and the 45® 
conical canal in section 258. Troesch (ref. 

2.14) discusses the conical tank and the 
hyperboloid, and also presents graphs of con- 
tainer cross sections which were obtained using 
an inverse technique. It is interesting to note 
that Troesch found that the fundamental 
frequency for a container which looks very 
much like a cone differs from that of a cone by 
25 percent, indicating that the eigenvalue can 


be quite sensitive to changes in container 
shapes. Somewhat different results are indi- 
cated in reference 2.15 for a cylindrical con- 
tainer with elliptical cross section, in which it 
was determined that the effect of small tank 
ellipticity on the natural frequencies is small. 
It is seen from this discussion that it is difficult 
to draw general conclusions about the behavior 
of liquids in containers. Further references on 
containers of various shapes are given in 
references 2.1 and 2.16. 

Basic Theory: Assumptions 

An “exact” solution to the general problem 
of fluid oscillations in a moving container is 
extremely difficult. The simplifying assump- 
tions that are generally employed in such a 
theoretical analysis and which are employed in 
this chapter are as follows (some of these will 
be relaxed in following chapters): 

Rigid tank , Irrotational flow fleld 

Nonviscous fluid Homogeneous fluid 

Incompressible fluid No sinks or sources 

Small displacements, 

velocities, and slopes 

of the liquid-free sur- 
face 

Since the question of interaction between the 
liquid and the elastic tank is an exceedingly 
complex one, we shall assume for present pur- 
poses that the tank is rigid. (Interaction prob- 
lems will be discussed in ch. 9.) For unbaffled 
tanks of relatively large proportions, the viscous 
forces of the fuel may be neglected as being 
small compared to other forces, which is a very 
accurate assumption except in a small region 
near the boundary. The assumption that the 
fluid is incompressible seems to be generally 
valid for the fuels and liquids in current use. 

The liquid free surface displacements, slopes, 
and velocities are assumed small, which line- 
arizes the boundary conditions at the free sur- 
face. Some discussion of the significance of the 
linearization of the boundary condition is given 
in references 2.13 and 2.17. Briefly, two non- 
linear boundary conditions must be satisfied at 
the free surface; by employing the above- 
mentioned assumption, these two conditions are 
linearized and combined to give only a single 
condition. 
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The assumption of irrotational flow is com- 
patible with the assumption of zero viscosity 
since, as is well known, motion in a nonviscous 
fluid which is irrotational at one instant always 
remains irrotational (ref. 2.17). This assiunp- 
tion, along with the linearized boundary condi- 
tions, yields a theory which can be employed 
for the analysis of several practical container 
geometries. 

The assumption of no sinks or sources, 
keeping in mind the assmned incompressibility 
of the liquid, requires that the liquid volume 
be constant; therefore, for example, the theory 
may not be valid for a rapidly draining tank. 
This is discussed further in chapter 10. 

Basic Theory: Analysis 






dz dt 


(2.4) 


me aoove equations may 




dtt , dtt , dtt , ^ 1 dp 

c>» , , do , d® 1 dp 

d< ^ dx dy ^ dz~ p dy 

d«7 , dw , d«J , dW 1 dp ^ /o rs 


where it has been assumed that the only body 
force present is due to the acceleration field. 
The continuity of the fluid (mass conservation 
law) must be preserved. Enforcing this re- 
quirement, and noting the assumption of incom- 
pressibility, we have 


It will be found convenient in this chapter 
-to employ either rectangular or circular cylin- 
drical coordinates located at various points in 
the container. Unless otherwise stated, the 
coordinates will be located on the imdisturbed 
liquid surface, with the x and y axes in the 
plane of the surface and the z coordinate 
normal to the surface. The assumption of 
irrotational flow insures the existence of a 
single-valued velocity potential $(x, y, z, t) in 
any simply connected region, from which the 
velocity field can be derived by taking the 
gradient (it should be noted that some 
authors prefer to define the velocity as the 
negative of V#) 

F=V$ (2.1) 


or in terms of the components of the velocity 
vector, V (in rectangular coordinates) 


*’“dy 



( 2 . 2 ) 


The vector statement of Newton’s second law of 
motion for a particle in a nonviscous fluid is 


_lvp-t-Fa=A (2.3) 

where p is the mass density, p is the intensity of 
normal pressures, Fb is the body force vector, 

and A the acceleration vector. By noting the 

fact that 


V.F=0 (2.6) 


Equations (2.5) and (2.6) are sufficient, once 
appropriate initial and boimdary conditions are 
imposed, to determine the velocity components 
u, V, and w and the pressure, p, imiquely. 

Substituting equation (2.1) into equation 
(2.6), it is seen that $ must satisfy the Laplace 
equation: 






=0 


( 2 . 7 ) 


where V* is given in the above equation in rec- 
tangular coordinates. 

By noting that the flow is irrotational and 
p=constant, the equations of motion (2.5) may 
be integrated and then linearized to obtain 
Bernoulli’s law (the integration function is ab- 
sorbed in the definition of with no loss in 
generality, cf. ref. 2.17) 

^+i,+,2=0 (2.8) 


where the acceleration field has been specialized 
to that of gravitation. Thus, # is determined 
from equation (2.7) and appropriate boundary 
conditions, the velocity components from equa- 
tion (2.1), and the pressure distribution from 
equation (2.8). The free surface displacement 
is obtained from equation (2.10) to be derived 
below (the pressinre at the free surface is usually 
considered to be zero), while the forces and 
moments acting on the cont^er may be found 
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by appropriate integrations of the pressure. 
(See, for example, sec. 2.3.) 

It is often convenient to write the velocity 
potential as the sum of the potential of the con- 
tainer motion, <t>c and the potential of the liquid 
moving relative to the container, f>i. That is 

If the container is stationary, <^«=0, while if the 
container is in motion 4>c CRR be found by inte- 
grating the equation 

V(t>c=V (container) 


By eliminating 6 between these two relations, a 
single equation for $ is obtained as 


■ 5$ 1 dpo 

^ ds~ p dt 


(2.11a) 


For most cases, it is assumed that po=coRstant, 
so that 

In the case of pitching motions of an accel- 
erating vehicle, the free surface condition is 
(ref. 2.20) 


and the constant of integration may be taken 
as zero, since it can be absorbed in €>i. The 
potential 4>c is independent of container geometry 
and has been evaluated for roll, pitch, and trans- 
lational motion of the container (ref. 2.18). It 
should be noted that <f>c satisfies the Laplace 
equation for pitch and translation, but not for 
roll motions of the container. In this latter 
case, the sum of is made to satisfy the 

Laplace equation by making the solution of 
a Poisson equation. 

A complete discussion of the derivation of the 
above equations may be found in references 2.17 
and 2.19. Keference 2.17 should also be con- 
sulted for an excellent discussion of the boimd- 
ary conditions which are simply stated in 
linearized form below. 

At the container walls 



(2.9) 


where i>/bn denotes differentiation in the direc- 
tion normal to the surface of a rigid body in 
contact with the fluid, and is the common 
velocity of the fluid and hovmdary surface in the 
direction normal to the surface. Imposing 
BemouUi’s law and the condition that the fluid 
particles must stay on the surface, and then 
linearizing the results, leads to the equations 
describing the free surface 


d$, , 1 


( 2 . 10 ) 


where z=S{x,y,t) is the equation of the free 
surface, and po(*> y> 0 is the surface pressure. 


where and 0, are the pitch angles about the 
X and y axes as shown in figure 2.1, A is the 
total acceleration in the z direction, At is the 
acceleration in the z direction due to thrust, and 
A=Ar+g. For a groimd test, the acceleration 
of the vehicle due to thrust is zero so that 
At=0, A=g. For pitching motions during 
launch, the effect of the gravitational field may 
be neglected so that the body force is due 
entirely to the thrust and the inertia force due 
to gravity and the body force due to gravity 
cancel each other; therefore, g=0 and A=At- 
For oscillations given by 0»=|6»|e‘"‘, 
the free surface condition given above may be 
simplified by the transformation 

<l>i=<h+<h+ATX (j^^+Aiy 


where 4>t and ^ satisfy the free surface condition 




Ficdrb 2.1. — Coordinate* for accelerating tank. 
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For the case of no pitching motion, equation 
(2.12) reduces to 


8.2 REaANGULAR TANK 

Natural Frequencies 




The mode shapes and frequencies in a 
rectangular tank (see fig. 2.2) are given by 
Lamb (ref. 2.13, sec. 257) 


which is equivalent to equation (2.11b). 

The foregoing linear boundary value problem 
is generally solved by employing the classical 
method of separation of variables, and much 
information concerning the behavior of liquids 
in moving containers has been obtained for 
several practical container geometries, including 
the compartmented cylindrical tank. 

In addition to the technique of separation of 
variables, several other methods have been 
employed to analyze lateral sloshing of liquids 
in containers. Budiansky (ref. 2.21) used a 
sophisticated integral equation technique to 
find the natural frequencies and slosh forces 
in the cases of a half full, and nearly full 
spherical container and a circular canal filled 
to an arbitrary depth. Lawrence, Wang, and 
Reddy (ref. 2.22) have shown that the problem 
of finding a velocity potential $ wMch satisfies 
the equations (2.7), (2.9), and (2.11b) (»„=0 in 
eq. (2.9)) is equivalent to finding a velocity 
potential which makes an integral an extremum. 
This conclusion is significant in that not only 
is the governing diflterential equation automati- 
cally satisfied, but all necessary boimdary con- 
ditions are also. The velocity potential may 
be obtained approximately by employing the 
Rayleigh-Ritz technique. This technique has 
heen used rather extensively (refs. 2.22 to 2.25). 
Troesch (ref. 2.14) employed an inverse tech- 
nique to find the natural frequencies and 
obtained results for several interesting geome- 
tries; he also gave an interesting discussion of 

^ ^ a i . _w_ A A 

X OAtt MOUWWl-i W/XlMUXAd g O VAAA^ vx 

and liquid natural frequencies. It was shown, 
for example, that if two containers have the 
same free surface and if one is completely con- 
tained in the other, then the smaller container 
possesses the smaller eigenvalue. Ehrlich (ref. 
2.26) investigated the finite difference tech- 
nique applied to obtaining the fundamental 
frequency in axisymmetric fluid-filled containers 
of arbitrary bottom geometry. 


5 — 'y I •^mn cos 

m-0 n-0 


X cos [™(v+D] 


(2.13a) 


where 


(4tn=gk tanh (kk) (2.13b) 





m, n are integers ranging from 0 to ® , and 5 is the 
elevation of the liquid above the reference 
level z=A/2. If the lowest frequency of 
interest is obtained by letting m=l, n=0 

«?o=^ tanh (2.13c) 



FicuBE 2.2. — Coordinate system and tank geometry for 
rectangular tank. 
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The higher frequencies may be obtained from 
equation (2.13b) once the dimensions a and b 
are known. If kh is small, equation (2.13b) 
may be approximated by 

(2.13d) 

Eide (ref. 2.27) has presented the results of 
an analytical investigation of the problem of 
the variation of pitch motion of a vehicle under 
low' inertial forces due to fuel sloshing in a 
rectangular tank. He assumed that the forces 
due to thrust, rotation, and capillary action 
are of the same order of magnitude, and that 
they are all much greater than the Coriolis 
force, and then determined the velocity poten- 
tial and frequency of the free surface oscillation 
generated by an impulsive torque. The equa- 
tions of motion derived for the rotation of a 
vehicle containing a large amount of liquid 
were then investigated to determine the general 
behavior of the vehicle and the stability of the 
free surface motion. Because of the specific 


application of this analysis to low gravity 
problems, it wall be discussed further in 
chapter 11. 

Forced Oteillertions 

The response of a fluid to simple harmonic 
motions of the tank in translation, pitching, and 
yawing is given in reference 2.28. This paper is 
a condensation of reference 2.29, which contains 
a more detailed discussion, in addition to the 
solution of arbitrary tank motions through the 
use of Laplace transforms. The assumptions 
listed in section 2.1 are employed, with the 
additional condition that the angle of container 
rotation during pitch is small. 

Horizontal Motion ParalM to z-Axit 

The velocity potential, the horizontal force 
on the container in the r-direction, and the 
moment acting on the container about the y 
axis (positive moments are given by the “right- 
hand” sign convention) for a displacement of 
the container given by x(t)—x^ sin (Of) are as 
follows: 


$=+*00 cos Of-< 


a;J-^ (—1)" — 

^ 7r»(2n+l)» 


(= 1 ^) 


sin 

_(2n+l)^z] 

cosh 

>+1)^1 

i‘4)] 

cosh 






X 


, , 8 tanh [(2n+l)rr,] 1 

*"(2n+l)V, 




* 

1 1 8 tanh [(2n+l)7iTi] 

j tanh^(2n+l)^ r,J 

N 

. L 

1 

’ ^(2n+l)+, 

^ (2n+l)|r, 


ej)’-'] 




where now 

«i=(2n+l) ^ tanh ^(2n+l) 
Ti—hla 

frJ- 0 * 

9 

Wr~pghab (total weight of liquid) 


y (2.14a) 


(2.14b) 


(2.14c) 


Pitching About y-Axh 

The velocity potential, horizontal force in 
the z-direction, and moment acting on the con- 
tainer about the y-axis, for an angular displace- 
ment of the tank walls in pitch given by 
9(f) = 9 g sin Of, are as follows: 
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cos Qt •< 


m A. 

^ {. \\n ^ 

sin 

(2n+l) 

T 

sinh 

(2n-f-l)|a:J 

ir»(2n+l)* 


cosh 

;(2n+l)g' 



sin 

(2n+l) Jx 

cosh 

(2n+l) J 

(-1); 

n 

sinh 

(2n-|-l)^;i 

J 


4a 


^^V(2n+1)^ 


/ Q» \ 

h 

2a tanh^(2n-f-l) 

wA"! ^ 
2gJ, g 

\«S-QV 

2~ 

T(2n-|-1) 

2 






sin 

Wl)|x] 

cosh 

(2n+l)^| 

d 


cosh 




y (2.15a) 


jp 

^=0of‘ sin 

A.H 

. 8 tanh [(2n4-l)irr,] 

j tanh j^(2n+l)|r,J 

4.1 

1 

12ri^ 

T»(2n-hl)V, 

^ (2n-|-l)|ri 


m 


(2.15b) 


M 

sin Qt 


Mrh? 


1 , o ^ 8 tanh [(2n+l)irri] 

12/*ri'^^;^o x’(2n+l)V, 


X 


j tanh^(2n+l)|r,J ^ 


(27i+l)-ri 




+z: 

71-0 


8 tanh [(2n+l)^rri] 
x’(2n+ l)¥i 


X 


tanh 

(2n-H)|r, 

•< 

4.1 

2 N 

1 

2 TT 


//nV , r 

K 7 J-^} 


(2.15c) 


where is the effective moment of inertia of 
the fluid about the j^-axis (moment of inertia 
with the free surface fixed). 

Ycnring About z^Axit 

The velocity potential and the moment acting 


on the container about the z-axis (there are no 
resultant horizontal forces), for an angular dis- 
placement of the tank walls in yaw given by 
<^(0=<^> sin Qt, are as follows: 
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cos 




6* sin 

(2n-|-l)|y 

sinh 

(2n-hl) Jx] 


cosh |^(2n-f 1) 

toT 

2b_ 



d‘ sin 

\j2n+l)lx_ 

sinh 

_(2«-M)fy] 

cosh 

[(2»+l) g' 



+2S(- 

in*0 «*0 


■ 1 ) 


m+iB 


(<^>) 


16o6[6*(27i+ 1)*— a*(2fn+l)*] sech ■)Jb’‘(2n+ l)*+o®(2m+ 1)*J 

5r«(2m+l)*(2n+l)*[6^(2n+l)*+o*(2m+l)*] 

Xsin^(2n+1) ^ijsin J^(2m+1) cosh j^^Vi*(2n'+l)*+ffl*(2»n+l)*^2+|^J ► 

' (2.16a) 


where the resonant frequencies w„, are given by 

«J.,=y ^ ^/¥(2n+ly+a\2m+ly tanh V&*(2n+l)*+o*(2m+l)*] (2.16b) 


M.= ^on» sin Qt [a< tanh [(2n+l) g] 

+6* tanh |^(27i+l)^JJ— pabh{a^+b^ 

^ ^ ^ Mpa^bW(.2n+iy-a‘{2m+\yY {_JLS\ \ ro 16c^ 
g Ab^2n+iy+a^i2m+imm+m2n+l)*W„„-Q*Jj 


2.3 CIRCULAR CYLINDRICAL TANK 

The upright cylindrical container of circular 
cross section is obviously of considerable impor- 
tance for our discussion here because of its 
relationship to the configuration of large boost 
vehicles. Indeed, this tank geometry is per- 
haps the most important of all, and, fortunately, 
the analysis of lateral liquid sloshing is not 
especially difficult. However, because of the 
frequent necessity to reduce sloshing masses 
or to shift the liquid natural frequencies, sub- 
division of such containers into compartments 
by either radial or concentric walls is relatively 


common practice, so that the basic simple 
geometry transforms into other more complex 
forms. For purposes of our presentation here, 
it is somewhat advantageous to begin with the 
most general compartmented tank, the ring 
sector, and then present results for other con- 
figurations as special cases. It is interesting to 
note that the solution to the shallow water 
(tidal) oscillations of a liquid in a ring sector 
tank was suggested by Lamb (ref. 2.13, art. 
191) and that the natural frequencies for tidal 
oscillations of a fluid in a sector tank were 
obtained by Rayleigh (ref. 2.30, art. 339). 
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Ring Ssctor Compartmented Tank 

This configuration is not only of practical 
importance, but from the analysis of liquid 
sloshing in this type tank, the behavior of 
liquids in all cylindrical tanks composed of 
radial and circular walls may be obtained by 
appropriate selection of the geometric variables. 
For purposes of review, the procedures employed 
to obtain the natural frequencies and to solve 
the problem of lateral sloshing of a liquid in a 
ring sector tank induced by translational motion 
of the container will be outlined first, following 
closely the discussion of reference 2.3. Results 
for other types of container motion (refs. 2.3, 
2.19, and 2.31) are also then given. It should 
be noted that the theoretical results presented 
are valid jor a single sector tank. To use the 
results jor compartmented cylindrical tanks, 
one must superimpose the effects of all the 
compartments. For example, the contribution 
to the total force in the z-direction of all eight 
compartments has been accoimted for in the 
theoretical curves presented in figure 2.8. 

frt* Oscillations 

The geometry of the tank and coordinates 
are shown in figure 2.3. The flow field of a 
liquid with free surface in a cylindrical container 
of ring sector cross section with vertex angle 2ira 




Figure 2.3.'~*~Goorduiate system and tank geometry for 
ring sector tank (ref. 2.3). 


and a flat bottom is obtained from the solution 
to the Laplace equation with the 

boundary conditions 




at the tank bottom z=—h (2.17a) 

at the circular cylindrical tank walls 
r=o, h (2.17b) 


1 

r 


=0 at the sector walls 0=0, 2wa 

(2.17c) 


^^$1 1 

-^-kO surface z—0 

(2.17d) 

Assuming a product solution of the form 

0.(r, 0, 2 , t)=e*‘“R(r)6(<t,)Z(z) 

and substituting into the Laplace equation, the 
following expression for 0i is obtained 


0i=e‘"*{ Cl cos isl>+C 2 sin v0}[{ Ci cosh \z 
+<?4 sinh X 2 H (75J,(Xr)+C'»F,(Xr) } 

+ {CV3+C’g}{CV'+C',or-'}] (2.18a) 


where v and X are constants and t/,(Xr) and 
F,(Xr) are Bessel functions of the first and 
second kinds of order v. Care must be taken 
in the choice of the “separation” constants if 
and X, and their signs, to insure that the mathe- 
matical solutions actually describe the physical 
problem. The velocity potential which satisfies 
the boundary conditions at the container walls 
(eqs. (2.17b) and (2.17c)) is 


^,3,0=22 cos 0^ 

cosh r . V 

X (2.18b) 

cosh[u^] ^ 

where 

Cmlia m/2a(^mn) 

— Jm/ 2 a(,^mn)Ym/ 2 a(. 0 ') (2.18c) 
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The values are the positive roots of the 
equation * 

^m/2o ~ '^i.yao ( £) ) 

-JUamT;^{^)^0 (2.18d) 

and k—bja is the diameter ratio of the inner 
and outer tank walls. The unknown constants 
Amn can be obtained from the initial conditions. 
The equation for the eigenvalues of the liquid is 
obtained from the free surface condition, 
equation (2.17d) 

«« = w*=| im* tanh ^ m,n=0, 1, . . . 

(2.19) 


‘ The roots of this determinant are plotted in fig. 2.4, 
and tabulated in table 2.1, as a function of k for the 
special case of m/2a=l. Further discussion on the 
roots of this determinant may be found in ref. 2.2, 
while extensive tables and graphs of AM/:a(£) = 0 are 
presented in ref. 2.32. 


It is seen that the frequencies of the liquid 
decrease with liquid depth and with increasing 
tank radius. For a given tank size, the possi- 
bility of -shifting the frequencies is expressed by 



0 I I "I -Til VI 1 f I I -n 1 

0 0.2 0.4 0.6 as 1.0 


Figube 2.4. — ^Root^ of Ai(£)=0 versns parameter k 
(ref. 2.2). 



Figure 2.5. — Natural frequency parameter for containera of circular, annular, and quarter-circular croaa section (ref. 2.3). 
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Table 2.1 . — Roots of the Determinant Am/io($)=0, Eq. (2.18d) 




' n\i 

\ 

0.01 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

0 


1. 80347 

1. 70512 

1. 58207 

1. 46179 

1. 35468 

1. 26209 

1. 18238 

1. 11338 


1 

5. 32913 

5. 13714 

4. 96086 

5. 13742 

5. 65919 

6. 56494 

8. 04111 


15. 77812 


2 

8. 53050 

8. 19917 

8. 43307 


10. 68335 

12. 70657 

15. 80132 


31. 45132 


3 

11.69512 

11.35879 

12. 16501 

13. 68367 

15.84811 

18. 94268 


31.45577 


94. 26451 

4 

14. 84607 

14. 63436 

15. 99324 

18. 11588 

21. 04879 

25. 20249 


41.91895 


125. 67496 

5 

17. 98982 

17. 98642 

19. 86163 


26. 26408 

31. 47214 



78. 55486 


6 

21. 12895 

21. 38369 

23. 75018 


31. 48593 

37. 74587 


B W ^ i 



7 

24. 26472 


27. 64977 


36.71185 





219. 91695 

8 

27. 39787 

28. 24974 

31. 55634 

35. 98546 




K : 

125. 67278 

251.33201 

9 

30. 52885 

31. 70269 

35. 46753 

40. 46433 

47. 17043 

56. 57973 


94. 26122 

141.37967 

282. 74731 


For large values of h/a (i.e., h/a^l), the 
approximation 

9 t 

a 

is accurate. Figure 2.5 gives the natural fre- 
quencies for fluids in containers of circular, 
annular, and quarter-circular (90° sector) cross 
section. 

Tronslotional forctd OseiUotious 

For forced excitation x=Xo«‘“‘ normal to the 
container wall (see %. 2.3), the boundary con- 
ditions are: 


tial, which are homogeneous at the container 
walls, are obtained as 


^=0 for r=a, h 

^=0 for z=—h 
ds 

1^, 

r 


=0 for 0=0, 2*a 


g cos 0 for 2=0 


( 2 . 21 ) 


■^=iQxo«‘“‘ cos 0 


at the circular 
cylindrical tank walls r—a, b 


d0 

^=0 at the bottom of the 
container z——h 

1 

- ^=0 ** till® sector wall 0=0 

1 

-^=— sin2irtt at the 

U O 

OW/I/VX VT eM,i I y — ^ 




at the free surface 
2=0 


( 2 . 20 ) 


By extracting the container motion 

cos 0}e'°‘ 

boimdary conditions for the disturbance poten- 

229-648 o — 67 3 


and therefore the disturbance potential 0i 
(r, 0, 2 ) which satisfies the Laplace equation has 
the same form as equation (2.18b). Omitting 
the double summation and indices and intro- 
ducing the abbreviations 

T 7B .wj.^ i.r j tm bf 

<^=fnn - and (C={„„ - 
^ da a 

the disturbance potential is 
$i(r, 0, z)=A cos ^C{a) 

COoXA K 

To determine the imknown coefficients A„„, 
from the condition of the free fluid surface the 
right-band side of this boundary condition has 
to be expanded into a series where cos 0 is 
represented as the Fourier series 

cos 0=S a* cos 0 (2.22a) 

m-O 
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with 


sin a 2a(— I)”"''* sin o „ , 

ao=—> ««= ’ ^“=2xa) 


The function r is represented as a Bessel series 


and the pressure at depth (— z) is obtained 
from equation (2.8) as 

r 

p=—p ■^—gpz=pQ^X(,e*°‘ r cos ^ 


r=S f>mnC(c) 
fi-0 

where 

a f c^C(cr)d(r 

I . 

ct»» , 

Un .. <rC\a)da 

2aN2{Un) 

(2.22b) 

The coefficients A„n become 

(2.22c) 

U — V ) 


where ij=0/w is the ratio of the exciting fre- 
quency to the natural frequency. The veloc- 
ity potential 4> for translational container ex- 
citation in x-direction is then 


$(r, <l>, 2 , <) =inxoe‘“‘ cos ^ 
.Omb mn C(ff)ti^ cosh («c-)-f) 


(1— 7j*) cosh K 


cos <l> 


} 


(2.23) 


The first term (potential of the rigid body) 
satisfies the boimdaiy conditions at the tank 
walls, while the second part (disturbance poten- 
tial) vanishes at the tank walls. The free 
surface condition is satisfied by both parts of 
the formula. The free surface displacement, 
the pressure and velocity distribution, as well 
as the forces and moments of the liquid, can 
be determined from the potential by differen- 
tiations and integrations with respect to the 
time and spatial coordinates. 

The surface displacement of the propellant, 
which is measured from the undisturbed posi- 
tion of the liquid, may be obtained from 
equation (2.10), with po equal zero 

8=1* Xoe‘“‘ r cos cos j]- 

(2.24) 


OmbmnV^ COSh (k-(- f ) C7((r) COS ^ _pg^ (2.25) 

(1 — ij*) cosh K J 


At the outer container wall, r=a, the function 
C((r) = (2/ir£mn), while at the inner container 
wall, r=6, the function C(a) has a value 
At the sector walls 0=0, 0=2, the 
cosine assumes the value 1 and (—1)", respec- 
tively. The pressure distribution at the tank 
bottom is obtained from equation (2.25) with 
2=— A(f=— k). 

By integration of the appropriate components 
of the pressure distribution, the liquid forces 
and moments can be obtained. The resulting 
force in the x-direction b therefore 


Fx= f f (apa—bpt) cos 0d0dz 
Jo J-* 



sin adrdz 


Here the first integral represents a contribu- 
tion of the pressure dbtribution at the circular 
container walls, and the second integral stems 
from the press\ire distribution at thei sector 
walls. With the mass of the liquid Mr= 
pra*Aa(l— P), the fluid force becomes 




(2.26a) 


The force component in the p-direction is 
governed by 


n o 

(apa—bpi) sin 0d0dz 


+ 


n o 

•I 


p^ma cos "^rdz 


n o 
-» 


p^.^rdz 
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which then leads to 

X ^iVo(fmn) + (^^ 2 _ 52 ) ^ 

(2.26b) 

Here (see appendix A) 

iVo(|«,)=^ f C7(<r)d<r 


and 


Mi=— J* ^ {apa—hpb) 0+2) 

— I f Pi—hT^ sin <l)d<t>dr 
Jo Jb 

— J* J* ^^+2^ p*_B cos adrdz 


The first term, in equation (2.26a) 

represents the inertial force of the liquid (that 
is, the force that would be produced by an 
equal volume of solidified liquid). The fluid 
moments My and Mx with respect to the 
point (0, 0, —A/2) are given by 


M,= 


+ 


r r cos <t>d4dr 

Jo Jb 


My is the moment about an axis passing through 
point (0, 0, —h/2) parallel to the y-axis while 
Mx is the moment about an axis parallel to 
the x-axis through the same point. In these 
formulas, the first integral again represents the 
contribution of the pressure distribution at the 
circular cylindrical tank walls. The second 
integral is the contribution of the bottom 
pressure, while the remaining integrals repre- 
sent the pressure contribution at the sector 
walls to the moment. After the integration 
has been performed, the moments of the liquid 
are 






2S^emnN2(Un) 




where Since the reference axis does not pass through 

the center of gravity of the undisturbed liquid, 
the last term in the moment formula represents 
the static moment of the liquid. 


/Va(f«.)=i£ a^C(c)dc 
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The velocity distribution in the radial, angular, and axial directions are 


iax..'».[cos C' W eosj] 

1 d§ 


=— sin^ 




amb„n‘n’‘{ml2a) cosh (K+f) 
r(l— ij*)a cosh K 


C(ff) sin if> 


0 


o'Ot -<0< 

-^^-uixoe o(l-ij*) coshK 


C{a) cos 0 


(2.27a) 


(2.27b) 

(2.27c) 


In these equations for pressure, forces, 
moments, and velocity distributions of the 
liquid, the term for the solidified liquid is 
represented as a single term and not as a 
series. This results in a faster convergence of 
the solution. The velocity distributions in the 
container are obtained by omitting the first 
term in the braces; that is, omitting the term 
cos <l> for the radial velocity component of 
Ur and sin <t> for the angular component of u^. 

General notes pertaining to translational 
oscillations: 

(1) The results for container motion y— 

are given in appendix A (also see 
fig. 2.3). 

(2) The following definitions are applicable 
in appendix A: 

In natural logarithm 
r the gamma function 
^ the derivative of the logarithm of the 
gamma function, that is, 

r(2)]=-7 +(2-1) g (i^_x)(2+x) 

where v =0.5772 is the Euler constant. 

(3) It should be noted that, because of 
singularities that occur in the velocity 
potential, the results contained in this 
section are not valid for and a^%. 
For these two cases, special modifica- 
tions must be made to form admissible 
functions. 

Rotational Forcod Oselllatlont 

Liquid behavior induced by pitching- and 
roll-type motions of the container is de- 
scribed by the equations given in appendix B. 


In this table 6o, Xo> and are the rotational 
amplitudes about the y, x, and z axes. Note: 

(1) The equations for the pitch-type motions, 
^0 and Xo are valid for a coordinate 
system with its origin located midway 
between the tank bottom and the un- 
disturbed fluid surface, on the vertex 
axis of the tank. (See fig. 2.3, x', y', z' 
coordinates.) 

(2) The equations for the roll motions, 
are valid for a coordinate system with 
its origin located in the undisturbed free 
surface. 

(3) To obtain the displacements of the free 
surface in tank-fixed coordinates, sub- 
tract that resulting from container mo- 
tion from that of the space-fixed system. 
Thus, 

S*=6— 

(4) The quantities C„ are defined in appendix 
A. 

(5) The forces given in appendix B are with 
respect to the space-fixed (inertial) co- 
ordinate system. 

(6) In appendix B (rotational excitation) the 
terms in the upper portion of the brackets 
correspond to the motion 6=6,^*°', whUe 
those in the lower portion correspond to 
x=Xoe*“‘. 

ForeoJ Otelllatlons Rasulting From Tank Bonding 

Bauer (refs. 2.31 and 2.33) has solved the 
problem of liquid sloshing in a ring sector 
tank resulting from a prescribed bending-type 
motion of the tank walls. That is, given a 
motion of the walls of the form Xo( 2 )c*“‘ or 


(r cos 4>)floc“‘ 1 
(r sin 4»)Xoe*°‘ J 
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yo(s)e‘°‘ (see fig. 2.6), he obtained equations 
for the velocity potential, liquid free surface 
displacements, pressures, forces, moments, and 
velocity distribution, as given in the following. 
Note there is assumed to be no interaction 
between the container and fluid. (Interac- 
tions between the moving liquid and the elastic 
container will be studied in ch. 9.) 

The velocity potential is (the first term 
within the brackets corresponds to the motion 
aroe‘“‘ and the second term to 


S (u 0 003 (g *)J 

(2.28a) 


where 


■^m»(^) ■ 


iQab„ 


fc} 


[sinh(f.,0 


I*, cosh ^ (1— »»*) 


oS2* 




-1-cosh 




r/4'(r)\ 




Figure 2.6. — G>ordtnate gystem and tank geometry for 
bending excitation (ref. 2.31). 


eiot 

9 


r C Xo(0)r cos«^\ 
sin <t>f 


(2.29) 


The pressure at depth (— 2 ) is 

^ lat r r *o(3)»* cos 

sin J 

0“ 0 ““ (I 

(2.30) 

The liquid forces in the x and y directions are 


T*o(o)-itxi(o)T 

■ 


■ f 

L w- J 

1 r n T 


(2.28b) 


^|_yo(o)-^y;(o)J^ 



m V 


. 

a 


and primes denote differentiation with respect 
to 2 . All other quantities have been previously 
defined. 

The surface displacement of the liquid meas- 
ured from the undisturbed position is 


hj. 


r.n(f!)dz 


) 

I 


I ^ ( 1)**'*'* sin 2 x 0 ! r® A /-N 

+SoS iWA(l-F) 

(2.31a) 
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[{ J J +S S 

[;||;;-i(7„>.»«~)]+JVo(f.j)j (2-31b) 

The term ^ Q*e‘“‘ f'* Xo{z)dz in front of the double summation in F, represents the inertial force; 
h j-h 

i.e., the force that would be produced by an equal volume of solidified liquid. 

The liquid moments with respect to the point (0, 0, —A/2) are 




a^Xo(—h)il+k^ /, , sin 2wa cos 2ira\ "I 




2rcf 


) 


oVo(~A)(l+P) Bin* 2va 


4A 


2ira 


+§ S \aT2t-w {(ra 


+^.(U)] (I+2) A.niz)dz'^ 


p.3^) 




a^(l+A*)go(— A) sin^ 2va 
4A 2ita 


i £ (5+') 


+S S A..i-k)NAu 




I ir o[l— cos29Ta] (1+A+F) 

+^'■‘’3 — ^ (iW 


(2.32b) 


The first integrals in equations (2.32) represent the contribution of the pressure distribution from 
the circular walls. The second integral is the contribution of the pressure at the tank bottom, 
while the remaining integrals can be identified as the contribution to the moment from the pressure 
distribution at the tank sector walls. The last term in these equations represents the moment of 
the undisturbed liquid about the point (0, 0, —A/2). 

The velocity distribution is given as 


-««o<r /iaxo(s)cos«^\ 

L Vnyo(s) sin +§ S 
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L\— t0yo(2) COS0J 

- +S S ri,»«(2) sin ( 

n-O m-0 ' 


) 2ocr 0™ s)] 

(2.33b) 

L\iflryi( 2 ) sin0j 

^ +S S ^mn(2) cos 1 

’ n-0 m-0 

{1* 

') ^'"/*“ O’"" 5 )] 

(2.33c) 


The velocity distribution in the tank is obtained 
by omitting the first term in Uf and these 
terms represent the tank motion. 

Solutions for the special cases of bending of 
sector, annular, and circular tanks are given 
in the following paragraphs of this chapter. 

Circular Sector Compartmcntcd Tank 

The solution of the hydrodynamic problem 
for cylindrical containers of sector cross section 
may be obtained from the more general solutions 
presented in the preceding paragraphs by 
allowing the diameter ratio 6/a to approach 
zero. The determinant ^m/3a(&=0 then re- 
duces to «/*/j«(f)=0, the zeros of which are 
denoted as The expansion fimctions 

C(<r) simplify to J„/a« 0- 

45° Sector Tank 

Bauer (ref. 2.5) determined the velocity 
potentials and the natural frequencies corre- 
sponding to translation, pitch, yaw, and roll 


motions of a 45° sector tank, as siunmarized 
below. 

For translation in the x- and y-directions, 
with excitations of the forms Xoe*°‘ and 


’ ’ L iVor sm 

raM yK.JMco,b(r+.) 1 

\CmyoJ (1 — 1?*) cosh (C 


(2.34a) 


For pitching and yawing motions about the x 
and y axes, xoc"*’ and $oe*°‘ 


$(r, 0, 2 , t)=iQe*°* 




[A„„ cosh sinh f]J(v) cos 4mi^J 


(2.34b) 


For roll excitation about the z axis, with 
excitation <kae^‘: 


. 2(2m— l)«am_i.,]i?*V8«-4(<r*) cosh (f*+ic*) 


(2m— l)[4(2m— 1)*— 1](1— 1 ?**) cosh/t* 


cos (8m— 4)0 (2.34c) 


In these equations, various quantities are employed as follows: 

f =«|||« f K=tmn J(a)^Jim ( tmn 

a a a \ a/ 

2(2)1/* _ 4(-1)«-^>(2)»^ ^^ 2, 

T T(i6m*-'ir j 

_ 4[(-l)»(2)‘/*-2] . JL, 52. 

T(16m*-1) ^~^an* 

«/4i»+8)i+l(<iw.) 


1 4a«w»(16m*— 1) ^ 

"" (ci.-16m*)Jl.(««») (4m-b2M+3)(4m+2M-l) 

b (0-(H (0]{t> 
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-Smn — 


OftmnIJ® 


««»(!—’?*) cosh 

8(2m-l) 


- [(3t-|) sink (|)-2 cosh (|)]{^ } 


4«„,(2m— 1) (4m— 3) (4m— 1) 


[8m+2|n — 3]-7giB+a)i-8(t-»«) 


[?_.-i6(2m-l)VL-4(?™») (4m+M-3)(4m+M-2)(4m+M-l)(4m+M) 


where 7 are the roots of «7gm-4(«)=0 and 
=«/«m- 4 [«(^/a)]- Further, the quantities 
f*, ff*, 7/*, and K* are defined by 


Of 

a 


* t 

^ — 52m— l,n ~ 

a 

W2m— 1, fi 


The natural frequencies are obtained from the 
equation 

«L=«*=| «mn tanh ^ m,n=0, 1, 2, . . . 

(2.35) 


where the values are the positive roots of 
J^(«)=0. Figure 2.7 shows the natural fre- 
quencies as a function of liquid 

depth; the roots are given in table 2.2. 

Figures 2.8 and 2.9 show, respectively, the 
force in the a:-direction corresponding to excita- 
tion in that direction and the moment about 
the 2 -axis corresponding to roll motion, as a 
function of the forcing frequency. 

Experimental data on force response in 45° 
sector tanks in translation have been obtained 
and compared with these theoretical predictions 
(refs. 2.6 to 2.8). Figure 2.8 shows relatively 
good correlations in the magnitude of the force 
response except, of course, in the immediate 
vicinity of the first mode resonance. On the 
other hand, there are marked differences in the 
experimental and theoretically predicted reso- 
nant frequencies, with the former always less 
than the latter. This “softening” characteristic 
is a consequence of the essentially nonlinear 
behavior of compartmented tanks and therefore 
is primarily dependent upon excitation ampli- 
tude, as can be seen in figure 2.10. (Such non- 
linear effects, essentially dependent upon geom- 
etry, win be discussed in more detail in ch. 3.) 



Figure 2.7. — Natural frequency parameter for 45® sector 
tank (ref. 2.5). 


90° Sector Tank 

Bauer (refs. 2.3 and 2.4) has also obtained 
theoretical results for predicting the behavior 
of a liquid in a 90° sector (quarter) cylindrical 
tank both by solving the hydrodynamic 
equations (ref. 2.4) and by considering this 
configuration as a special case of the ring sector 
tank (ref. 2.3). The forces and moments due 
to translational, pitching, and roll excitations 
will be summarized in the following. 

The velocity potential for translational 
excitation in the x-direction (xoe*“‘) is 

2 , f)=inioe*°‘ -^r cos 0 

Ow5mn cos 2m^ cosh (K-H-)J 2 ,n(ff)i;^ \ 
(1— »»*) cosh K ) 

(2.36a) 
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where 

2 (— 1 )"+‘ 

Oo=-' o«=- 

ir 


16ae„ 


bmn= 


(’” 4 ) 


(««»— 


X2 




(*»»«) 


7q (2771-)- 2/1 — 1) (2wi-)- 2/1+3) 
are the roots of the equation 


and the definitions of 77, k, and f as given in equa- 
tion (2.21) are valid if is. replaced by 



Figure 2.8. — Magnification factor for x component of 
liquid force for excitation in x direction in 45° sector 
tank (ref. 2.5). 



Figure 2.9. — Magnification factor for liquid moment M, 
for roll excitation m 45° sector tank (ref. 2.5). 


The natural frequencies may be obtained from 
the equation 

*mn tanh ^ (2.36b) 

and are shown graphically in figure 2.5, while 
the roots e„, are given in table 2.2. 

Equations for the free surface displacements, 
forces and moments [with respect to the point 
(0, 0, —A/2)] are given in detail in appendix C. 
The forces and moments are plotted against 
excitation frequency in figures 2.11 and 2.12. 
In appendix C, the first term in F, corresponds 
to the inertial force of the liquid (fig. 2.11), 
the last term in the moment expressions cor- 
respond to the static moment, and the terms 


Table 2 . 2 .— iioofs of J'm ( fmn )=0 

2a 

[Refs. 2.4 and 2.8] 


Wl 

n 

0 

1 

2 

9 

4 

5 

A 

7 

ft 

10 

12 

tA 


18 

0 . 

3.832 

1.811 

3061 

3201 

3318 

3116 

7.501 

3578 

9.617 

11.716 

13821 

13917 

13101 

23189 

1 

7.018 

6.331 

6.706 

3 015 

9.282 

13520 

11.735 

13932 

14. 116 

13118 

18.745 

2 L 015 

23261 

23196 

2 . 

iai 73 

3536 

0.960 

11.316 

13 682 

13987 

13 288 

13529 

17.771 


22.629 

25.002 

27.317 

29.670 

3 . 

13321 

11.706 

13170 

13 586 

15.964 

17.313 

13 637 

10.012 

21.229 

23761 

23 216 

23691 

31. 112 

33501 


13171 

11.861 

13318 

17.789 

19.196 


21.932 

23 288 

21.587 

27.182 

29.729 

33237 

33712 

37.160 

5 

10.618 


10. 513 

20.973 



25.181 

23 515 

27.889 

30.535 

33131 

35.689 

38.212 

13707 

6 

22.760 

21.161 

22.672 

23115 



23110 

20,791 

31.156 

33812 

33181 

30.079 

11.613 

13178 

7 

25.001 

21.312 

23 826 


23 768 


31.618 

33015 

31.397 

37.118 

39.792 

13126 

fl'fiNVl 

17.595 

8 

20.017 

27.158 

23078 

kITwiI 

31.939 

33.385 

31.831 

33 221 

37.620 


13 075 

45.740 

13371 

53971 

9 

32.180 


32.127 

33 627 

35.101 

33561 


30.122 

13830 

13607 

13338 


51.687 

53 315 
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Figure 2.10. — ^Effect of excitation amplitude on the lowest 
resonant frequency for 45°, 60°, and 90° sector tanks 
(ref. 2.8). 


Lo and L 2 are defined by 


■^ 0 — “ S 2«+a»i+l(*inn) 

«mfi #i"0 


* *«» ^=^(2m+2M-l)(2m+2M+3) 


As in the case of the 45° sector tank, measured 
force response (refs. 2.6 and 2.8) is in relatively 
good agreement with theory, but measured 
resonant frequencies are substantially less than 
predicted. The variation of frequency with 
excitation amplitude for the 90° sector tank is 
also shown in figure 2.10. Note again the 
relative values of frequencies for sector tanks 
of various vertex angles (compare with fig. 2.5). 
In addition, it should be noted that the ordi- 
nates (magnification fvmctions) of the figures 
in this chapter have the units of l/sec’. 



Figure 2.11. — Magnification factor of liquid force in a 90° 
sector cylindrical tank (excitation along x axis) (ref. 2.3). 


The velocity potential for rotational oscilla- 
tions about the y-axis excited by 6oe*°‘ is 

$(r, 0, 2 , t) = ~iQ$oe*°*{rz cos ^ 

— lA^n cosh r+5*„ sinh f]Ji„(v) cos 2m<l>} 

(2.36c) 

where A„n and S„n are given in appendix B, 
providing that appropriate values of a„ and 
h„n are used^ and that is replaced by 
The free surface displacements, forces and 
moments are given in appendix C, while the 
liquid force is plotted versus excitation fre- 
quency in figure 2.13. The wave forms of the 
free surface at times before and after the first 

* Sec eqe. (2.22) for definitions of Om and bmn- 
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and second natural frequencies are shown in 
figure 2.14. 



Ficuks 2.12. — Magnification factor of liqoid moment in a 
90° oector cylindrical tank (excitation along x axis) 
(rel 2.3)« 



Figure 2.13. — ^Magnification factor of liquid force in a 90° 
sector cylindrical tank (rotational excitation about y 
axis) (ref. 2.3). 


For roll oscillations of the container excited by the velocity potential is 

<*(r, <t>, 2 , 

2a»cos[(4m-2U1 (r/o)» o.* 

%(2m-l)I(2m-l)*-l] LW (2m-l)J^ w \aj L"“ \aJ ' 2J 


I 20* \Jtm-l,n — gaiit-l.«(2wt — l)]>>*Vy4m-t(o'*) 

T (2m— 1)[(2 t»— 1)*— 1](1— ij**) cosh k* 


cosh (x*+f*) cos (4m— 2)^ 


■ (2/,— e.) cosh (xf+ff)>;?Va(<r?) cos 20 ' 

(1— »;I*) cosh 


(2.37) 
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(1^-4) Ou+1) (/^+3) 

4 

""-(?» -4) 

^ 4{2m-l) 

2j7l«2m-l, n(277l — 1) (4TO-|'2pi — 1) t/4m+2)i-l (*»'"-l . w) 

[?L-i..-4(2m-l)*] JL-. l^o (2m+2M-2) (2m+2M-l) (2m+M) (2m+M+l) 


and the quantities **, t)*, fj, »£*, (r*, jj*, and f* are defined in appendix C. The values «» are 

the roots of the equation =0 while the values ijm-i. » are solutions of the equation n) 

=0. Figures 2.15 to 2.17 illustrate the magnification factors for the forces and moments of the 
liquid, while explicit expressions for free surface displacements, forces, and moments are given in 
appendix C. The values of L^, L\, and Li associated with roll motions (these are different for 
translational motions) are 




*2m— 1, n 




J 2m— 1 ^ (4m+2/i—l)J4m+S^-l(f2rn-I.n) 
(2m+M-l) (2m+M) 


r 2(4ni“l) (4 t/ 1~3) oAm+SM-lC^Sm-l.n) 

Wi,» ;^o(4m+2M+l)(4m+2M-3) 


GtMfol Stefor Tank 

The case of a sector tank with an arbitrary vertex angle is discussed in references 2.3 and 2.31. 
The results for translational, rotational, roll and bending oscillations are given in appendixes D 
and E. The following points should be noted in connection with these tables: 

(1) The quantities a„, b„„, and c„ are given in equations (2.22) and appendix A. The terms 
b„„ may be simplified to 


aj ”"p^J(p)dp 


r(m/4a+3/2) ^ (m/2a+2M+l)r(m/4a+M-l/2) r ^ 

2 r(m/4a-l/2) r(m/4a+M+5/2) ’Jmi2a+»+A mn) 

“ «n«(l— mV4a*«L)«/»/s«(«rn«) 


m, n=0, 1, 2, . . . 


(2) The determinant A„na=0 reduces to Jm/ 3 «(f)= 0 , the zeros of which are denoted by c**; 
the roots may be obtained from table 2.2. 

(3) The functions C(cr) simplify to the Bessel functions «7«/2a^«i»»^^- 

Liquid natural frequencies for the 60° sector tank have been determined experimentally 
(ref. 2.8) and therefore are also shown in figure 2.10. 
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' ^ 

H-5.0(l/sec) fl-5.4(l/sec) 

(First eigenfrequency at 5.5 rad /sec, second eigenfrequency 
at 6.2 rad/sec) 



' K— j 

fl-6.0(l/sec) Q-6.5(l/sec) 



Ficuke 2.16. — Magnification factor of liquid moment in a 
90° sector cylindrical tank (roll excitation about z axis) 
(ref. 2.3). 



Figure 2.14. — ^Waye form of the liquid free surface in a 
circular quarter tank (ref. 2.3). 



Figure 2.15. — Magnification factor of liquid force in a 90° 
sector cylindrical tank (coll excitation about z axis) 
(ref. 2.3). 


Ring-Cofflpartmcnted (Annular) Tank 

Perhaps it is worthwhile to mention here, 
once f^ain, the essential characteristics of 
compartmented tanks that lead to their study. 
If one wishes to avoid coupling between various 
components of a dynamic^ system, an effective 


Figure 2.17. — Magnification factor of liquid moment in a 
90° sector cylindrical tank (roll excitation about z axis) 
(ref. 2.3). 

procedure to employ is often that of modifying 
one component in such a way that its natural 
frequencies are shifted appreciably. In the 
case of a liquid-filled tank, of course, compart- 
mentation is the means of shifting the liquid 
frequencies, as may be seen in figures 2.5 and 
2.10. Figure 2.5, especially, shows that sector 
compartmentation does indeed have the effect 
of increasing the frequency of the lowest mode 
in the uncompartmented tank, but also intro- 
duces additional modes with frequencies that 
are relatively closely spaced. On the other 
hand, compartmentation by annular ring has 
the effect of decreasing the frequency of the 
lowest mode w hile introducing additional 
modes that are relatively widely spaced. 

The annular tank has been considered theo- 
retically in references 2.2 and 2.34. Equations 
for the liquid natural frequencies, free surface 
displacements, forces and moments induced by 
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free, translational, pitching, and bending type 
oscillations have been derived and extensive 
plots presented in reference 2.2. The methods 
employed are again similar to those outlined in 
earlier portions of this chapter, with the results 
presented below. The velocity potential for a 
liquid in a ring tank subjected to arbitrary 
pitching and translational motion has also been 
derived in reference 2.34, although the fluid 
forces and moments were calculated only for 
those special cases of a circular cylindrical tank. 

Frt* Oteillafions 

The origin of the coordinate system is located 
at the center of the plane of the undisturbed 
free surface with the z-axis pointing out of the 
liquid (fig. 2.18). For free oscillations, the 
velocity potential is 


$(r, <l>, z, 0=e‘“‘-{ ((7„„ sin m>l> 


+Z?„„cos rrut>) 


cosh 


(M)' 

\a a) 


a) 

cosh 1 

a) 

r;(f, 

ftfn) 


(2.38) 


where Cnm and are to be determined from 
the initial conditions, are the positive roots 
of equation (2.18d) for the case 2a=l, the 

-Jare defined by equation (2.18c) for 

d/ 

the case 2«=1, and k=bla is the diameter 
ratio of the inner and outer tank walls. The 
roots of the equation A„=0 for m=\ are tabu- 
lated for various values of ^ in table 2.1 and 
plotted in figure 2.4. The natural frequencies 
are obtained from the relation 



and are shown in figure 2.5 for tank diameter 
ratios of 0.2, 0.5, and 0.8 as a function of the 
liquid height. The frequencies of the cylindri- 
cal inner tank are also shown for comparison. 
The tank configuration having a ratio of k 
between 0.5 and 0.7 would appear to offer the 



Ficxjre 2 . 18 . — Circalar cylindrical ring (annular) tank. 


most promise of phasing the liquid motions of 
the inner and outer tank such that some slosh 
force cancellation is obtained. Such cancella- 
tion is promoted by the fact that for this range 
of k, the liquid masses in the two tanks are 
approximately equal. 

The free surface displacements, measured 
from the imdisturbed surface, and the pressure 
at depth (— z) are 


«(»•>, 

g\ot /,.o 


= -- s S sin m4> 

9 *«“0 n-O 

+Dnm cos m0] - y, 


(2.40a) 
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oa to 

p=—ip 23 S sin m4>+n„n cos rruft} 

n-O m-0 



(2.40b) 


As a matter of general interest, the three lowest 
liquid free surface modes are shown in figure 
2.19 for i=0.3. The displacements are normal- 
ized to unity at the outer tank wall, and n 
indicates the mode number. 


X 


\^-kCx(Jcl 


(1-A*) 


.i)l 


(2.41b) 


The moments about the center of gravity of the 
liquid are 


My=-iMr±, 

»-0 







Ratio of inner/outer tank radius k*0.3 




— iMr 




Ficurb 2.19. — ^Free suriace modes for free oscillation in a 
ring tank, k»0.3, naiO to 3 (ref. 2.2). 


The slosh forces and moments acting on the 
container caused by the free liquid oscillations 
may be obtained by integration of the pressure 
distribution. Thus 






1 

2 1 

04) 

“»‘‘0"'s) 1 


(2.42b) 


It should be noted that only the modes m— 
1, 3, 5, . . . contribute to the forces and 
moments. The velocity distribution in the 
tank is 


Ut=2-i 2 “ [Gnm oin Truf-\-Dn„ CCS 
»“0 m«0 O 



(2.43a) 
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«*==- s S rn[Cnm cos mtt>—Dnm sin m4>] 

coshr^(3+;i)]a,(u^) 

X *=-^-7 (2.43b) 

cosh (^^nm -j y'mCfnm) 


W= 


, %! [(7,„ sin cos in4>] 

m-O O 


X 


cosh(f.„^)n(f«,) 

(2.43c) 

Translational Forctd Oscillations 
For forced translational oscillations of the 
form Xoe*°‘, the velocity potential is given by 

4>(r, 0, g, t)=iQxoe*°'a cos<> 


r “ 
^+2 


An cosh 


(f-0 

cosh(|.,^) 


(2.44) 


where 

An=2 


F- 


-i(7i(*t«i)] 


(f*„i-i)+C'?(*U(i-*’fiO 




The wave form of the free fluid surface, meas- 
ured from the undisturbed fluid level, and the 
pressure distribution in the tank at depth (— 2 ) 
are 

Q2 

S(r, 4,, 0=(^®oc“‘cos<) 


-pgz 


p=pQ^Xoe*°‘a cos 4> 

- Xco.h[^f (.+>)] • 

(2.45b) 

The free surface displacements for various 
values of k and h/a have been calculated and 
are plotted in reference 2.2. 

The fluid forces and moments (with respect 
to the center of gravity of the imdisturbed 
fluid and positive according to the “righb-hand” 
rule) are given by the equations 


F*=M,n*zoe‘“‘ 


■ xrJr-to.(fe.)] 

tanh(£„j) 

04 ) J 


Fy=0 

My> =MrQ^xoe*°‘a 


(2.46a) 

(2.46b) 


1+jfc* 




Ahja 


2{ni(l-A:*) (^- 1 ) 


tanh 


0"‘o) 


=+s- 




, 2 

r 

2 1 


0-D1 

\ 

(2.45a) 

04) 

^cosh(u^) 



(#■-0 


M,.=0 


(2.46c) 

(2.46d) 


and forces and moments are plotted versus excitation frequency for A:=0.5 and 0.9 in figures 2.20 
and 2.21. The velocity distributions are given by 


u,=iQxoe*°‘ cos^- 


1+2 
fi«0 


Anin cosh 


(^-0 

cosh 

0 -^) 




(2.47a) 
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«*=iJ2xoe‘“‘ sin tf> 


A. cosh 








c. 


0 -D 


w=inxo«‘“‘ cos <j> 2 


-4^, sinh 






c^ 


0 -D 


(2.47b) 


(2.47c) 


The velocity distribution in the tank is obtained from equations (2.47) leaving out the terms 
“unity” in the parentheses, since these represent the tank motion. 

Rotational Forcod Otdllatlont 

The velocity potential for a liquid in response to small forced rotational oscillations Oae*^‘' 
about an axis through the center of gravity of the undisturbed fluid is 


$(r, <t>, z, cos 




A^C^ 

04 

) [ 

(i -0 

cosh^ 



K[(ii+5s)““‘‘[K5+")] 


A* ({, 0 ** (^ I) -I smh [ J (|- .)] ] 


(2.48) 


where the coordinates are located at the center of gravity of the liquid (x', y', z' coordinates of 
fig. 2.18). 

The wave form i of the free fluid surface measured in the inertial system is 


5(r, <f>, <)=— COS0 




.o> 

''t 


(!) ( 1-0 


hl2a 1 
g/a S2* 


J2* cosh 


04 ) 


(2.49) 


The free fluid surface displacement in the tank is S*=S—d^*°‘r cos 4>. The pressure distribution 
in the tank at a depth z is 


p=— pn2ffoe‘°‘o* cos ^ 


--+S 

““ S(^-i) 


-X n ( y 


CO*(f.|) 




_i£ 

oa* 


sinh (f, ^ (I sinh [I (l-s)]] I +P3 cos <a] (2.50) 
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The fluid forces and moments are given by 


„ ^ri-ArC, (*!.)] 

F,=-M^geoe*^'-MyQ%e*<^' S 7 

-““(g-Od-P)!. 


rr g 
oQ^ 1 
h '^2 


tanh 


0*t) 


+ 


2 

2 1 

0-1) 

»ah(«.|) J_ 


F .=0 


(2.51a) 

(2.51b) 


where the first term is the component due to the gravitationa] force, and 




m 

+§■ 


A 


-ArC7i(fcu] 

’~C 

Ih 3g 4 

tanh^ 

(1-0 


4o 2oO* 2A 


<‘4) 




2_i£l 

aQ^h 


^ r 
+ 


aj 


aQ\ 
'*0 


Af,=0 



Figure 2.21 also shows, as an example, the forces and moments resulting from rotational excitation, 
plotted versus frequency for i=0.9. 

The velocity components are 


«r=in^oc‘°*o cos <!>•{ - 


„ Aninpi Tfn ^ 


[(^■+ls)'“*[a('+0] 


u*=iQ®oe “ a sm 


z . 1 


»ii>i(e. ;) smh [Ks"')] ] 


(«■ :) {1 i)-r. ft ( I -')] ] 


y (2.52a) 


(2.52b) 
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cos <t> 4 




AninC^ 


0-D 






““ (I s) («■ !)+| [a (s-0] ] 


>- (2.52c) 


The velocity distribution in the tank b obtained by omitting the terms c/a in «, and and r/a in w, 
since these represent the tank motion. 

Forced Oscillations Rasulting From Tank Bonding 

The origin of the coordinate system is taken in the center of the plane of the undisturbed 
fluid surface and the c-axis is pointing out of the liquid. The tank walls r=a, b are assumed to 
have a bending-type motion in the direction of the x-axb with an amplitude x^(z)e*°'. Analytical 
results obtained from the solution to this problem (refs. 2.31 and 2.33) are given as follows. 

The velocity potential is 


$(r, <l>, 3, t)=inc*“*a cos ^ 




-*o(2)+Si N 

cosh Q a) («*-«*) 


— [{a-^h(i«..) 


-fi (n9 cosh ^* 2 )^ '^4(-^)+ J ^ *o(€) cosh Q f,(|+A) J 
-f cosh Q |«(a+A) J x'o ($) ||a* sinh 

-1-i cosh f, [a*Xo(0) — Stto(0)l ^ J 


(2.53) 


where An is given by equation (2.44) and prime denotes differentiation with respect to 3. The 
free surface displacements measured from the undisturbed surface are 


, a*c‘“* cos ^ I 


^*o(0)+S 




XXn^yi\-<nrt p f 

- i 7i\ \l 

‘’i{.cosh(ia)(«;-a*)L® 


+ (f) cosh Q €,(€+A)J [a*Xo(oj — ga:o(0)] cosh {,A^J 


(2.54) 
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The pressure distribution in Ihe tank is 


p= pO*e*“‘a cos 4> v 




“ -“if,cosh(iu)(<4-a*)L^ ' 
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+cosh [i Uz+h)^ { £ [n* sinh (i {.?) 
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The moment of the fluid referred to the position of the undisturbed center of gravity of the liquid is 
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(2.56d) 


The velocity components are 


u,=iQe*°*a cos ^°~ +S 


,. aw+s r{ “ G 
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(2.57a) 
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For 2 i)=constant, all of these results transform 
into the results of the translational oscillations 
in z-direction of the rigid tank. 

Circular Uncompartmcnfed Tank 
General Discussion 

We turn our attention now to the simple case 
of the cylindrical tank of circular cross section, 
uncompartmented either by annular or radial 
walls. The problem of lateral liquid sloshing 
in such a tank may be obtained, of course, from 
the general solutions for the ring sector tank 
given earlier, or from direct analysis. The 
latter is perhaps well exemplified by Kachigan 
and Schmitt (refs. 2.35 to 2.37) who employed 
Laplace transform techniques to determine the 
liquid response induced by arbitrary transla- 
tional and pitching motions of the tank. Also, 
the early work of Miles (ref. 2.38) should be 
noted, especially as he considered the more 
general formulation of the problem for a slightly 
viscous liquid with time-varying depth in a 
cylindrical tank of arbitrary cross section. Of 
course, nearly all of the work of Bauer described 
earlier in this chapter was specialized by him to 
this particular case (refs. 2.2, 2.3, 2.19, and 2.39) . 
The behavior of liquid in a tank subjected to 
harmonic translational excitation in two orthog- 
onal directions has also been treated by Bauer 
(ref. 2.40). 

Exterisive experimental investigations (refs. 
2.11, 2.12, and 2.41 to 2.44) have confirmed 
these various theoretical analyses. Good 
correlation has been obtained not only for 
frequencies and free siirface displacement but 
for pressure distributions and force and moment 
response. While theoretical analyses had 
shown that the influence of the flat tank 
bottom is significant only for liquid depths 
less than, say, one tank radius (see fig. 2.5), 
and this also is substantiated by the experi- 
mental data, the influence of a spherical or 
conical bottom is less well defined (see also 
sec. 2.6 for liquid behavior iu conical tanks). 
Figure 2.22 shows experimentally determined 
values of liquid natural frequency versus liquid 
depth in a cylindrical tank with a spherical 
bottom (ref. 2.43). An experimental evalua^ 
tion of the effects of a conical bottom was made 
in reference 2.12, with the interesting result 



h/a 

FicUBE 2.22. — ^Experimentally determined natural fre- 
quency of a fluid in a circular cylindrical tank with a 
spherical hottom (ref. 2.43). 

that the conical bottom could be replaced by 
an equivalent flat bottom (beised on liquid 
volumes) for estimating both liquid frequencies 
and forces, and this appears to be valid at least 
through the second liquid mode, and possibly 
the third, for fluid depths as low as A/d=l/4. 

The effects of ellipticity of the cross section 
were investigated theoreticafly by Chu (ref. 
2.15), who was seeking some insight into the 
effect of small out of roundness on the behavior 
of liquids in circular tanks. It was determined 
that the liquid natural frequencies were only 
slightly modified by the distortion of the cross 
section, but that entirely new modes (and 
hence frequencies) were introduced that have 
no coimterpart in the perfectly circular tank. 
Somewhat similar results were obtained ex- 
periment^y in a study of liquid motions in 
oblate spheroidal tanks (ref. 2.45) (see also 
section 2.7) in that it was found that, for 
ellipsoidal tanks oriented such that the free 
surface cross section is elliptical, a normal 
mode of liquid motion occurs which does not 
exist when the tank is oriented such that the 
free surface cross section is circular. 

The previous discussion has been confined to 
upright circular cylinders; however, the be- 
havior of a liquid in a circular canal (see fig. 
2.23) has also been investigated, both theoreti- 
cally and experimentally (refs. 2.13 (sec. 259), 
2.21, and 2.44). Since symmetrical modes of 
oscillation are not induced by transverse motion 
of the canal, attention is restricted to the 
antisymmetric modes. Rotation of the canal 
about its center produces no sloshing nor, by 
symmetry, does vertical tank motion produce 
horizontal slosh forces. All pressures are in 
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Figure 2.23. — ^Variation of liquid natural frequency 

parameter with depth for tranaverae modea in a circular 
canal (ref. 2.44). 


the radial direction and, therefore, the slosh 
forces acting upon the container pass through 
the center of the section. Some numerical and 
experimental results are presented in figures 
2.23 and 2.24 (refer to ref. 2.21 for the general 
theory of sloshing in circular canals). It is 
seen from figure 2.23 that good agreement is 
obtained between theory and experiment for 
transverse oscillations. The experimental re- 
sults given in figure 2.24 indicate that the 
frequency parameter for the longitudinal modes 
in a circular canal are essentially independent 
of tank geometry (there is no theory avail- 
able for predicting the frequencies for this 
orientation). 


4th mode 
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Figure 2.24. — ^Variation of liquid natural frequency 
parameter with depth for longitudinal modes in a 
circular canal (ref. 2.44). 


Forced Osc/ffaNoni 

For translational and rotational oscillations 
of the form xae*°* and the velocity 

potentials given earlier in this section reduce 
to (see ref. 2.3 for mathematical details) 


2J,(..0cod,[..(f+^)] 

“ (.:-l).7.(..)oo*(..|)(g-l) 


4>(r, <l>, z, t)=iQxoe*°*a cos <t> 


(2.68a) 
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s> t)=—iQ6oe*^‘a‘ cos ^ -s 


r 2 
a a 


r/ k\ / h \ 

\ cosh 

*»(*;-!) Ji(6»)cosh(e,^)(l-g)LV 2 a j \2a a ) 

-47smh(^)sinh(*,|)-2 3inh(^-‘-^)]l (2.58b) 


where are the roots of the equation Jj(«„)=0 
and the natural frequencies «„ are given by 

<4=1 «, tanh ^ (2.58c) 

The first few roots of Jf(e,)=0 are as given in 
table 2.2, and the lowest two natural frequencies 
are plotted in figure 2.5 as a fimction of h/a. 
Appendix F gives the equations for free surface 
displacements, forces, and moments for both 
types of excitation, and these results are shown 
typically in figures 2.25 to 2.27. 

The solution of the problem of sloshing in a 
circular cylindrical tank resulting from pre- 
scribed bending type oscillations of the tank 
walls (ref. 2.31) may also be obtained from the 
more general solution presented earlier in this 
section; equations for the velocity potential, 
free sinface displacements, forces, and moments 
are therefore given in appendix G. 

SL4 SPHERICAL TANK 

Spherical tanks, because of their high volume- 
to-weight ratio and obvious structural ad- 
vantages, are very often employed in space 
vehicles. Unfortunately, however, the theo- 
retical analysis of liquid oscillations in such a 
container is a problem of considerable mathe- 
matical complexity so that a number of investi- 
gations emplo 3 ung various approximation tech- 
niques have been undertaken. Budiansky 
(ref. 2.21) employed a sophisticated integral 
equation technique and obtained liquid natural 
frequencies and forces for the cases of the 
half-full and the nearly-full tank. These 
results, together with the solution for the nearly 
empty t ank and the known behavior of the 
circular canal, were used to calculate approxi- 
mately the liquid behavior for arbitrary depth. 
McCarty and Stephens (ref. 2.44) obtained 


( A ) Translation 
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Ficuke 2.25. — Free surface displacement for various 
excitation frequency ratios in a circular cylindrical 
container (ref. 2.3). 

experimental frequencies which agreed well 
with the theory of reference 2.21. (Additional 
frequency data were obtained for the sphere 
in connection with a study of spheroids (ref. 
2.45), but not compared with theory.) Riley 
and Trembath (ref. 2.23) used the variational 
technique presented in references 2.14 and 2.22 
to calculate frequencies, with good agreement 
also being obtained with these theoretical and 
experimental results. A finite difference numeri- 
cal scheme was also successfully apphed to the 
spherical tank (ref. 2.26). Stofan and Arm- 
stead (ref. 2.46) also employed the theory of 





Figure 2J26 . — Magnification function of the liquid force in a circular cylindrical container (ref. 2.3). 


reference 2.21, but with an approximation tech- 
nique for the kernel function; the frequencies 
and slosh forces calculated by this method 
were again in good agreement with experimental 
data, the slosh forces increasing with liquid 
depth to a maximum which occurs at the 
fundamental frequency for the half-full condi- 
tion. Chu (ref. 2.47) developed a numerical 
procedure to determine the kernel fimction, 
which is related to the Neumann function on 
the boimdary, and then utilized the method of 
reference 2.21 to calculate the liquid natural 
frequencies and the constants required to 
evaluate the force response. The method is 
general and may be applied to the tanks filled 
to an arbitrary depth. Extensive experiments, 
involving measurements of liquid frequencies, 
wall pressure distributions, slosh forces, etc., 
have also been carried out by Abramson, et al. 


(refs. 2.48 and 2.49). Comparisons between 
these various calculated and measured fre- 
quencies, for various modes, are given in figure 
2.28. The experimental data on frequencies for 
a sphere given in reference 2,45 also agree very 
well with all of the data given in this figure. 

Experimental data for the fundamental liquid 
frequency in a spherical tank has also been re- 
ported in reference 2.43, together with relevant 
empirical equations, as shown in figure 2.29. 
The empirical equations, valid for certain ranges 
of the liquid depth parameter h/R, are 
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FlcmtB 22,1 . — ^Magnification function of the liquid moment in a circular cylindrical container (ref. 2.3). 


Xi=- 




or, mor& generally, 
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(2.59b) 

fo i<^ A 

V ' V 

(2.59c) 


and the value of Ci is also given in figure 2.29 
(for very small liquid depths A/i?<0.1, the 
liquid frequency can be obtained from the ex- 
perimental data for a cylindrical tank with a 
spherical bottom given in fig. 2.22). In these 
equations 


Xi — <i»i 

Rattayya (ref. 2.25) also employed the varia- 
tional technique of references 2.14 and 2.22 to 
obtain natural frequencies and slosh forces for 
liquid in an ellipsoidal tank, with the spherical 
tank as a special case. An empirical equation 
for the fundamental liquid frequency in the 
spherical tank was then developed in the form 
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Various of these values for the lowest liquid 
frequency are compared in table 2.3. 

Therefore, the fundamental liquid frequency 
may be obtained with about equal accuracy 



h/R 



A 



Russian experiments [2.43] 

Points caiculated from Russian equations (2. 59) [l 42] 



Figure 2.28. — Liquid natural frequency variation with Figure 2.29. — Lowest liquid natural frequency variation 
depth in a spherical tank — comparisons of various with depth in a spherical tank — comparison of empirical 

theories and eiqierimental data. equations and experimental data (refr 2.43). 


Table 2.3. — Comparison of Liquid Natural Frequency Xi for a Spherical Ttmk 
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(except for large depths) from equation (2.59) 
or (2.60) or read directly from figure 2.28. 
The liquid frequencies corresponding to the 
second and third modes may also be obtained 
from the data given in figure 2.28. The slosh 
forces as a function of liquid height may be 
obtained from the equations 

^ (Sn) +«A=— XJca ^ (2.61a) 

F, ^ (C7)-irp(ca5)»gI>,^ (5.) (2.61b) 

where 

5. = slosh height at the wall associated 
with the nth mode 

F,=resulting slosh force acting through 
the center 

Cj= geometric parameter related to the 
fluid height shown in figure 2.28 
i2= radius of the sphere 
f7= transverse displacement of the 
container 

coefficients obtained from figure 
2.30 

The slosh force parameters and may 
be obtained from either reference 2.21 or 2.46 
with about equal accuracy; the results from 
reference 2.21 are presented here (fig. 2.30). 

Measurements of liquid force response (refs. 
2.48 and 2.49) have revealed some interesting 
effects, especially as regards the influence of 
excitation amplitude in partially filled tanks 
and the liquid behavior in nearly full tanks. 
(These effects, which are essentially nonlinear 
in character, will be discussed in more detail 
in ch. 3.) Figure 2.31 shows some experimental 
data on liquid force response (ref. 2.49) com- 
pared with theory (ref. 2.21). There is ob- 
viously some significant effect of excitation 
amplitude (even granting some unreliability in 
the experimental data), especially as regards a 
noticeable frequency shift and generally better 
overall agreement for the smaller value of 
excitation amplitude. Figure 2.32 shows the 
strong effect of geometry in the nearly full 
spherical tank by virtually suppressing the 
liquid force response, with a strong secondary 
effect of excitation amplitude. Some further 
comparisons of force response in a quarter- 
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Figure 2.30. — Modal parameterg D. and £. for determin- 
ing force response in a sphere (ref. 2.21). 

full tank are made by Chu (ref. 2.47), again 
with reasonable agreement. 

Sumner and Stofan (ref. 2.50) also carried 
out an extensive investigation into the effects 
of (o) excitation amplitude, (6) tank size, and 
(c) liquid kinematic viscosity on the slosh 
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Figuhb 2.31.— liquid total force reaponse in a half-full spherical tank (ref. 2.49). 


force corresponding to the lowest natural 
frequency (&st mode) in a half-full tank. 
Figme 2.33 shows some typical results for 
constant excitation amplitude and variable 
liquid viscosity, while figure 2.34 shows the 
effects of varying excitation amplitude. It is 
seen from these data that, in general, the 
first-mode slosh force parameter increases 
with increasing excitation amplitude and with 
decreasing viscosity. 

S.5 TOROIDAL TANK 

The toroidal tank, because of packaging re- 
quirements, has been considered for storage of 
propellants and liquids for life-support systems. 
There is no theoretical analysis available for 
predicting the behavior of liquids in such tanks, 
and only limited experimental investigations 
have been reported (refs. 2.51 and 2.52). 


There are available, however, certain empirical 
formulas and experimental results from these 
studies which predict with fair accuracy the 
natural frequencies and which have established 
principal trends in the liquid behavior. The 
effect of excitation amplitude on the frequencies 
and forces, however, was not investigated, nor 
were the experimental data successful in 
establishing the manner in which slosh forces 
vary with tank geometry and orientation. 
(See fig. 2.35.) 

To simplify the analysis of liquid frequencies 
in the various container orientations, the 
toroid is “divided” into the regions shown in 
figure 2.35. This reduces the problem of pre- 
dicting the liquid frequencies for any fluid 
depth to that of predicting the frequencies for 
depths in only certain regions, which can be 
done in each region by reference to an "analo- 
gous” container. Thus, the success in obtain- 
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Figurb 2.32. — ^Liquid total force response in a nearly full spherical tank (ref. 2.49)- 


ing a frequency parameter independent of tank 
size and geometry depends upon the accuracy 
of the analogy. The experimental results 
obtained in references 2.51 and 2.52 for each 
container orientation are discussed below, and 
the frequency parameters investigated for each 
orientation are summarized in table 2.4. 

Horizontal Excitation 

For this orientation, the liquid natural fre- 
OlienciAS for an arhitrarv rlonf.Vi mav he 

A — ^ 

approximated by analogy with a ring tank in 
the form 

«a=-^^«.tanh^f» (2.62) 

where are the roots of equation (2.18d) if 
m/2a is set equal to imity and k is replaced by 
r*</ro, he is the height of liquid in a ring tank 
required to produce a volume of liquid equal 

228-«48 O— 67— ^ 


to that contained in the toroid, and r« and Tq are 
the inner and outer radii, respectively, of the 
liquid surface. Figure 2.36 indicates the gen- 
erally good agreement obtained between fre- 
quencies calculated from this equation and 
those obtained experimentally. The liquid 
surface forms of the contained liquid for the 
first and second frequencies are also shown in 
the figure. In general, it is noted that — 

(a) A decrease in the liquid depth ratio re- 
sults in a decrease of both the first and 
second natural frequencies. 

(b) For constant minor radius, an increase 
in the major radius results in a decrease 
in both the first and second natural 
frequencies. 

The problem of determining the fluid forces 
in terms of tank geometry and liquid depth has 
not been resolved. It has been noted, how- 
ever, from the typical data of figure 2.37, that 
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Table 2.4. — Summary of Nondimensional Frequency Parameters for Liquids in Toroidal Tanks 

[Ref. 2.51] 


Orientation 

Region 

Mode 

Parameter 

Analogy 

Horizontal 

AU 

AU 

/r. 1 1 

Annular circular 
cylinder 

Vertical transverse. . 

A, C 

AU 


Sphere of radius r 

B 

AU 

— -Vi 

Circular cylinder of 
radius r 

Vertical longitudinal. 

A, C 

1 

First 

, IR+r /sin ^ 

y g 1 p 

Simple pendulum 

AUn>l„ 

^ /*+»■ 

Sphere of radius 
R+r 

P 

First 

' \ o\ erne 

Circular-arc tube 


AUn>l._ 

V 0 «•-! 

Circular cylinder of 
radius r 


• For convenience, values of «,areli8tedasfollowB:fi=1.841;«*=6.331;*j=8.536;«4=n.706;«ii, experimentally 
determined natural frequency. 


the maxunum slosh force corresponds not to 
the lowest liquid mode, but rather to the second 
mode, except possibly for small values of the 
ratio of major to minor tank radii. The maxi- 
mum slosh force in the first mode appears to 
occur at a liquid-depth ratio of about three- 
quarters, while in the second mode it appears 
to occur at a liquid-depth ratio of about 
one-half. 


Transverse Excitation 


For this orientation of the container, and in 
all three regions. A, B, C, the frequency param- 



(where r is the minor radius 


of the toroid, fig. 2.35) can be obtained from 
the experimental results showm in figure 2.38. 
No data are available for liquid forces due to 
sloshing in this orientation. 


Longitudinal Excitation 

For this orientation of the container, the 
liquid frequency parameter can be defined vari- 
ously for each region. In regions A and C, 
we have (ref. 2.51) 


for the first frequency 

\ 9 <l> 

(2.63a) 


and 


for higher frequencies 

(2.63b) 

In region B, the relations are 


4>i=o»i 


V 


R e 

g sin 6 


for the first frequency 

(2.63c) 



and 
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V lt 1 

for higher frequencies 

9 

(2.63d) 

The values for in the foregoing equations 
may be obtained from the experimental results 
shoyra in figure 2.39. It should be noted that 
the approximations (region A)wl.O and 
(region B)»1.0 are reasonable. It appears 
that: in region A, frequencies higher than the 
second are strongly dependent upon the ratio of 
major to minor radius; in region B, all fre- 
quencies are independent of the ratio of radii; 
in region C, aU frequencies are dependent on 
the ratio of the radii and the tank size. The 
effects of tank size are, however, isolated. 

2.6 CONICAL TANKS 

The natural frequencies of liquids in conical 
containers have been investigated from a num- 
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ber of viewpoints (refs. 2.12, 2.14, 2.22, 2.24, 
2.43, and 2.53). 

A variational procedure was employed by 
Lawrence et al. (ref. 2.22) to obtain the natural 
frequencies of fluids in tanks ranging in geome- 
try from shallow to deep. Plots of frequency 
versus depth for the cases of liquid modes with 
one and three nodal diameters (s=l, 3) are 
given in figmre 2.40. 

Frequencies were determined experimentally 
(ref. 2.43) for cones of very small semivertex 
angles narrowing both upward and downward. 
An empirical relationship for frequency deter- 
mined from this data is 

«*^=1.84C1 (2.64) 

where C 3 is plotted in figure 2.41. It is noted 
that small angles correspond to large values of 
Ao/ro, and thus it is diflBcult to obtain good cor- 
relation with the results presented in figure 
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Viscosity larameter, B • v/^ gd ’ 


Figure 2.34. — First-mode slosh-force parameter as a function of viscosity parameter in a spherical tank (ref. 2.50). 

2.40. Equation (2.64) is valid for A/ro>2.75 volumes, appears to be valid down to liquid 

and for liquid oscillation amplitudes (measured depths of about ho/R=0.5Q, and at least through 

at the wall) of less than about 0.01 Tq. An the second mode (and possibly the third), 

analytical formulation of the problem of slosh- Good agreement was also obtained for natural 

ing in a cone of small semivertex angle narrow- frequencies, supporting similar conclusions that 

ing both upward and downward were later had been arrived at analytically (ref. 2.22). 

given in reference 2.24, along with comparisons 

between the solution of reference 2.22 and the OBLATE SPHEROIDAL TANK 

experimental results given in reference 2.43. 

Abramson and Ransleben (ref. 2.12) also The natural frequencies of liquids in oblate 
obtained experimental results for liquid spheroidal tanks have been investigated both 

sloshing in cylindrical tanks having conical experimentally (ref. 2.45) and theoretically 

bottoms. These data were found to be in good (ref. 2.25). Empirical equations and experi- 

agreement with the theoretical force response mental results obtained in the investigation of 

calculated by assuming the tank to be an reference 2.45 will be reviewed in this section, 

“equivalent” flat-bottomed cylindrical tank. including some of the effects of tank orientation 

The equivalence, based upon equal liquid (flg. 2.42), ellipticity and size, and fluid height. 
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Region C 
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Region A — i_ 
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Transverse excitation 


e ! 


Toroid 

R,cm 

r,cm 

1 

ia2 

ia2 

2 

2 ai 

9.9 

3 

3a2 

15.0 

4 

3a2 

9.9 

5 

4a6 

2a3 


Horizontal excitation 



ai a 2 a3 a4 as as a? as a9 lo 
Liquid-depth ratio, h/2r 


FiGtTBE 2.3S. — Sketch showing orientation of toroidal tank 
and dimensions of test configurations (ref, 2.S1). 


It should be noted that the frequent^ param- 
eters selected are not unique; several parameters 
were investigated in reference 2.45, and those 
yielding the best results were elected for pres- 
entation. As was the case with toroidal con- 
tainers discussed in section 2.5, the parameters 
investigated were based upon fluid behavior in 
analogous containers and, therefore, the de- 
velopment of a valid frequency parameter 
independent of tank size and geometry is 
dependent upon the accuracy of the analogy. 

Recently, the natural frequencies and mode 
shapes of liquids oscillating in horizontally 
orimited (see fig. 2.42) oblate spheroidal tanks 
have been calculated using variational tech- 
niques (ref. 2.25). The fluid forces and mo- 
ments due to the liquid oscillating in one of its 
natural modes are given along with an equiv- 
alent mechanical model. (See ch. 6.) Nu- 
merical results obtained for the fundamental 
frequency in the special case of a spherical tank 
have already been given in section 2.4 (eq. 
(2.60)). 


Horizontal toroid 



Equivalent annular 
cylinder 

If’c 

Z222 




5 - 


Direction of excitation 



Liquid -surface form for excitatipoJrequency 
at or near first and second natural modes 


Ficube 2.36. — Calcnlated and experimental values of the 
first two natural firequencies for horizontal orientation 
of toroid (after ref. 2.S2). 
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0 a4 as 1.2 1.6 2.0 2.4 Z8 3.2 3.6 

Excitation frequency , cps 


Figure 2.37. — ^First- and second-mode slosh forces for horizontal orientation of toroid at liquid depth ratio of 0.5 (after 

ref. 2.52). 


Horizontal Excitation 

Theoretically calculated (ref. 2.25) natural 
frequencies for three different tank geometries 
in the horizontal orientation, as a function of 
liquid depth, are shown in figure 2.43. 

The experimental study (ref. 2.45) showed 
that an empirical equation for the liquid natural 
frequencies of the form 

Wb=-^~ «„ tanh (2.65a) 

where hc=]: P and «n is the nth root of 

3 2o — n 

«//(«n)=0, gave quite good results (the poorest 
results occurred for the nearly full tank in the 
lowest liquid mode) . The basis of this equation 
is that of the natural frequencies of liquid 
contained in an upright cylinder having a radius 
r equal to that of the liquid surface and a 
volume equal to the volume of liquid contained 
in the spheroid. 

A comparison of these two sets of frequency 
data, for the three lowest liquid modes, is made 
in figure 2.44. 

Lonsitudinal and Transverse Excitations 

Empirical equations for the liquid modes in 
containers with longitudinal and transverse 


orientations were' developed (ref. 2.45) by anal- 
ogy with liquid frequencies in elliptic cylinders 
in the form 


Longitudinal: 


Wn. il.ntftnll 

(2.65b) 

Transverse: 


un.,=-^^k,,ntaxik k,.^ 

(2.65c) 

where r is the radius of the free surface (fig. 


2.42) and 



The parameters fcj. „ and „ are proportional to 

the positive parametric zeros of the first 
derivatives of the Mathieu function (these 
functions appear in the analysis of the elliptic 
cylinder (ref. 2.15)), and approximate values for 
the first mode (n=l) are given in figure 2.45. 
By comparing these empirical equations with 
experimental data, it was found that they are 
essentially independent of both tank size and 
eccentricity, but that the ratio of experimen- 
tally determined to calculated frequency was 
different from unity. 
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FiGxmE 2.38. — ^Variation of liquid . firequency parameter 
with depth for transverse modes of vertical toroidal 
tanks (ref. 2.51). 

Actual experimental data for Uquid fre- 
quencies in the longitudinal and transverse 
orientation are given as a ftmction of liquid 
depth in figures 2.46 and 2.47. The curves 
shown are, of course, only faired through the 
data. It should be carefully noted that the 
“second” mode for a spherical tank (fig. 2.28) 
corresponds to the “third” modes of figures 
2.46 and 2.47 and that the “second” modes of 
these figmes have no counterpart in figure 2.28; 
this arises from the fact that new modes of 
oscillation occur when the planform of the 
liquid free surface is elliptical, as noted pre- 
viously (see also ref. 2.15). These data indicate 
that, for a given eccentricity, the values of the 
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frequency parameter may be approximated by 
a single curve for a given modal number. 

S.8 CONCLUDING REMARKS 

From the results presented in the foregoing 
sections of this chapter, it should be evident 
that a great deal of information is readily 
available concerning the general subject of 
lateral sloshing of liquids in moving containers. 
For the simplest case of an upright cylinder of 
circular cross section, a very complete back- 
groxmd of theory and experiment exists for 
virtually every aspect of the liquid behavior 
and its reaction on the tank. This is true even 
for the relatively more complex cases where 
the circular cross section is compartmented into 
rings or sectors by annular or radial walls. 
Virtually the same statement can be made for 
the rectangular tank, but for other and more 
difficult configurations our detailed knowledge 
is considerably diminished. 

The cylindrical container of rectangular, 
circular, or elliptical cross section can, of course, 
be analyzed exactly on the basis of classical 
hydrodynamic theory. For other geometries, 
however, recourse has to be made to niunerical 
solutions (ref. 2.26) or to other approximate 
techniques. The variational methods especially 
have proven to be quite useful in a variety of 
cases (refs. 2.14, 2.22, and 2.25), but there is 
no one method of analysis that is universally 
valid. 

While we have considered various modes of 
excitation of these different containers and 
orientations, coupling arising from more than 
one excitation has largely been ignored. One 
formulation of rather general applicability has 
just become available (ref. 2.54), involving 
tanks of arbitrary shape moving with six 
degrees of freedom. Calculations have been 
carried out for tanks of spheroidal and toroidal 
configuration (ref. 2.55). One analysis involving 
coupled translational motion in two orthogonal 
motions has been mentioned earlier in this chap- 
ter (ref. 2.40) ; another study considered coupled 
translation and pitch (ref. 2.56). 

The significant effects of nonlinearities of 
various types have been referred to, but this 
detailed consideration deferred to chapter 3. 









Rtgiona) fullness ratio h/2R Regional fullness ratio lh-2rl/2IR~r) Regional fullness ratio (h-2RW2r 

Ficubk 2.39. — ^Variation of liquid frequency parameten with depth f«w longitudinal mode* of yertical toroidal tank (ref. 2.51). 
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0 LO ^0 3l0 40 



Figcse 2.40.— Frequency Tenne depth for a conical 
(ret 2.22). 



Figttbb 2.41. — Experimentally determined firequency 
parameter for conical tanks of small vertex angle (ref. 
2.43). 




Direction of tank osciiiations 




(ellipticai pianform) 



Horizontai orientation 
(circular pianform) 


Spheroid configurations 

Number 

a, cm 

b, cm 

1 

7.88 

406 

2 

7.88 

5.85 

3 

16.32 

8.12 

4 

16.32 

12.18 

5 

33.4 

16.75 

6 

33.4 

25.2 

7 

7.88 

7.88 

8 

16.32 

16.32 

9 

33.4 

33.4 


Figube 2.42. — Orientations and dimensions of spheroidal 
tanks studied in reference 2.45. 


Similarly, the very important question of 
suppression of lateral sloshing by mechanical 
baffles or other devices will be treated in 
chaptw 4. And finally, the very important 
problem of simplified representation of lateral 


sloshing forces and moments under various 
circumstances will be discussed in chapter 6. 
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Fullness ratio, tr/2a 


Figure 2.46. — Variation of frequency parameter with 
fullness ratio for liquid in spheroids with longitudinal 
orientation (after ref. 2.45). 



Fullness ratio, h/2a 


Figure 2.47. — ^Variation of frequency parameter with 
fullness ratio for liquids in spheroids with transverse 
orientation (after ref. 2.45). 
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PRINaPAL NOTATIONS 


acceleration field 
a, &=tank dimensions 
da=diameter 
e=2.71828 
F=force 

gr=gravitational acceleration 
- A=Uquid depth 

/y= t otal moment of inertia of liquid 

i== V — 1 

) =Bessel function of first kind of 
order v 


In = natural logarithm 
M=moment 
M^=total mass of liquid 

integral defined in appendix A 
p=nonnal pressure 
r=radial coordinate, also radius of 
the free surface 
£=tank radius, sphere 
<=time 

u, V, w=rectangular velocity components 
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li,, u^, ip= cylindrical velocity components 
®=velocity 

Wjp=total weight of liquid 
X, y, 2=rectangular coordinate axes 
F,( ) =Bessel fimction of second kind of 
order v 

a=vertex angle of sector tank; semi- 
vertex angle of conical tank 
a=2xa 

r= gamma function 
5= displacement of liquid free sur- 
face from equilibrium position 
with respect to space coordi- 
nate 

5 *= displacement with respect to co- 
ordinate fixed to tank 



f* — &m-l, n ^ 
fl ~*2m— 1. « “ 





n 


Wjm-l. 


II 





0= angular coordinate 
K = U«- 




— *2m— 1, * 


a 

'ft 


i»=kinematic viscosity 
p=liquid mass density 


— t ^ 


V* — 1 , i» “ 

O’ 

$z=velocity potential function 
angular coordinate 

0= excitation frequency 
fa) = natural circular frequency 
U= vector operator 
-»= indicates vector quantity 


Subscripts: 


n=normal 
T= thrust 
horizontal 


.Appendix A . — Cylindrical Tank With Ring Sector Cross Section, Excitation in y Direction 










Appendix B . — Cylindrical Tank With Bing Sector Cross Section, Excitation About y Axis and RcB . 

Excitation 


[Ref. 2.3] 
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Appendix C . — Circular Cylindrical Quarter (90° Sector) Tank 
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See eppropriale article for definition* of L, 










Appendix D . — Circular Cylindrical Sector Tank 
(Ref. 2.3] 
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Appendix E . — OscilUuions ResuUiTig From Bending-Type Displacements in Circular Sector Tank x(z, t) xo(z)e ** 
(The notation used is defined in section, “Bending Type Oscillations”; see appendix D for definitions of L, and L,; ref. 2.3] 
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Notes: U) The notation used is defined in Section Z. 31, "Bending Type Oscillations. 
(2) See Table 2.6 for definitions of and 
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. 57721 57 is the Euler number. 







Appendix G. — Oscillations Resulting From Bending-Type Displacements in Circular Cylindrical Tank x(z, t)=xo(z)e 

[Ref. 2.31] 
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Chapter 3 


Nonlinear Effects in Lateral Sloshing 

H. Norman Abramson, Wen-Htca Chu, and Franklin T. Dodge 


3.1 INTRODUCTION 

The preceding chapter presented the basic 
background of technology associated with lat- 
eral sloshing in rocket propellant tanks, as 
derived and obtained from linearized hydro- 
dynamic theory. It should be readily appar- 
ent, however, that in actuality nonlinear effects 
will be present and will even, at times, govern 
the character of the liquid motions (fig. 3.1). 
Such nonlinear effects might be described in 
terms of three classes: (a) those which arise 
primarily as a consequence of the geometry of 
the container and are apparent even for rather 
small amplitudes of excitation and liquid re- 
sponse, (6) those which arise primarily as a 
consequence of large amplitude excitation and 
response, and (c) those which involve essentially 
different forms of liquid behavior produced by 
coupling or instabilities of various of the lateral 
sloshing modes. On the other hand, nonline- 
arities produced by the introduction of large 
damping into the system, as by bafldes or other 
mechanical devices, are not included within the 
present discussion but will be treated in the 
following chapter. The nonlinear aspects of 
liquid motions resulting from excitation normal 
to the liquid free surface are, of course, also not 
included within the present discussion but will 
be treated in detail in chapter 8. 

3.2 NONLINEAR EFFECTS ARISING FROM TANK 
GEOMETRY 

Compartmented Cylindrical Tanks 

The theory of lateral sloshing in circular 
cylindrical compartmented tanks, as outhned 
in chapter 2, was developed in rather straight- 
forward fashion from the linearized hydro- 
dynamic equations. The earliest experimental 



Figure 3.1. — Large amplitude breaking wave during 
lateral sloshing near first-mode resonance. 


studies, however, failed to yield very good 
agreement between measured and predicted 
liquid frequencies (ref. 3.1), the measured 
frequencies always being somewhat low. Later 
measurements revealed (refs. 3.2 and 3.3) the 
strong dependence of the liquid frequencies on 
excitation amplitude and indicated agreement 
with the theoretical values for vanishingly 
small excitation amplitudes. This general 
effect is shown in figure 3.2 for 45°, 60°, and 90° 
sector configurations, the direction of excitation 
in each case being a bisector of one of the 
compartments. 

Such nonlinear effects, in this instance con- 
sisting of a “softening” frequency characteristic, 
arise essentially from the tank geometry. The 
continuity of flow toward the center of the 
tank dictates a higher surface elevation than 
that of an uncompartmented tank because of 
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0 aoo2 aoo4 aoo6 aoos aoio 
Excitation ampiitude parameter (xjd) 

Figitre 3.2. — Effect of excitation amplitude on the lowest 
liquid resonant frequency for 45°, 60°, and 90° sector 
tanks (ref. 3.3). 


the decreasing area of the cross section (ne- 
glecting Yariations in radial velocity) , and hence 
a marked change in liquid frequency. 

Further, and dramatic, changes in the liquid 
frequencies take place when the walls of the 
sectors are perforated. By plotting the lower 
liquid frequency against an equivalent Reynolds 
number based upon perforation hole size and 
excitation amplitude, as in figure 3.3, it is 
readily apparent that two frequencies are 
possible for each tank. The higher frequency, 
corresponding to the lowest values of the equiv- 
alent Reynolds number, is essentially as 
described above for solid sector walls. However, 
as the equivalent Reynolds number becomes 
larger, corresponding essentially to increasing 
perforation hole size, the liquid frequency 
decreases very rapidly to that corresponding 
to the uncompartmented tank. The transition 
zone depends upon a number of factors, but it 
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Figure 3.3 — Variation in lowest liquid resonant frequency 
with equivalent Reynolds number for 45°, 60°, and 90° 
perforated sector tanks (ref. 3.3). 


appears that the percent of perforation may be 
one of the most important of them. In any 
event, it is immediately apparent that the shift 
in liquid frequencies provided by compart- 
mentation can easily be negated by overzealous 
attempts to introduce damping or decrease 
structural weight by perforation. 

The force response in a 90° sector cylindrical 
tank, as a function of excitation amplitude, is 
also of considerable interest and has also been 
explored experimentally (ref. 3.4). The data 
shown in figure 3.4 were obtained by slowly 
sweeping frequency with constant excitation 
amplitude, as is customary when exploring the 
jump phenomenon in a nonlinear system (refs. 
3.5 and 3.6). As we know from the theoretical 
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Frequency parameter u* d/g 


Frequency parameter w* d/g 




0 Increasing frequency 
X ^ Decreasing frequency 


Figcbe 3-4. — Nonlinear liquid force responae in 90° sector tank (ref. 3.4). 


analyBis of chapter 2, sector-compartmented 
tanks exhibit liquid resonances in sets, corre- 
sponding to the orientation of the various 


sectors with respect to the direction to the 
excitation. Thus, the forced response curves 
should also exhibit resonant peaks in corre- 
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sponding sets (two peaks for the 90° sector 
tank), and the nonlinearities already discussed 
should lead to amplitude jumps near these 
resonant peaks. Looking at the data of figure 
3.4, however, reveals the interesting feature 
that the double jumps occurring at each reso- 
nant peak are both downward (from higher to 
lower amplitudes). This arises, of course, from 
the fact that the data represent the total force 
response of all four sectors, even though only 
two of these are near resonance, and as a 
result the customary response picture is some- 
what altered. (The nonlinear force response in 
an uncompartmented circular cylindrical tank 
will be discussed in detail later in this chapter 
(sec. 3.3).) Figure 3.4 (upper left plate) also 
shows the total force response of an equivalent 
“frozen” liquid mass; in this instance, the 
phasing of the forces produced by the various 
sectors at the higher frequencies tends to 
cancel and produce an even lower total force 
than does the equivalent frozen mass. 

Spherical Tanks 

N orJinear effects in spherical tanks have not 
been investigated to any appreciable extent. 
However, even a cursory examination of the 
geometry leads to the conclusion that the strong 
boundary curvatures vtU appreciably modify 
lateral sloshing characteristics: for mean liquid 
depths less than one radius, the expanding 
volume would tend to suppress motions of the 
liquid free surface, while for liquid depths more 
than one radius the contracting volume could 
tend to induce breaking waves. The experi- 
mental data first available for relatively small 
excitation amplitudes (ref. 3.7) would tend to 
substantiate such beliefs, although they are not 
nearly so evident as in the case of the compart- 
mented cylindrical tank. 

Of course, as excitation amphtude is increased, 
the nonlinear characteristics of the response 
rapidly become dominant (ref. 3.4). This will 
be discussed in more detail in section 3.3. 

Other Tank Conftgurationt 

The circular cylindrical tank does not appear 
to exhibit any particularly significant nonlinear 
effect in lateral sloshing as a consequence of 
geometry. Of course, as excitation amplitude 


is increased such effects do appear, much as 
they are emphasized in the spherical tank. A 
similar statement could therefore probably be 
made regarding almost any other tank configu- 
ration. Basically, however, the fact is that for 
more unusual geometries (ellipsoidal, toroidal, 
etc.), experimental investigations up till now 
have centered about frequency determinations 
from free vibrations, so that nonlinearities of 
the type discussed so far in this chapter are 
not readily discernible. It is clear that the 
sector tank is somewhat unique in this respect. 

Perhaps passing mention should be made of 
one special case associated with the rectangular 
tank. A rectangular tank of high aspect ratio, 
pitching about a transverse axis, and filled with 
liquid to only a shallow depth possesses strong 
nonlinear response characteristics for even ex- 
tremely small excitation amplitudes (i.e., small 
pitch angles). This arises, obviously, from 
“piling up” of th^ liquid at one end of the long 
tank. At larger angles of excitation, and par- 
ticularly in the presence of baffles, the response 
becomes even more strongly nonlinear; traveling 
waves have even been observed under such con- 
ditions (ref. 3.8), but these may be more the 
product of interference effects. 

3.3 LARGE AMPLITUDE MOTIONS 
Basic Equations 

Several analytical theories have been de- 
veloped for large amplitude lateral sloshing in 
rectangular or circular cylindrical containers. 
(See, for example, refs. 3.9 through 3.17.) We 
shall outline various of these in the present 
section, making such comparisons with experi- 
mental data as are available, and begin with a 
statement of relevant boundary conditions. 

The liquid contained in the rocket tank is 
assumed to be incompressible and its motion 
irrotational; thus, there is a velocity potential 
^ governed by the Laplace equation 

V*<#.=0 (3.1) 

and the following well-known boundary con- 
ditions: 

(1) The relative normal velocity on the wet- 
ted wall, r, is zero; i.e. 
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on S (3.2) 

where — is the velocity of the liquid 
On 

normal to the wall and is the local 
normal velocity of the wetted boundaries. 
(2) The free surface at 2 =f (*, y) is subjected 
to a d 3 mamic condition on pressure, p, 
and a kinematic condition on free surface 
elevation f. The dynamic condition is 


sink. Also 

Hx, y, H(x, y, z; x', y', Q)yp{x', y', 0)ds 

(3.6) 

so that the nth characteristic function and 
number can be computed from 

y. 0) \ C I H(x, y, 0; x', y', 0) \ 
y, 2) / \H{x, y, z; x', y', 0) / 


p—Po=—p * (v 0 ) 0 

(3.3) 

where the ullage pressure po is often taken 
as zero for simplicity. The kinematic 
condition, in rectangular coordinates, is 
(on 2 =f) 

df ^ (o 4\ 

at pz Ox dx OyOy 


XHx', y', 0)ds (3.7) 

Let <i>T , fn” be the velocity potential and 
the free surface elevation of the nth mode of 
free vibration of infinitesimally small ampli- 
tude; then 

y, 0) sin (<r„f) (3.8a) 

^«(*, y. 2) C03 (<r„t) (3.8b) 


It is noted that the gradient of <f> jdelds the 
positive velocity vector g of the fluid; that is, 
V<^=2. ^ 

Moiftycv s General Theory (ref. 3.9) 
fire* Vibrations of tho Lipoid 

Let yj/{x, y) be a characteristic function (nor- 
mal mode fimction). It satisfles the following 


conditions 

1 


(1) 

vV=o 

(3.4a) 

(2) 

^=0 on the wetted wall 
on 

(3.4b) 

(3) 

on the free surface 
On 

(3.4c) 


That is, X and ^ are the characteristic numbers 
and functions of the integral equation 


iA(*, y, y> 0; y'. o)^( 2 'i y'. 

(3.5) 

where H is the Neumann fimction (Green’s 
function of the second kind) ^ containing a unit 

‘ A method of constructing the Neumann function 
numerically for a spherical bowl has been demon- 
strated in ref. 3.18. 


The square of the frequency of the nth free 
vibration is 

<ri=gX, (3.9) 

The mathematical problem formulated in the 
beginning of this section has been solved by 
Moiseyev (ref. 3.9), who used a method of expan- 
sion into a power series of an unknown parame- 
ter c; i.e. 

4>=t 0«e" (3.10) 


r=6 S f»«" (3.11) 

n“0 


One expects that the period of the free vibra- 
tion will be affected by the wave amplitude when 
the amplitude is allowed to have a finite magni- 
tude. Thus, in order to introduce an amplitude 
dependent period into the theory automatically, 
it is assumed that the dimensionless time can be 
expressed as 




(3.12) 


where the A, are to be determined. (The liquid 
motions are assumed to occur in the vicinity of 
the mth linear mode.) 
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The free surface boundaiy conditions are to 
be satisfied at z=f (a:, y) ; but f, from equation 
(3.11), is still unknown. In order to satisfy the 
free surface conditions at 2 = 0 , and thus cir- 
ciunvent this difficulty, <j> is expanded in a 
Taylor’s series; that is, the A:th term of the 
potential is written as 

<f>t=S/njrif'n(a:,2/,s) (3.13) 

n*l 

where are vmknown functions of time. 

By equating the terms of equal powers of t 
in the dynamic and kinematic free surface 
conditions, a system of equations can be 
obtained and then solved in succession. The 
zeroth approximation [ti= 0 in equation (3.10)] 
works out to be 

It can be shown from equations (3.7) that 



Thus, by substituting equations (3.13) into 
(3.14a), one finds that 

/;.i+^y«o=0 (3.15) 

Consequently, if is not an integer, the 

unique solution of equation (3.15) having 
a period of 27 t is 


for k=l. F®(x, y) is a function only of the 
zeroth approximation; it may be rewritten in 
a more convenient form by expanding it in a 
series of the characteristic functions : 

F<f>{x,y)='^b^iUx, y,0) 

Then the following system of equations arises 
for the determination ofy«i 

y-i+4 ym=a»6 sin 2r (nj^ m) 

ag cos sin 2 t 

In order to obtain periodic solutions, it is 
necessary and sufficient that resonance does 
not occur, and thus hi=0. Hence, it can be 
seen from equation (3.12) that to the first 
approximation the period of the vibration does 
not depend on the amplitude. Also, all the 
y„i may be computed from the preceding equa- 
tion, since all of the bni are known; hence, the 
velocity potential can be determined com- 
pletely. 

By following the same procedure, the ith 
approximation is found to be 

(^■+^ ^ ® 

^ Fli^^ (x, y) sin It Z=2, 4, 6, . . . 
for k even, and 


y„o=0 for 7iT«^m;y„o=C'cos r (3.16) 

where C is an arbitrary constant. It is more 
convenient to write C=aglcn where a is 
arbitraiy; thus, the zeroth order potential is 


(^+i 0 W..r S'- ») 


t+i 


Fi'^(x, y) cos It 1=1, 3, 5, . . . 


aq , 

<^=— K cos T 

which is just the potential for free linear 
vibrations in the mth mode. 

The first approximation (n=l in eq. (3.10)) is 

/&*<<>, , 1 hi , / 

-)-o* sin 2tF?'’{x, y) 


for k odd. All of the F*” are known in terms 
of lower order approximations, but, as before, 
it is convenient to write them as 

K'iUx, y, 0) 

Then, the two equations preceding the F* equa- 
tion reduce to 
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j:.+u- CO. ,+«■ ^ hs, { 2 } 

where the sine corresponds to the odd and the 
cosine to the even values of k, and at the same 
time the index I takes on even or odd values, 
respectively. 

It is necessary and sufficient that resonance 
does not occur in order to insure that the two 
preceding equations possess periodic solutions; 
thus, 

A»=0 for k odd 

for k even (3.17) 

Using these solutions, the velocity potential 
and the free surface shape can be easily com- 
puted. If o is set equal to unity, the latter 
takes the form 

r=«^„(x, y, 0) sin +‘*(- ••)+••• 

(3.18) 

Note that the frequency is a function of ampli- 
tude; that is, 

and that periodic vibrations with an arbitrary 
amplitude lying inside the circle of convergence 
of equation (3.18) are possible. 

This theory, as Moiseyev pointed out, has a 
number of ^ortcomings. Iri particular, the 
procedure is possible only when is not an 
integer for n^m. Also, the amplitude of the 
wave approaches its limiting value very rapidly 
and then the wave disintegrates. Thus, it 
seems that either a linear theory or a theory 
taking into account the energy dissipation in 
wave disintegration is needed. Nonetheless, it 
is impossible to conduct an analysis of resonance 
phenomena in a liquid with only a linear theory 
so that a nonlinear theory can be justified on 
these grounds. In order to determine the liquid 
response near resonance, it is necessary that the 
liquid be excited at the proper frequency; the 
forced response of the fluid must then be cal- 
culated. This is done in the next subsection. 


ForetJ Vibrations of tha Liquid 

The potential <l> for forced vibrations can be 
constructed by adding a complementary solu- 
tion to a particular solution <t>f which satisfies 
the Laplace equation and the boimdary condi- 
tion on the wetted walls. <t>c satisfies the 
Laplace equation and the homogeneous bound- 
ary conditions in terms of \kn- The nonlinear 
free surface conditions are satisfied by the sum 
of and 4>p, and can be put in the following 
forms 




(^; 4>ci <l>p) — Ui(x, y, i) 
(3.20a) * 



— UiiX) *l>c) — £^ 2 ( 3 ?, y> 0 

(3.20b) 


2 


For simplicity, instead of a complete Fourier 
series in t, assume 

Ur=^sm(u>t)J(x,y) (3.21) 

Cl? 

where is a parameter specifying the amplitude 
of the excitation. 

The problem is to find periodic solutions of 
this system having a period of 2*-/«. However, 
the problem is not unique; that is, there can 
exist solutions that reduce to the solution of 
the free vibrations as n—*0, or that reduce to a 
trivial solution as The latter solution 

was selected by Moiseyev. 

The vibrations far away from resonance can 
be constructed in a manner similar to that used 
in the previous subsection; that is, it is assumed 
that 

0c=S0nP’‘ (3.22a) 

n»l 

5. c. «t /o f>oT- \ 

»"1 

The amplitude-dependent period of the forced 
vibrations is equal to the given period of the 
excitation force; thus, the amplitude should be 
determined from the relation 

* Uu Ui are functions of the derivatives of ^e, and 

but can be treated as functions of x, y, t, in the power 
series method. 
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(3.23) 


bt bz 


(3.30) 


From equations (3.19) and (3.23), the amplitude 
c thus is given by 


(%+€*hi+ . . . (3.24) 


By following the same reasoning as before, one 
finds, for example, that 

cos («<) (3.25) 

n-l — w 

where J(x, y) in equation (3.21) has been 
written asy(i, y)=2(7,f ,(a:, y). 

Near resonance, the solution (eq. (3.25) ) cannot 
be used. The method used here by Moiseyev 
is to consider the detuning w*— <r* as small. In 
other words, it is assumed that near resonance 


or 


(3.26a) 



(3.26b) 


with a a parameter. Thus, from equation (3.9), 
one finds that 


a 


(3.27) 


Near resonance the series expansion for 4> should 
be expressed in the parameter where now 
the ratio a/b may take on other than integral 
values. Since the forcing function is propor- 
tional to n, the power method should start 
from a fraction alh<^\, i.e., b=n,\a, tii being an 
integer. However, it can be shown that no 
periodic solutions exist unless ni=3. 

Carrying out the analysis for ni=3, one 
finds that if 

(3.28a) 

n*l 

and 

(3.28b) 

n-l 

then the approximate equations are 

f,-0 (3.29) 


^-4-— f =A 
bt ~ bz 


(3.31) 

(3.32) 


sin («t) (3.33) 


bt» b<l>t, » 
bi^b-z-^^^ 


where 




(3.34) 

(3.35a) 


1 ^ I I V 


(ji ^ V0i+V«j) (3.35b) 


and 


B*=- 


Sfi / 50a I .. 50i \ b^i b<l>i 

bxj bx bx 

0.36b) 


From equations (3.32a) and (3.32b), it can 
be seen that the first approximation is 


5Vi , <0^ 


(3.37) 


As before, it is assumed that 

y, s) (3.38) 

n 

Hence, the “unique” periodic solution of equa- 
tion (3.37) is 

y„=0 for (3.39a) 

f„i=M sin (<d) +N cos (o^) (3.39b) 

where M and N are constants to be determined 
from the third pair of equations by requiring 
that the resultant of all the resonance terms be 
zero. 
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Likewise, the second pair of equations results 
in 

Jma=Mi sin (ftrf)+iVi cos (orf) 

4-second harmonics (3.40) 


Thus the nonlinear boundary conditions remain 
to be satisfied. 

By assuming that the waves cannot exceed a 
certain maximum amplitude, the equation of 
the deformed free surface can be written as ® 


where M| and Ni are constants similarly deter- 
mined by the periodic requirement of the fourth 
approximation, which is the solution of the 
fourth pair of equations. 

Thus, the solution near resonance can be 
computed to any degree of approximation. 
However, the details of its computation are 
very complex and so are not given in full here; 
the interested reader is referred to Moiseyev's 
original paper. 

Penney and Price Theory for Finite Stationary 

Oscillations in a Rectansulor Tank (ref. 3.11) 

Although the theory of finite traveling waves 
has been known since the late-19th century, it 
has only been recently that standing waves of 
fitute amplitude have been examined. Perhaps 
the first such theory is that due to Penney and 
Price (ref. 3.11), who have worked out the wave 
shape to the fifth power in the predominant 
amplitude. 

One of Penney and Price's main conclusions 
is that the wave frequency is a function of its 
amplitude. In order to see how this result was 
derived, and to present an example of Moiseyev's 
general theory, Penney and Price's method will 
be given here in detail. 

Only two-dimensional waves are considered, 
so that the appropriate solution of Laplace's 
equation for waves in an infinitely deep tank is 

cos^x (3.41) 

where the z axis is positive upward with its 
origiu at the undisturbed free surface, and the 
flow is independent of y. The boundary con- 
ditions that equation (3.41) satisfies are 

3— =0 at 2 = — CD 


dr 


=0 


atx=±| 


229-«48 O — 67- 


5o(0 4-S o»(0 COS ^ X (3.42) 

X n_l Ai 

The algebraic labor is reduced by writing all 
equations in nondimensional form. All the 
lengths are multiplied by 2 t/X and the time by 
( 2 t^/X)‘^*. The nondimensional potential and 
wave form are then 

^= 2 ^ «*c** cos nx 

1 “ 1 “ 

f=oao4-Sa»cosTw:=5 S 

" n-O X n— » 

where a_»=a«. (The nondimensional form of 
X and 2 is still x and 2 .) 

It is convenient first to work out simplified 
expressions for such factors as (f)*, (f)*, and so 
forth. Now if 

y=\ S 

then 


4 2:( s 


so that 




± S2e^ 

4 0 

(3.43a) 

where 


0 

(3.43b) 

Now let 


M |M«0 

(3.44) 


»The coeflacient So is, of course, zero, since Z=0 
locates the mean level of the free surface, but it is 
retained here since doing so greatly simplifies the 
algebra. 
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From equations (3.44) and (3.45), it follows 
that 


cuSif.i(s—m)e*" 

(3.45) 


Sif(s)= S a„Sif_i{8—in) (3.46) 

T 7 »«« — CO 

so that by continued application 


m ^ 

^ ) y I ... • • • Of— i)>i— mg— . . . ] 


m ,- — « T 7 I ,—— 00 


(3.47) 


It will be observed that So(0) = l, So(s)=0 for s^O, Si(s)=o, for all s and Sy(s)— 5y(— s). 
Now one can write 


where 

E{X, s)=E{\, -«)=£ ^ -S-^(s) (3-49) 

Fineilly, each term in equation (3.41a) can be evaluated for 2=f , 

e^'r cos (;ix)=i S £^(X, s)c“*+^>*+5 S S(X, s)e“*"i^* 

=K S [£:(X,fi-M)+£:(X,8+;)]e‘« 

=-E^(X,m)+Z: cos (5x){£:(X,s-;)+£;(X,s+;1)} (3.50) 

•-1 


With these preliminary mathematics the 
coefficients a„ and a„ can be conveniently de- 
termined from the free surface dynamic and 
kinematic conditions. The dynamic free sur- 
face condition requires at z=Z that the pres- 
sure be zero; that is, it is required that 

which in dimensionless form is 


jdt~'dx dx”" dz 


on z=Z 
(3.52a) 


or, in dimensionless form. 





a„e”f(— sin 



f+ cos nx 

n«»0 

2 oe CD 

+o S S cos (m—n) x=0 

^ TO*1 n»l 

(3.51) 


X ^ o,(t)(-n) sin (nx)J 
— S “«c“^(«) cos (nx)1=0 (3.52b) 

n-I J 


By using the previously defined expressions for 
£(X, s), equation (3.51) can be written as 


The kinematic condition requires that 
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^ cs o I CO 

2 <*o+S «n cosnx+do+S^ an-(E{n,n)+'^ cos lx[E(n, l—n) 

+E(n, i+n)] y +1 S S mna,a„J E(m+n, m—n) 

J 7i»«l n— 1 ^ 


+^. COS lx[E{m-\-n, l-m-\-n)-\-E{m-{-n, s+m— n)]^ =0 (3.53) 


and equation (3.52b) as 


^ «D OB ^ 

o ®o+S ®m COS mx+Ti 2 2 rnnOnfitnA E(n, n—n)—E{n, m+n) 

" m-l * «t-l n-1 V. 

+2 COS lx[E(n, l—m+n)+E{n, l+m—n)—E(n, l—m—n)—E{n, Z+m+n)] 


i-i 


} 


— cos lx[E{n, l—n)+E(n, Z+»)]^=0 (3.54) 


Sines equations (3.53) and (3.54) are true for all 
X, it follows that the coefficient of each harmonic 
in the equations should be identically zero; thus, 

1 * 

atnE{n,n) 

■* n -1 

+1 2 2 mna^E{m+n, m—n) (3.55a) 

^ n»-l n»l 

and 

— o.=2 cm[E{n, 8—n)+E{n, s+n)] 

m m 

+o 2 2 m7ux„On[E{m+n, s—m 

- w— 1 n— 1 

+»)+£^(m+w, s+m— n)] (3.55b) 

where Sis& positive integer. Also, from equa- 
tion (3.54) 

2 «• » 

—9 <io =9 2 2 mna„an[E{n, m—n) 

^ A m-l n -1 

— E(n, m-{-n)\ — nonE{n, n) (3.56a) 

n -1 

and 

— «.=9 2 2 mm„a„[E(ri,8—m+n) 

- m-l n -1 

+E(fij 8+m—n)—Ein, s—m—n) 

—E(ti, 8+m—n) ] — S 8—n) 

-i-iS^(n,5-i'7i)] (3.56b) 


This system of infinitely many first order 
differential equations is to be solved by the 
method of finite term approximations to the 
infinite series. (As a check on the algebra, 
the time derivative do of the constant liquid 
depth should be zero in equation (3.56a).) 
Note that equation (3.55a) can be regarded as 
an equation to determine aoin terms of the other 
£*,; but oo corresponds to- the arbitrary time 
function in Bernoulli’s equation and is only 
needed when computing the pressurfe. 

To obtain an analytical solution, the coeffi- 
cients a, and a, are expressed in terms of 
integral powers of a parameter «. The a, are 
assumed to be of order «, and a, to be of the 
same or higher order; this assumption can be 
justified by a critical examination of equations 
(3.55b) and (3.56b). 

Equations for a, and a, to the fifth order in 
« are given below. The equation for the con- 
stant term in the wave shape is 

— ao=0=2oo+di (oi+^ OiOj-l-i a! ) 

+ds(®i+2aa)-t-a?— fl^a?+6aiaiaj-f-4o5 (3.57) 

This equation can be used to calculate ao once 
the other a„ and a„ have been computed. 

The coefficient of the fundamental term in 
the amplitude must satisfy two equations 
derived from equations (3.55b) and (3.56b) : 
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— Oi=ai (^1+1 ®i+| 

+a? ^Oi+OiOs+2 (3.58) 


and 


di=ai 



The equations for the fifth harmonic are 


— Cs — di ^2 ^*“^4 ®*®> 

+^<^*aj+g|4o})+d, 


-\aiai+\ai)+a2fii (3.59)* 
The equations for the second harmonics are 
— aj=di Q ®i+^ ffliOa+l ®»+j^ ai^+a2(l+oJ) 

+1 «3+Ol 

®2=«i — 03^+a2(2+2af)+3a8ai 

The equations for the third harmonic are 


For very small osdllations, these equations 
reduce to 

— a,=6t, (3.60a) 

d,=sa3 (3.60b) 

which have as a solution 

o,=€, cos (iVs+O (3.61a) 

where c, and o, are arbitrary constants. Thus, 
the first-order surface elevation becomes 

00 

f=S «» sin (f-y/s+v.) cos (sr) (3.61b) 

(-1 


(^03+1 a?^— 3o!ia2ai— 3aias 


-a,=d. (I a,-H| a!H- at+\ a?a 2 

.1 .1 

+2 ®i®s+2 

/3 ,.3 .3 4, 3 3 

03-«i (^g ai+2 Oi+ie 


^-f-d2<Il+d3+«l ^Os+OlOs + g 



3a3ai— 3 o3 


The equations for the fourth harmonic are 

— 04=di ^2 ®3+4 01*2+;^ Oi^+d2 


+2 


®4— «i ^j2 ®i+Oi02+2o3^-|-a2 ^2a? 4-402^ 


-|-6a30i+4«4 


Consequently, the free surface oscillations will 
not be strictly periodic in time unless «,=0 
except for those cases when «=n*, n an integer. 

In order to pose a definite physical problem, 
Penney and Price studied those oscillations 
that reduce to a single harmonic term when the 
amplitude is made small. In particular, atten- 
tion was centered on those oscillations which 
tend to 

f=6 cos I sin t (3.62) 

as f tends to zero. 

By using equation (3.62), the nonlinear equa- 
tions (3.58) to (3.59) can be solved to higher 
order, more exact approximations. 

The second-order equations give a better 
approximation to the wave shape than do the 
first-order ones, as will be seen. They are 


— Oi=di and di—ai '' 

— 02 = 02 +^ ttiOi and d 2 = 2 a 2 +Oi«i ’■ 
— aj=a, andd,= — sas («!>2) ^ 


(3.63) 


* As mentioned previously, do= 0. 



NONLINEAR EFFECTS IN LATERAL SLOSHING 


91 


Thus 

ai=c sin < and ai=c cos ^ (3.64) 

For strictly periodic motion a]=0 in order to 
avoid a frequency -^[2 times the fimdamentai 
frequency. If th^ is the case, then 

0 ,=! sin* «*(l-cos 2t) (3.65) 

Similarly, a« and a, are zero to the second order. 
Thus, the natural frequency of the waves is 
imchanged to the second order. 

The second-order approximation can be sub- 
stituted into the third-order terms for the 
third approximation; thus, 

ai+ai=4a?ai — of (3.66) 

The third-order periodic solution that reduces 
to oi=£ cos t is 

oi=« cos ^.^1— I 

-l-^**cos(3^1-|e*f) (3.67) 

Also, oj=0, 08=0 to the third order. It follows 
that oj, 03 , 02 are all of fourth or higher order. 
Thus, in the third-order approximation the 
frequency of the waves depends on their 
amplitude. 

Similarly, to the fourth-order approximation 
oi is still given by equation (3.67) and 


— I €* sin 1— i (3.68)* 

To the fifth order 


oi=« cos **) 


where 


283 

"7I86 ** 


/i 1 2 13 


(3.69) 

(3.70) 


* There are no fifth-order terms in a, or d, when » is 
oven. 


and 

<* cos (<^0+^ e* cos (3<r<) 

7 

~2ll2 ** (3.71a) 

** ‘‘ 

e» cos (5<rf) (3.71b) 
The corresponding free surface shape is given by 

+^e*sin(5<r<) (3.72a) 
®»=5 «*+| «*-(j **) (2fff) 


67 




1344 

II 

256 ) 

1 sin (at) 



2195 


V32*' 

14336 


e* COS (4«r<) (3.72b) 


sin (3<r<) 


16365 , . „ . 

“473088 ‘ ““ (3.72c) 

®4=| e*— I «* cos (2o-<) «* cos (4<r<) (3.72d) 

145 , . . . 515 , . 

“*= 7 ^ ‘ ^‘"*^“ 30 ^ * 

85 

+^e*sm(5v<) (3.72e) 

with a defined by equation (3.70).' 

The fifth-order wave shape can be examined 
easily for <rt={n-\-)^)T, where n is an integer, 
sinee at these times the water is momentarily 
at rest and the wave everywhere reaches its 
maximum ampHtude. The wave shape is 


^ 0'''32‘’ 1344**) 


e' 1 cos z 


. /I 2 79 A 01 / 3 , 12563 A 

■^V2 * 672 * / * 59136 * ) 


1 29*^ 

+g e* cos 4z-|-^ e® cos 5z (3.73) 
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A closer examination shows that there is no 
point on the surface which is always at rest, 
that is, there are no true nodes; moreover, the 
free siu-face is never perfectly flat. The 
frequency of the wave as a function of its 
amplitude is given by equation (3.70) 



so that it may he seen that a finite amplitude 
wave in an infinitely deep tank is a nonlinear 
softening dynamic system. 

Penney and Price also worked out the limiting 
condition on the maximum amphtude of the 
wave. 

If the ullage or the atmospheric pressure is 
nearly zero, and the surface tension (excluding 
low gravity cases) is also nearly zero, then one 
may assume both are zero to obtain a simphfied 
criterion of instabihty. Consider an element 
of volume of liquid on the free surface as a 
particle, then the only vertical forces are those 

due to vertical pressure gradient, ^^dxdy dz, the 

body force, pg dz dy dx, and the inertial force, 
—bwliit. Thus, the balance of forces yields 


^+Pff+P^-0 (3.76) 


on the free surface particle. 

Since the value of po is practically zero, 
i>pldz must be nearly negative or zero. There- 
fore, equation (3.75) leads to the following 
approximate upper bound for stability 

^+Sf>0 or (3.76) 

which states that the downward acceleration 
bio/dt must be less than the gravitational accel- 
eration, g. 

The slope of the sharp crest of the limiting 
wave form can also be calculated. Along the 
free surface (of constant pressure) 

(3.77a, b) 

At the instant that the limiting wave form is 


reached, the velocity q is zero and the pressime 

satisfies the Laplace equation at the tip of the 
crest. Then 



Also, by symmetry 



Adding equation (3.77 a) to equation (3.77b) 3nelds 

In general, the first bracket is nonzero, then 
dx=±:dz or 

^=±1 (3.79)* 

dx 

at the tip. Thus, the angle enclosed by the 
crest of the limiting wave form for the sta- 
tionary wave is 90° in contrast to 120° for the 
progressive wave. 

To check the limiting form of the stationary 
waves, Taylor (ref. 3.12) has shown that the 
fifth-order approximation is in good agreement 
with his experiments, except near the tip of the 
crest (fig. 3.5). 




Figure 3.5. — Large amplitude stationary wave sbowing 
agreement with Penney and Price theory (ref. 3.11). 


• The same configuration results if a smooth curve 
was assumed. In that case, the symmetry condition 


demands ° 
ox Os 


= 0 . 
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The perturbation method has also been 
applied by Tadjbakhsh and Keller (ref. 3.13) 
to standing smrface waves of finite ampUtude 
in rectangular tanks of finite depth. The solu- 
tion is obtained to the third order of the ampli- 
tude of the linearized surface wave motion. 
An interesting result was observed to the effect 
that there is a depth about 0.17 of the wave- 
length above which the frequency is softening 
and below which the frequency is hardening, 
neglecting effects of the third and higher order 
terms. For brevity, this phenomenon is called 
“frequency reversal”' and has been confirmed 
experimentally (ref. 3.14). 

The critical depth of frequency reversal esti- 
mated by Fultz from his experiments is not 
accurate enough to modify the theoretical 
predicted value of 0.17. 

The pertmrbation method was again employed 
by Verma and Keller (ref. 3.15) to three-dimen- 
sional wav^, the results being similar to those 
for the two-dimensional waves. 

Bauer (ref. 3.16) has extended the basic 
Penney and Price theory to forced oscillations 
of the rectangular tank. He considers the 


two-dimensional problem (infinite length tank) 
with a finite depth of fluid, and carries out the 
equation to the third order. In this way, 
Bauer is able to derive a response that includes 
superharmonic terms in the free surface 
motions. Figure 3.6 shows the hquid free 
surface height versus time, for excitation fre- 
quency close to the harmonic resonance (Q= 
0.9 o>i). The top part of the figure shows the 
hquid height at the left waU of the tank (x=0), 
the middle part of the figure the hquid height 
at the center of the tank (x=a/2), and the 
lower part of the figure the hquid height at 
the right waU of the tank (x=a). In each 
case, the dashed curve represents the result 
obtained from linear theory (always zero 
for x=a/2), while the ciu-ves 1, 2, 3 represent 
results for varying excitation amphtudes (xo= 
0.02 a, X6=0.1 a, Xo=0.2 a, respectively). The 
nonhnear effects show up strongly with increas- 
ing excitation amphlude. Similar results are 
shown in %ure 3.7 for an excitation frequency 


close to the superharmonic resonance 




Figuhe 3.6. — Liquid frtt surface displacements in an 
mfinite rectangular tank under forced oscillation near 
harmonic resonance for various excitation amplitudes 
(ref. 3.16). 



FicmtE 3.7. — Liquid free surface displacements in an 
infinite rectangular tank under forced oscillation near 
rsscsftscc fer varicus szc!t£tios susipli* 
tndes (ref. 3.16). 

Extended Hutton Theory For Nonlinear Liquid 
Motions in a Cylindrical Tonic (reF. 3.4) 

For a circular cyhndrical tank undergoing 
transverse oscihations, Hutton (ref. 3.19) as- 
sumed that the velocity potential of the dis- 
turbance can be approximated by the following 
form : 





•0*1 
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=ei/3[^j(r, t) cos (« 0+Xi(r, r) sin (wf)] 
r)+ 4 'i{r, r) COS ( 2 ut) 

+X 2 (r, r) sin (2ci)<)]+«[^s(r, t) cos (3«i) 

+Xt(r, t) an (3«<)] (3.80) 


where 


t=time 

T= see equation (3.82) 


w=frequency 


eo=tank displacement amplitude 


«=«*o 

(3.80a) 

^j=[yi(r) cos e+ys(T) sin e]J,(X„r) 


^,cosh [X„(2-f-A)] 
cosh (XuA) 

(3.80b) 

Xi=[y 2 (T) cos e-|-y 4 (T) sin e]Ji(Xiir) 


.cosh [X„( 2 -|-A)] 
cosh {\nh) 

(3.80c) 

^o=Constant (ref. 3.10, p. 30) 

(3.80d) 


^ 7 A r'i I^0*(2+A)] 
'/'2—Z^ .4o,Jo(Xo,r) — -“v:7v — 


cosh (\onh) 

A 


+2 [-42b cos (2e)+£2« sin { 2 d)]J 2 


««1 


0 «>«) 

x.=Sa./.(x.r)52^^ 

+2 [Cin COS {2B)+Din sin ( 2 tf)]t /2 

(3.00 


It is noted that iV=5 was used and Xobi X 2 ,, Xi, 
are defined by 

Ji(XoBa) =0, J^(Xj,a)=0, J,'(Xi„c)=0 (3.80g) 

rpi and xs are neglected with the third harmonics 
of order t. 


The velocity potential is 

4>—x^ cos d+^ (3.81) 

where ®»=tank displacement. The form of the 
disturbance potential ^ in terms of 

cosh [XB,.( 2 +li)]-^^|^J } satisfies the La- 
place equation for inviscid irrotational flow as 
well as the velocity potential. The coefficients 
are to be determined by a combined nonlinear 
free surface condition, to the third order. 

First, by the method of expansion into the 
small parameter t, the coefficient of « 

must vanish for all times. In doing so, the 
transformations 

T=i and p?i=w*(l -«*'*’) (3.82) 

A 

are introduced. 

For the term to vanish, the conditions 
are satisfied by the assumed form of yj/i and xi- 
The e*'® term contains only the constant term 
and the second harmonics. There were three 
resultant equations which are satisfied by the 
Galerkin method (or in this case the Founer- 
Bessel technique) with the assumed forms of 

A A A A 

^ 0 , ^2, X2- This determmes B 2 ,, An, -Aan, t7o«, 
Cin, Din hi terms of /«. It is noted that the 
equation resulting from terms independent of 
time is satisfied by ^ 0 = constant and that the 
remaining two equations yield six equations 
from their components in «7o, Ji cos (2ff), J 2 
sin (2^) . In the e term, however, only the two 
first harmonic terms were assumed to vanish, 
treating time derivatives temporarily as con- 
stants. The t/i sin and the Ji cos d compo- 
nents yield a set of four first-order nonlinear 
differential equations goveming/j(i=l, 2, 3, 4) ; 
namely, 

^=-yfi-KrMfl+n+fl+f*) 

1/4) (3.83a) 

|^*=F:+v/,(/?+/?+^+yj)+2ic,y«(/,y,-y.y4) 

(3.83b) 

(3.83c) 
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^-^vus\+n+n+n)-KMd^-Jd*) 

(3.83d) 

where K\, Kt, Fi are constants (given in ref. 
3.19). The values of Ki and K 2 depend on 
many integrals which have been tabulated 
in reference 3.19 with some uncertain errors.^ 
The planar motion is given by the solution 

yi=Y,ya=/3=y4=o 

and y is governed by a cubic equation 

(3.84) 

Near the first natural frequency, the instability 
of the planar motion is known to exist. The 
mathematical formtdation of stability was to 
introduce a small disturbance to the cor- 
responding steady-state amplitude, y<‘® and 
then determine whether the initial disturbance 
grows or decays. If X is positive, the amplitude 
of the disturbance grows and the motion is 
unstable. If X is negative, then the motion is 
stable. These unstable liquid free surface 

^ In ref. 3.17 the values for /Ja are values of 7^/ 
Xu; Kq is the value of JTo/Xfi, according to com- 
munications with R. E. Hutton. 


motions are now customarily referred to as 
“swirl,” and will be discussed in the following 
section of this chapter. 

Now, in order to determine the liquid force 
on the tank (ref. 3.4), the pressure is given by 
Bernoulli’s equation in terms of the disturbance 
potential, as 

(V0-V0) 

-l-i,r cos 0+/(t) ^ +po (3.85) 

where an arbitrary function of time J(t) can be 
absorbed into d^/dt through a redefinition of <j>. 
The x-force on the tank is given by' 

Ft= r f r pa cos 0 dff dx\ 

L»/-» Jo Jr-a 

where ij is the free surface elevation, a is the 
radius of the rigid tank, and h is the (initial) 
hquid depth. F^ can be evaluated to the third 
order, consistent with Hutton’s theory (ref. 
3.19), except for the contributions due to 
^ and X 3 which were not originally derived. 
Thus, 


F.sFi+F, 


(3.86) 


where 


Fi=rr r pa cose dJOdz"] ' = 

L»/ 0 JtwS 


— po-^— sin (wf) jgjjj («f)4.sin (3uf)] 




N, 


^2"'*(Xf.-XS,) 


[Xu sinh (XiiA) cosh (XjJi) 


— X 2 » cosh (XuA) sinh (Xj,^)]4-| (sin (wf)-l-sin (3«f)] 

XS I A. [^u cosh (X„A) sinh M) 

N 

— Xo, sinh (X,iA) cosh ^ cosh (XnA) 

Xainh (Xj,A)— Xj, sinh (XuA) cosh (XjnA)]J— ewo*A sin (at) ^ (3.86a) 
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and 


F2=r pa cos eds 1 

LJo Jo Jr-o 

= — a '^p{a, e, 0)+^pi{a, 6, 0)+O(i7*)J cos edd 
P' r -p \a, e, 0) 1 ^ ^ 

Jo ».0) ^2pi(a,e,0)J 

= rA^acos.d. 

Jo 2p, 

==^ — ir« -/"I — sin® (ut) [yj i (Xntt) ]®X,i tanh (X,iA.) 

" 0 L’ S 

— 4w® sin (wt) cos {2o)t)yJj(\na) r± CortJoO^Ond) 


L«*i 


i ± ('1±£2|M) hJ,(x„„)).] 

-R ^ sin (U) hJ,(X„<l)nx„ tnnli (X„o))‘]\ (3.86b)* 


where 


m.=A 


On 


Xo«J^o(XqiiQ) 

cosh (Xonh) 


AI — _9 

* cosh (XjbA) 


N I — Xj* 


C2nJi(^2nO>) 


cosh (Xj„^) 
yJ i(Xii(o) 


cosh (Xn^) 
At=—A 

Ai=\iiA 


Can — — iJfln 


A yi 

0j)»=— 2 ^3» 


(3.87a) 

(3.87b) 

(3.87c) 

(3.87d) 

(3.87e) 

(3.87f) 

(3.87g) 

(3.87h) 


Qo», Oj, are given by Hutton (ref. 3.19). 7 is 
the amplitude of the steady-state part of 
/], and is governed by a cubic equation de- 


* The relation qSS — h®® been utilized in de- 
. . „ P.ir,e,0) 

nving Fi. 


pending on the motion being planar or non- 
planar.® 

A nonlinear theory essentially equivalent 
to that of Hutton has been derived by Rogge 
and Weiss (refs. 3.20 and 3.21). 

Experimental studies of large amplitude 
liquid motions in tanks of circular cross 
section (cylindrical and spherical) are difficult 
because of the occurrence of swirl modes 
near the liquid natural frequencies, as mentioned 
previously and as will be discussed in more 
detail in the next section. Recourse has 
therefore been made to the installation of 
vertical splitter plates parallel to the direction 
of excitation to suppress rotational motions 
and thus the onset of swirl. Data obtained 
from such experimental studies (ref. 3.4) will 
be summarized in the following section. 

A typical liquid displacement response curve 
for low excitation amplitude is shown in figure 
3.8. The nonlinear softening characteristic 
jump phenomenon is clearly demonstrated. 
Total Jorce response data (in the direction of 
excitation) are shown in figure 3.9 for several 
values of excitation amplitude. All these data 

•Through private communications with R. E. Hutton, 
it was learned that in the expressions for b\ and 
62 should be replaced by /Jj/X?,, in order to calculate 
7 correctly. 
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Z5 XO 3L5 40 45 5.0 

Frequency parameter b/d/g 

Figure 3.8. — Liquid fi«e surface response in half-cylindri- 
cal tank deuMMistrating nonlinear characteristics (ref. 3.4). 

were obtained by varying frequency while 
maintaining constant excitation amplitude; the 
sweep in frequency was made by first starting 
at a very low value and slowly increasing until 
substantially above first-mode resonance, and 
then sweeping back down to low values. This 
procedure revealed jump phenomena very 
clearly. The nonlinear softening characteristic 
of the response curves of figure 3.9 is quite evi- 
dent. 

The experimentally determined total force 
data are also compared directly in figure 3.9 
wth calculations from extensions of the analysis 
of Hutton, as presented earlier in this section. 
This theory is basically one of third order, but 
even then accounts for only certain elements 
of the nonlinear aspects of the problem; never- 
theless, the theory is quite complex in its 
analytical details, and consequently good agree- 
ment with experimental data at and beyond 
resonance is hardly to be expected. If one 


were to require the development of an improved 
theory, the choice between recommending a 
“better” third-order theory, or a similar 
fifth-order theory would not be an easy one. 
In any event, it may be noted from figure 3.9 
that the agreement between theory and experi- 
ment for the in-phase branches is rather good, 
for all four values of excitation amplitude. 
The agreement is not so good for the out-of- 
phase branches. In the vicinity of resonance, 
the theory departs rather widely from the ex- 
perimental values and, generally, does not give 
a good value for the frequency at which the 
jump occurs. 

Experimental Data for Nonlinear Liquid Motions 
in a Spherical Tank (ref. 3.4) 

As in the case of the circular cylindrical tank, 
it was found necessary to install a vertical 
splitter plate in the spherical tank (parallel to 
the direction of excitation) in order to suppress 
the liquid swirl mode. Resulting total force 
response data (amplitude only) for a half-full 
tank are shown in figure 3.10. Here again, 
the response is seen to possess a nonlinear 
softening characteristic, whi.ch is quite sensitive 
to excitation amplitude, as had been intimated 
some time ago (ref. 3.7). However, the re- 
sponse curves are not very well defined in the 
areas of the jmnps, as compared with those 
of the cylindrical tank, probably as a conse- 
quence of the increased tendency of breaking 
waves to form because of the curvature at the 
mean liquid level (breaking wave would not 
occur in the cylindrical tank at an equivalent 
wave amplitude). The breaking waves cer- 
tainly have some tendency to modify the 
normal instability process in the region of the 
jump frequencies; nevertheless, the jump be- 
littVior utts l>66ii Srpproxiin&tcly dclmcatou. in 
figure 3.10 by the dashed lines. 

3.4 SWIRL MOTION (ROTARY SLOSHING) 

General Desaiption of the Liquid Motion 

Many different experimental studies con- 
cerned with lateral sloshing have revealed an 
interesting type of liquid instability occurring 
very close to the lowest liquid resonant fre- 
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Frequency parameter w*d/g 
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Figure 3.9. — Amplitude of liquid force reipoiue in half-cyliodrical tank for various excitation amplitudes (ref. 3.4). 
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Frequency parameter, w*d/g 

Figurb 3.10. — ^Amplitude of liquid force response in spher- 
ical tank for Tarions Excitation amplitudes (ref. 3.4). 

quency (refs. 3.22 and 3.23). The essential 
features of this complex liquid motion can be 
described qualitatively as an apparent “ro- 
tation" of the liquid about the vertical axis of 
symmetry of the tank, superimposed on the 
normal sloshing motion (ref. 3.23) . The motion 
is even more complicated as a type of ‘^beating" 
abo seems to exist; the first antisymmetric 
liquid-sloshing mode first begins to transform 
itself into a rotational motion increasing in 
angular velocity in, say, the counterclockwise 
direction, which reaches a maximum and then 
decreases essentially to zero and then reverses 
and increases in angular velocity in the clock- 
'.vis8 dirccticn, and so on alternately. The 
frequency of rotation is less than that of the 
surface wave motion and therefore the liquid 
appears to undei^o a vertical up-and-down 
motion as it rotates about the tank axis; the 
rotational frequency about this up-and-down 
axis is about the same as that of .the wave 
motion. The liquid free surface, at least at 
relatively low excitation amplitudes, is essen- 
tially plane, and it is the apparent rotation of 
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t.hig inclined plane about a vertical axis that 
we are attempting to describe. This phenome- 
non almost invariably occurs in laboratory 
tests at frequencies in the immediate neighbor- 
hood of one of the resonances of the normal 
sloshing modes, as mentioned above, and 
occurs whether the liquid has any initial gross 
rotation or not; the rotational mode can, how- 
ever, be initiated at any excitation frequency 
by introducing some disturbance which pro- 
vides a substantial initial rotation to the fluid. 

Theoretical Analytes 

An attempt at providing an analytical de- 
scription of this type of liquid motion was first 
made on the basis of the behavior of an equiva- 
lent linear conical pendulum (ref. 3.22). This 
theory was able to predict the general character 
of the stabihty boundaries, as shown in figure 



Frequency ratio, ail<ii„ 


Figubb 3.11.— C^mpariaan of experimental data with 
theoretical stability bonndaries for rotational liquid 
motimi near first-mode resonance under transverse 
excitation (ref. 3.23). 
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3.11, although other features of the motion 
could not be explained; obviously, the phenom- 
enon involves essentially nonlinear effects. 
An extension of the theory of the conical 
pendulum to include third-order terms in the 
amphtude soon became available (ref. 3.24), 
which then led directly to the desired nonlinear 
theory of liquid motion (refs. 3.19 and 3.25).*® 
The nonhnear analysis shows three types of 
Uquid motion to occur: normal planar motion, 
stable nonlinear (rotary) motion, and unstable 
(swirling) motion. These are in excellent 
agreement with the observed behavior (refs. 
3.4, 3.19, 3.22, and 3.23). The theory also 
demonstrates that the rotational mode of liquid 
motion arises as a consequence of a nonlinear 
couphng between hquid motion parallel and 
perpendicular to the plane of excitation, and 
that this couphng takes place through the free 
surface waves. 

The essential results from Hutton’s theory 
(ref. 3.19) can be stated fairly sim ply by refer- 
ence to the equations (3.83), which govern the 
coefficients of an approximate solution for non- 
hnear hquid motions near first-mode resonance. 
These equations are nonhnear and possess a 
nonplanar svirl motion solution as well as the 
usual planar motion solution. For swirl motion 

yi=%/2=0,/,=0, 7 -‘ (3.88) 

The amphtude 7 is again determined by a cubic 
equation; that is. 


(3.89) 


In order that/^ be real and nonzero, it is neces- 
sary that 

7 ^^ 7->0 

The approximate steady-state solution then 
takes the form : 


This is essentially the theory as presented earlier 
in this chapter. .An equivalent analysis has also been 
developed elsewhere (refs. 3.20 and 3.21). 


5=6*/® {yj cos 0 COS (tot) - 1-/4 sin 5 sin (tot)}J^j(Xnr) 

^^ COsh [Xii(g-|-fe)] I ry/ 2 / 3 '' 
^ cosh(X„li) ’ 

cos cos (e-l-(ot)J 

, cosh[X„(g-l-lt)] \ ,0^2/3) 
X^i(X„r)- cosh(X„A) > 

(3.90) 

The swirl motions predicted are not simple ro- 
tary motions unless iy,|siyi| and the higher 
order terms are negligible. The instability 
itself then leads to more complex modes of 
hquid motion, as described earlier. 

Experimental Data 

Figure 3.12 shows some comparison between 
test data and the predicted stable and unstable 
planar and unplanar regions. The predicted 
boundaries of the instability region agree 
closely with experimental data for small 
values of t. Poorer agreement for the non- 
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Figvhe 3.12. — Comparison of theoretical and experimental 
instability regions for nonplanar sloshing (ref. 3.19). 
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planar motion stability boundary is not sur- 
prising because of the difficidty in precisely 
determining this behavior; as the frequency is 
decreased, the transition is gradual from the 
steady-state harmonic nonplanar motion to 
the nonharmonic nonplanar motion existing 
in the instability region. 

Some interesting experimental information on 
smrl motion was also obtained during a study of 
nonlinear lateral sloshing at large excitation 
amphtudes (ref. 3.4), as shown in figure 3.13. 
Most of the data shown in figure 3.13 were 
obtained by maintaining constant excitation 
ampUtude while varying excitation frequency. 
At first, data were taken only for liquid motions 
arising basically from the first antisymmetric 
slosh mode, with no swirl occurring. Sub- 
sequently, the boundary of the swirl region was 
defined experimentally by maintaining constant 
excitation frequency and slowiy increasing 
excitation ampUtude until the swirl motion 
began to appear. The onset of swirl could be 
deternained relatively precisely not only by 
visual observation but by the appearance of a 
significant force normal to the direction of 
excitation on the osciUograph output. The 
swirl boundary thus obtained is shown in 
figure 3.13. It should be noted that this 
boundary is dependent upon both excitation 
frequency and amplitude, since in certain 
instances it was found that large ampUtude 
breaking waves could be produced without 
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PRINCIPAL 

a=an arbitrary constant or effective 
gravitational acceleration 
C„=the nth constant in equation (3.25) 
diameter of the tank 
F= force exerted on the tank by the 
fluid 

i{x, y) = & function defined by equation 
(3.21) 

y„t= defined in equation (3.13) 

< 7 = gravitational acceleration 
A„=the nth coefficient defined by equa- 
tion (3.12) 

Neumann function 

/i= maximum depth of the liquid at 
rest 

n= outer normal to the boundaries or 
an integer 

natural frequency of the mth 
sloshing mode 
Po= ullage pressure 
pressure 

r, 6, 2 = cylindrical coordinates 

g= velocity vector of the fluid 
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NOTATIONS 

iS=the free surface when the liquid is 
stationary 

s=the distance measured along the 
free surface 

T=the period of vibrations 
f=time 

Ui, Z72= functions of (i, x, and y) 

C7= same as Xo 

f„=local normal velocity of the wall 
X, y, 2= rectangular coordinates with posi- 
tive 2 upward 

Xo= amplitude of excitational displace- 
ment 

e=a parameter related to the non- 
dimensional amplitude of the 
surface elevation 
f=free surface elevation 
X= characteristic number 
X„=7tth characteristic number 
X= wavelength 

p = a parameter related to the am- 
plitude of excitation 
P= a constant, see equation (3.50) 
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transformed frequency, see equa- 
tion (3.89) 

p= density of the fluid 
S=the wetted wall or the summation 
sign 

Si = the moving part of the wetted wall 
<r=see equation (3.70) 

<r»=the frequency of the nth free 
vibration 

T—& nondimensional time defined by 
equation (3.12) 

(#>= velocity potential 
ypix, y, 0)= characteristic function 
^„(a:, y, 0)=nth characteristic function 


y, 3)=function defined by equation (3.6) 
o>=frequency of tank motion 
w„=nth natural frequency 


Stokes derivative 
Ut 


Sufer scripts: 

( )"=the second derivative of ( ) with 
respect to nondimensional time 
( )'=derivative of ( ) with respect to 
time 

( )*=nondimensionalized quantities 
( )® =steady-state value of ( ) imless 
otherwise specified 
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Chapter 4 


Damping of Liquid Motions and Lateral Sloshing 

Sandor Silverman and H. Norman Abramson 


4.1 INTRODUCTION 

Propellant sloshing is a potential source of 
disturbance which may be critical to the sta- 
bility or structural integrity of space vehicles, 
as large forces and moments may be produced 
by the propellant oscillating at one of its 
fundamental frequencies in a partially filled 
tank. Since the liquid oscillatory frequency 
may nearly coincide with either the fundamental 
elastic body bending frequency or the dynamic 
control frequency of the vehicle at some time of 
the powered phase of the flight, the slosh forces 
could interact with the structure or control 
system. This could cause a failure of structural 
components within the vehicle or excessive 
deviation from its planned flight path. It 
is therefore necessary to consider means of 
providing adequate damping of the liquid mo- 
tions and slosh forces and to develop methods 
for accounting for such damping- in analyses 
made of vehicle performance. 

Linear damping is usually introduced into 
the vehicle dynamic analysis through the 
resonance terms of the equations governing a 
mechanical model representation of the liquid 
forces and moments. This is done under the 
assumption that the behavior of the liquid 
oscillating in its fundamental mode is analogous 
to the behavior of a linear, viscously damped 
single degree-of-freedom system. (See chapters 
6 and 7 for the development of such mechanical 
models.) The analysis then yields the amount 
of damping required for vehicle stability. One 
of the main problems which remains is to 
predict the amount of damping present in a 
given tank configuration. 

The results of some of the numerous in- 
vestigations in the field of liquid damping in 
rigid containers will be presented and dis- 


cussed in this chapter. Unfortunately, the prob- 
lem is essentially nonlinear and therefore few 
theories are available for predicting damping 
(refs. 4.1 through 4.5) . Our principal knowledge 
of damping characteristics is the result of ex- 
tensive experimental studies. 

On Dampins 

The term “damping” is generally employed 
to describe the fact that some energy dissipa- 
tion always ocems during fluid oscillations. 
By far the most comprehensive discussion of 
damping effects in propellant sloshing is con- 
tained in reference 4.6. 

If there is no energy input to a system that is 
oscillating in one of its natural modes, the 
amplitude of successive oscillations decreases 
as a result of energy dissipation. This de- 
creasing amplitude can be described by the 
logarithmic decrement, defined as 

Maximum amplitude of any oscillation 

~ Maximum amplitude 1 cycle later 

(4.1) 

For a linear system, in which the restoring 
force is proportional to the amplitude of the 
displacement (measmed from rest position), the 
total energy of oscillation at the peak amplitude 
of any cycle is proportional to the square of 
this ampUtude. The logarithmic decrement 
can therefore also be witten as 

/ Energy of motion of 1 cycle V^~’ 

~ ^ \Energy of motion 1 cycle later/ 

In terms of the energy decrement per cycle 
AE and the total energy of motion E, equation 
(4.2) can be reduced to 
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(4.3) 

Damping, whatever its nature, can be repre- 
sented by an equivalent viscous damping in 
which the damping force opposing the motion 
is equal to a damping factor multiplied by the 
velocity of the oscillating component of the 
system. The ratio of the actual damping, c, to 
the critical damping, c„ is denoted as y and it 
can be shown (ref. 4.7) that, for small values 
of y 

b=2Ty—2ir— (4.4) 

Ce 


The damping ratio y may also be expressed in 
terms of energy by substituting equation (4.3) 
into equation (4.4) 


1 A£J 
'^"4t E 


(4.5) 


The damping ratio in the form used by Miles 
(ref. 4.2) in the theory of ring damping * in a 
circular tank is 


where dEldt is the mean rate of energy dissipa- 
tion over a cycle of period 2x/« and w is the 
angular frequency of oscillation. 

Several experimental techniques have been 
employed to obtain the damping factor and 
are outlined on the folloAving pages. 

(1) Ring jorce method. — A direct measure- 
ment of the force required to anchor the ring 
baffle to the tank wall is made. The wave 
amplitude is measured so that the total energy 
of motion and the wave velocity can be calcu- 
lated from classical theory. The component of 
the ring force that is 180° out of phase with the 
vertical wave velocity at the ring position gives 
a measure of energy dissipation, while the 
dissipation per cycle compared with the total 
energy of motion determines the damping rate. 

' One of the principal means of increasing the 
damping in a liquid propellant tank of cylindrical 
geometry is obviously that of introducing baffles in the 
form of thin rings attached normal to the tank wall. 
These and other tyjjcs of baffles will be discussed in 
detail later. 


dE 

dt 


2<t)E 


(4.6) 


(2) The drive farce method. — A platform, upon 
which the tank is located, is driven at constant 
excitation amplitude and frequency. The force 
in the drive link, the amplitude of the platform 
motion, and the amplitude of the wave motion 
are recorded. The energy input required to 
maintain steady-state oscillations is the same 
as the energy dissipated. That component of 
the drive force that is in phase with the tank 
velocity delivers energy to the system at the 
same rate as the dissipation. It is the amount 
of this input per cycle compared vdth the total 
energy of motion, as measured by the wave 
amplitude, that determines the damping rate. 

(3) The vMve (or farce) amflUude response 
method. — The wave (or force) amplitude as a 
function of drive frequency is determined for 
constant drive amplitude. The bandwidth 
technique (see refs. 4.7 and 4.8) is then applied 
to these response data to obtain the damping 
ratio y. The relationship thus obtained is 


where 0 is the excitation frequency and z is the 
wave (or force) amplitude. A typical response 
curve is illustrated in figure 4.1. In practice, 
the ratio 2m,x/si=2/V'^ is often used and thus 
equation (4.7a) simplifies to 



Figure 4.1. — Typical wave amplitude response curve. 
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A comprehensive discussion of the whole field 
of resonance testing is contained in references 
4.9 and 4.10; included is a critical discussion of 
the bandwidth technique. It should be noted 
that this technique gives rehable results only if 
the natural frequencies are not close and the 
damping is not large. Also, the speed of the 
frequency sweep and the magnitude of the 
excitation amplitude may affect the results. 

(4) The wave amplitude decay method . — The 
rate of decay of the free surface displacement 
after cessation of tank motion is measured. 
With zero input, the decreasing energy of 
motion as evidenced by the decreasing wave 
height is a result of the energy dissipated by the 
damping mechanism. The logarithmic decre- 
ment of successive wave heights may be calcu- 
lated from these measurements and then the 
damping ratio is obtained from equation (4.4). 

(5) Anchor force decay method . — The rate of 
decay of the peak force in the tank anchor is 
measured after the tank motion is suddenly 
stopped. The logarithmic decrement is then 
obtained from successive peak values and the 
damping ratio y is obtained from equation (4.4). 

The relationship between the damping factors 
calculated by the above methods cannot be 
stated easily unless the liquid dynamic behavior 
is essentially linear. The mechanisms which 
produce energy dissipation are thought to be 
knowm qualitatively, but only a few have been 
described quantitatively. The damping may 
be caused by the free surface boundary layer 
(see ref. 4.4), fluid viscosity, turbulence, boundary 
layer friction, and interchange of energy between 
different sloshing modes. In practical applica- 
tions, of course, none of the previously described 
methods accounts for all the energy dissipated. 
The degree of nonlinearity of the system is 
significant in determining the amount of enei^ 
neglected by the various methods. If the 
system behaves linearly and the damping is 
small, then the relationships between the energy, 
logarithmic decrement, and damping ratio as 
expressed by equations (4.1) through (4.7) 
are valid. 

Caution is especially required when con- 
sidering the damping of fluid forces caused 
by oscillations of a tank of unsymmetric geom- 
etry. It is conceivable that the damping of 


these forces may be quite dependent upon the 
direction in which the forces are measured and 
the technique used to measure the damping. 
Reduction of force amplitudes in multiple 
connected tanks (such as partitioned tanks) 
may be the result of phasing of the liquid 
motions rather than energy dissipation. There- 
fore, the designer must specify exactly what he 
is interested in — damping of fluid motions or 
damping of tank forces. 

In table 4.1, and in figure 4.2, experimentally 
determined damping values for an annular ring 
baffle in a cylindrical tank with a flat bottom 
are given as a function of free surface wave 
amplitude. The values as obtained by the 
five experimental methods outlined above are 
compared, together with theoretical curves 
calculated for conditions conforming most 
closely to the assumptions of Miles’ ring 
damping theory (ref. 4.2). (See sec. 4.5 of this 
chapter for a detailed discussion of ring damping 
from the viewpoints of both theory and experi- 
ment.) Experimental damping data for a 
single-ring baffle are compared in figure 4.3 
with the damping factor as calculated from the 
rmg damping theory (ref. 4.11). 

On Damping Investigations 

Viscous damping alone, with particular ref- 
erence to liquids in moving tanks, has been 
investigated from several viewpoints (refs. 4.12 
through 4.15) demonstrating that the significant 
variables are liquid height, liquid kinematic 
viscosity, and tank size. Theoretically based 
equations which predict the damping factor as 
a function of these variables are modified with 
the aid of experimental data. In certain situa- 
tions, it may be feasible to rely entirely upon 
viscous damping of the fluid to suppress the 
liquid motions. 

The damping effectiveness of movable or 
floating devices has been studied on many 
occasions (refs. 4.16 through 4.22), but generally 
with the conclusion that while floating or 
movable-lid-type devices may damp liquid 
motions substantially, they also involve rather 
significant weight penalties. 

Recently, additional interest has developed 
in positive expulsion bags and diaphragms (refs. 
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Table 4.1. — Damping Ratios for an Annular Ring in a Cylindrical Tank 
(Ring position [h — d)/R=2.11; ring-width parameter C=0.235; R=15.1 cm; test liquid-water) 


[Ref. 4.6] 


Method of damping measurement 

d, 

g = 0.168 

d, 

^=0.253 

d, 

g = 0.505 

HR 

7 

HR 

7 

HR 

7 

Ring force 

0. 050 

0. 019 

0. 15 

0.026 

0. 19 

0. 0085 


.082 

.024 

. 12 

.027 

. 17 

.0071 


. 11 

.027 

. 11 

.026 

. 16 

.0075 


. 090 

.023 



.14 

.0064 


. 064 

. 024 



. 13 

.0061 

Drive force 

.050 

.029 

. 15 

.027 

. 19 

.012 


.082 

.025 

. 12 

.031 

. 17 

.0093 


. 11 

.026 

. 11 

.031 

. 16 

.0091 


.090 

.021 



. 14 

.0094 


. 064 

.027 



. 13 

.0079 

Wave amplitude response 

.28 

. 18 

.23 

.040 

.21 

.023 


.28 

.18 

.23 

.042 

.21 

.024 

Wave amplitude decay 

.044 

.020 

.052 

.016 

.032 

. 0055 


.029 

.015 

.040 

.014 

.023 

.0052 


.042 

.026 

.031 

.013 

.017 

.0052 


. 024 

.019 

.022 

. 010 

. 013 

. 0044 


. 015 

.014 

.017 

.0090 

.034 

.0065 


.036 

. 030 

. 051 

.012 

.028 

. 0047 


.027 

.030 

.039 

.012 

.024 

.0044 


.017 

.021 

.026 

.015 

.021 

.0047 


012 

019 

020 

. Oil 




OOR'i 

017 

.015 

.0087 




. 0060 

. 015 



Anchor force decay 

.042 

.017 

.052 

.025 

.032 

.0079 


.024 

.017 

.040 

.016 

.023 

.0059 


.015 

.012 

.031 

.014 

.017 

.0047 


. 036 

.026 

.022 

.011 

. 013 

.0039 


.027 

.020 

.051 

.022 

.034 

.0062 


. 017 

.022 

.039 

.015 

.028 

.0052 


i . 012 

.015 

.026 

.011 

.024 

.0058 


.0085 

.014 

.020 

.010 

.021 . 

.0041 


. 0060 

.014 

. 015 

. 010 




4.16 and 4.17) because of their possible applica- 
tion to the problem of propellant transfer under 
weightless conditions. Experiments indicate 
that a major factor affecting liquid damping is 
the thickness of the membrane, since the amount 
of damping increases (as does the first natural 
frequency) with increasing thickness. Damp- 
ing due to these devices has generally been 
found to be extremely high. 

The major effort devoted to damping of liquid 
motion has been on investigating the damping 
due to various types of fixed baffles. This is 


for a good reason — they provide large damping 
for relatively low weight, without other major 
drawbacks. These fixed baffles may be classi- 
fied into nonring type and ring type. The non- 
ring type includes partitions and cruciforms 
(these are physically located in the same manner 
as a stringer), while the ring type includes both 
symmetrical rings and asymmetrical ring seg- 
ments. In order to save weight, all of these 
various baffles are often perforated. It has 
been found that, within certain limits on the 
percent of area removed by perforation and 
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Figure 4.2. — Damping ratios for an annular ring in a cylindrical tank as obtained by various methods (ref. 4.6). 


their diameter, a significant weight saving can 
be realized without loss of damping effectiveness 
or reduction in the resonant frequency. The 
effectiveness of rigid-type baffles depends largely 
upon the location of the baffle with respect to 
the liquid free surface and on the baffle geometry. 

Baffles which have a tendency to transfer the 
first-mode sloshing into a rotary motion have 
been briefly investigated in references 4.23 and 
4.24. Ring baffles having double spirals with 
opposite directions of rotation appear to be 
more desirable than single spirals, but the 
latter, along with swirl plates, induce the 
problem of liquid swirl.^ 


ing in circular cylindei-s (refs. 4.3, 4.4, and 4.15). 
The effects uii damping of the liquid depth, 
liquid amplitude, kinematic viscosity, and sur- 
face tension were specifically investigated m 
reference 4.15, and an empirical relationship for 
calcidating the damping coefficient was obtained 
in the form ^ 


0.318 


X 


1 - 


1-A 

R 


+ 1 


sinh(l.84A)[cosh(l.84A) J 

(4.8a) 


4.2 VISCOUS DAMPING IN TANKS OF VARIOUS 
GEOMETRY 

Circular Cylindrical Tank 

At least three extensive experimental investi- 
gations have been carried out on viscous damp- 

2 This phenomenon was mentioned in ch. 2 and 
discussed in more detail in ch. 3. 


where v is the kinematic viscosity, R is the tank 
radius, g is the acceleration of gravity, h is the 
liquid depth, and 5 is the logarithmic decrement 

’ It is not clear from the text (ref. 4.15) whether this 
equation was obtained from an examination of the 
experimental data or was obtained by using experi- 
mental data to modify equations which appear in a 
mentioned but unreferenced report of work by 
Rabinovich. 
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Figcke 4.3. — Comparison of theory and experiment for 
damping provided by a flat solid -ring baffle as a function 
of baffle depth (ref. 4.11). 


of the amplitude of the free surface oscillations. 
For large depths, /i/R>1.0, equation (4.8a) 
may be approximated by 


S=4.98v^-R~^^Y"* (4.8b) 

Employing two cylindrical tanks of different 
diameters (20 centimeters and 51.8 centimeters) 
and selecting liquids with different surface ten- 
sions T (but with identical kinematic viscosity 
v), the effect of surface tension on the damping 
was investigated. It was concluded that, at 
least for small tanks, surface tension can signifi- 
cantly affect the damping coefficient, as shown 
in figure 4.4. 

Damping in a cylindrical cavity with a 
spherical bottom was also determined experi- 
mentally, leading to an empirical equation for 
the damping coefficient in the form 

d=a(4.98»'^^R-^^Y''*) (4.9) 



25 50 75 

Surface tension, T, dynes/ctn 

Figure 4.4. — Tbe effect of surface tension on viscous 
damping in a cylindrical tank (ref. 4.15). 


where Cj is given in figure 4.5 as a function of 
liquid depth. This equation reduces to equation 
(4.8b) for large liquid depths (h/R'^l.O). 

It was also determined from these experiments 
(ref. 4.15) that liquid amplitudes measured at 
the wall less than 0.1.B had no effect on the 
damping. This is in agreement with other 
studies (ref. 4.13) where no relation was found 
to exist between damping and liquid amplitude 
for a range of amplitudes at least up to 0.051?. 

Apparently unaware of the earlier Russian 
work discussed above (ref. 4.15), a similarly 
extensive experimental investigation was car- 
ried out by Stephens, et al. (ref. 4.13). The 
effects on damping of the liquid depth, efflux 
rate, liquid amplitude, kinematic viscosity, 
and tank size were investigated, and a damping 
factor was employed which is very similar (but 
not equivalent) to that given by equation 
(4.8a). ^ 

b=Kv^'^R~^!^g~^'^ tanh^l.84 

X[l+2(l-|)csch(^3.68^)] (4.10a) 

* This equation was obtained independently by others 
(refs. 4.3 and 4.4). 





DAMPESTG OF LIQUID MOTIONS AND LATERAL SLOSHING 


111, 



0 1 I I i I I I I ^ i I 

0 a4 as L2 1.6 2.0 


h/R 

Figure 4.5. — Viscous damping coefficient for liquid in a 
cylindrical tank with a spherical bottom (ref. 4.15). 

The theoretical value of K given by Miles 
(ref. 4.3) of ^l=0.56X2jt differs from the value 
determined by these experiments of K=5.23. 
For large depths (h/R'^1), equation (4.10a) 
reduces to 

(4.10b) 

This equation, as well as equation (4.Sb) are 
plotted in figure 4.6, from which it is seen that 
either equations (4.8) or (4.10) may be used to 
obtain results which contain discrepancies of 
no more than the same order as the experi- 
mental scatter. 

Some investigation was also made (ref. 4.13) 
to determine the effect of efflux rate on damping 
of the free surface displacements; no significant 
effect was observed for a range of efflux rates 
which caused surface velocities between 9.27 
cm/sec and 0.266 cm/sec. It is of interest to 
note that two theories have been presented to 
predict the relationship between “damping” 
and tank drainage (refs. 4.1 and 4.5) and have 
been thoroughly discussed in reference 4.25. 
Except for a single term, which can generally 
be neglected as being small, the two theories 
are equivalent. It was concluded that the 
damping of the amplitude of the free surface 
displacements of a liquid during tank draining 
is a small positive quantity. 

Oblate Spheroidal Tank 

A limited experimental investigation has been 
conducted (ref. 4.12) to determine the damping 
of the fundamental antisymmetric mode of 
oscillation of water in an oblate spheroid. The 
damping factor was defined in the form 


Data 

point 

Tank radius, 
cm 

Kinematic 

viscosity, 

stokes 

Test liquid, 
[ reference] 

1 

15.2 

a 836 

SAE 10 -W oil [413] 

2 

3.8 

a 00929 

Water [44] 

3 

15.2 

a 0223 

Kerosene [4.4] 

4 

7.6 

0.00929 

Water [44] 

5 

15.2 

0.00929 

Water [4 13] 

6 

38.1 

a 0223 

Kerosene [413] 

7 

38.1 

0.00929 

Water [4131 
Water [413] 

8 

45.7 

a 00929 

9 

152.5 

400929 

Unpublished Convair / 
Astronautics data 



Figure 4.6. — Damping-viscosity-tank size relationships 
for liquid in a cylindrical tank (after ref. 4.13). 

where Mo is the amplitude of a selected initial 
moment and M„ is the amplitude of the mo- 
ment after n cycles of fluid oscillation. This 
damping factor, as a function of liquid depth, 
is given in figure 4.7. The increase in damping 
at the low liquid depths and the increase at 
large depths may be attributed to the shape 
of the container with respect to the shape of 
the free surface. 

Spherical Tank 

The damping characteristics of liquids in 
spherical tanks have also been investigated 
experimentally (refs. 4.14 and 4.15). The ef- 
fects of kinematic viscosity, tank size, and 
excitation amplitude on the damping of the 
first-mode slosh forces were reported in refer- 
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ence 4.14. The liquid depth was held constant 
at /i/7?=1.0, since the maximum slosh forces 
in a spherical tank occur at the first natural 
frequenc}’ for this depth (ref. 4.26), and an 
empirical relationship was obtained in the form 

5a.= 0.131£'’-35» for-|=1.0 (4.11a) 

ti 

where 

10 ^ 

The damping factor was defined by 


where F is slosh force and n indicates the 
cycle number. It is interesting to note that 
liquid swirl was never observed for those 
liquids having kinematic A'iscosities greater 
than approximately 0.929 stokes. The experi- 
mental data and the faired curve given by 
equation (4.11a) are shown in figure 4.8. 

In an independent study (ref. 4.15), damping 
coefficients were also obtained as a function 
of liquid kinematic viscosity, the gravitational 
acceleration, tank radius, and liquid depth. 
The damping ratio was defined as the loga- 
rithmic decrement of the amplitude of the free 
surface displacements, leading to the empirical 
relationship 

5;^=0.08347C'3.B‘'2sC3(4.96r‘^2/?-3V‘''‘) (4.11b) 



Figure 4.7. — Variation of damping factor with tank full- 
ness for oblate spheroidal tank (ref 4.12). 


where (7s is given as a function of hjR in figure 
4.9 and B is defined in equation (4.11a). The 
following empirical relationships were also 
obtained : 

5b=0.083475'/2 0.\B<h<R (4.12a) 

l-fO.46 (2-4) 

6«= 0. 0S3475> fv- h>R 

1.46 (2- 

(4.12b) 

For A/i?<0.1, equation (4.9) should be em- 
ployed. 

It is of interest to compare the damping 
factors given by equations (4.11) and (4.12) for 
the special case of the half-full tank. For this 
case, (73=1.0 and the relationship between 
6 k and is found to be 

/ r \0.71S 

(o:oi47) 

In general, these damping factors are not 
equivalent; the discrepancies may be seen in 
table 4.2 where the damping factors are given 
for water in spherical tanks of radius 15.25 
centimeters and 30.5 centimeters (both references 
employed water to establish their equations 
and both employed small test tanks with radii 
varying from about 12.2 centimeters to 40.6 
centimeters). This discrepancy may be partly 
explained on the basis that the relationship 
between the decay of the amplitude of the 
free surface displacements and the decay of 
the slosh forces is apparently nonlinear. As 
was discussed in chapter 3, nonlinear behavior 
is typical of liquid dynamics in spherical tanks. 


Table 4.2. — Comparison of Damping Factors Given 
by Equations {4.11a) and {4.11b) 


R, cm 



iAr/Sfi 


(oq. (4.11a)) 

(eq. (4.11b)) 

(eq. (4.12c)) 

13.26 

0.031 

0.011 

2. 61 

30.5 

. 021 

.0066 

3. 21 
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Figure 4.8. — Average first-mode damping ratio as a function of viscosity parameter for liquid in a spherical tank 

(ref. 4.14). 



h /R 

Figure 4.9. — Viscous damping coefficient for liquid in a 
spherical tank (ref. 4.13). 

In reference 4.14 the damping coefficient 
was observed to be independent of the excita- 
tion amplitude; in reference 4.15 the damping 
coefficient 5 h was observed to be independent 
of liquid free surface amplitude up to ampli- 
tudes of 0.112 measured at the tank wall. 

Conical Tank 

Damping of liquid motions in conical cavities 
narrowing upward and downward was abo in- 


vestigated experimentally in reference 4.15. 
The empirical viscous damping relationship 

3=4.964C5(7;‘'^v‘/V^3V‘^' ->1.0 (4.13) 

To 

was obtained, where C4 and C5 are given in 
figure 4.10 as functions of the cone semivertex 
angle, a, for cones narrowing upward and 
downward, and Tq the radius of the free sur- 
face. Thb equation was found to be valid for 
A/ro>1.0, and for liquid free surface displace- 
ments at the tank wall less than about O.OItq. 
For amplitudes, measured at the wall, greater 
than O.OItq and cone angles a>-10°, the damp- 
ing coefficient depends upon the amplitude of 
the free surface displacements. For example, 
it was found that in a tank with a semivertex 
angle of 17°, and an amplitude of O.lro, the 
damping coefficient increases by a factor of 2. 
Again, damping was defined as the logarithmic 
decrement of the amplitude of the free surface 
dbplacements. 
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Figure 4.10. — Viscous damping coefficients for liquid in 
a conical tank (ref. 4.15). 


Toroidal Tank 

A limited amount of data was obtained in 
reference 4.27 on viscous damping of acetylene 
tetrabromide in horizontally oriented toroidal 
tanks, with typical results shown in figure 4.11. 
The damping ratio tended: (1) to be independ- 
ent of the tank’s major radius, and (2) to de- 
crease to a minimum value at the liquid depth 
ratio for which the specific slosh forces are a 
maximum. The damping ratio was defined by 


where F is the slosh force and n indicates the 
cycle of liquid oscillation. Since liquid dy- 
namic behavior in toroidal tanks is extremely 
compheated (see ch. 2), the data shown in 
figure 4.11 should be applied to other conditions 
or tank orientations very cautiously. 

4.3 DAMPING BY MOVABLE OR LIQUID SURFACE 
DEVICES 

The necessity of damping the forces and 
moments produced by the sloshing liquid leads 




Figure 4.11. — Effect of liquid depth ratio on the damping 
ratio for acetylene tetrabromide in a toroidal tank 
(ref. 4.27). 


one immediately to the concept of suppressing 
the motions of the liquid free surface. In 
principle, this can be accomplished by some 
type of rigid lid or cover which adjusts itself 
to the continual reduction in liquid height, or 
by some type of floating device that can absorb 
at least a portion of the energy of the moving 
liquid. Both of these types of devices will be 
discussed in the present section of this chapter, 
while various types of fixed slosh suppression 
devices (baffles) will be discussed in following 
sections. 

Floating Lids or Mats 

The floating-hd type of liquid suppression 
device has been studied by Abramson and 
Ransleben (ref. 4.20). Experiments were con- 
ducted in circular cylindrical tanks having coni- 
cal bottoms; rigid lids or covers were con- 
structed of solid plates with diameters of 99, 
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Figure 4.12. — Floating can slosh suppression device. 

85, and 67 percent of the tank diameter. Other 
variables investigated were liquid density and 
viscosity (three liquids were used), excitation 
amplitude, and excitation frequency. It was 
concluded that: (1) the floating-hd-type device 
having a diameter of 85 percent or more of the 
tank diameter provides very high force damp- 
ing,® (2) the peak force response increases with 
increasing values of the ratio pjv, and (3) the 
forces acting directly on the lids ® appeared to 
be rather large so that significant weight penal- 
ties may be involved with the use of such de- 
vices. Of course, in actual practice, the inner 
tank wall of a propellant tank is generaEy a 
complex arrangement of stringers, stiffeners, 
other structural elements, plumbing, and so 
forth, so that a lid diameter of the order of 
85 percent to 90 percent may be difficult to 
achieve unless the tank is a very large one. 

Eulitz (ref. 4. 18) also studied the possibillly of 
employing a porous layer of material (commer- 
cially available coco-fiber mat) on the hquid 
surface, similar to the rigid lid discussed above. 
Aluminum spheres were embedded in this 


^ The damping factor was not explicitly calculated, 
this conclusion being reached by observation and 
comparison of the force response curves. 

“ Forces were actually measured by means of special 
dynamometer linkages. 


material to obtain necessary buoyancy. While 
this technique was rather effective in suppress- 
ing liquid motions, difficulties were encountered 
in practical applications by virtue of the mat 
“hanging-up” and not remaining on the liquid 
surface. 

Floatins Cans 

Floating devices, aptly described as “floating 
cans” (see fig. 4.12), were also proposed by 
Eulitz (ref. 4.18), and later investigated in 
detail by Abramson and Ransleben (refs. 4.19 
and 4.21). These devices were fabricated of 
thin perforated material, employing a hoUow 
sphere for buoyancy. The damping of liquid- 
slosh forces was fairly effective only when the 
cans were packed closely, but even so was less 
than could be obtained from fixed baffles 
(ref. 4.19). 

Expulsion Bags and Diaphragms 

Positive e.xpulsion bags and diaphragms 
of elastomeric materials have been considered 
for the purpose of liquid transfer in a low gra\dty 
environment (ch. 11). The slosh force damping 
produced by these devices has been investigated 
by Stofan (refs. 4.16 and 4.17). The variables 
considered were tank size, diaphragm and bag 
thickness, and excitation amplitude. Since a 
slosh force parameter was used which is inde- 
pendent of liquid density and since maximum 
slosh forces in a spherical tank occur for the 
half -full tank, the liquid density and depth of 
fluid in the tank were considered only briefly. 
Slosh forces in a K-fuU spherical tank were 
investigated employing two liquids: mercury 
(ref. 4.16) and acetylene tetrabromide (ref. 
4.17). 

In general, it was found that significant 
damping of the force response wns obtained, 
but was strongly dependent upon the diaphragm 
thickness. The second-mode force peak and 
liquid swirl were completely suppressed. The 
force parameter also increased mth increasing 
excitation amplitude and appeared to increase 
with decreasing tank size. It should also be 
noted that as the diaphragm thickness in- 
creased, the peak slosh forces occurred at suc- 
ceedingly higher values of excitation frequency. 


116 


THE DYNAMIC BEHAVIOR OF LIQUIDS 


The force damping data ^the damping ratio 

F \ 

was defined as 6= In ) exhibited considerable 

r K+i/ 


scatter (fig. 4.13). In general, the damping 
ratio increased with increasing diaphragm 
thickness and excitation amplitude (fig. 4.14) 
and decreasing tank diameter. Some effect 
of excitation frequency on the damping was 
observed in the 81.4-centimeter-diameter tank. 
Expulsion bags appeared to perform similarly 
to the diaphragms (fig. 4.14). 


4.4 DAMPING BY FIXED BAFFLES: NONRING 
TYPE 


An almost bewildering array of baffle types 
and arrangements, all with the common feature 
of being fixed in location within the container, 
have been proposed. Basically, all these may 
be categorized as being generally of the form 
of annular rings or not. The present section is 
confined to the latter. 
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llcuRli 4.13. — Effect of diaphragm thickness on damping 
ratio for constant excitation amplitude (ref. 4.17). 


Cruciform Baffles 

Damping produced by cruciform baflfles (fig. 
4.15) has been investigated in references 4.12, 
4.28, and 4.29. These baffles are located 
physically in the same manner as a stringer, 
so that for the circular cylinder there is the 
advantage of damping being independent of 
liquid depth; for the spheroid and the sphere, 
of course, damping is not independent of depth. 
The disadvantage of this configuration is that 
it provides only a relatively small amount of 
damping. 
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Figure 4.14. — Effect of excitation amplitude parameter 
on maximum force parameter (ref. 4.17). 


Table 4.3 shows damping factors in a circular 
cyhnder tank vdth cruciform baffles oriented 45° 
and 90° to the direction of excitation (ref. 4.28). 
Figure 4.16 shows the variation of damping 
mth liquid depth for an oblate spheroid; the 
damping increases with decreasing depth. 

Damping provided by cruciform (vertical 
configuration) baffles in a sphere (fig. 4.17) 
has been investigated in reference 4.29. By 
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Table 4.3 . — Damping Ratios for Cruciform Baffles 
in a Cylindrical Tank 


[Ref. 4.28] 


Orientation, deg 
(fig. 4.15) 

w 

R 

n Mn 

45 

0. 169 

0.07 


.337 

. 169 

90 

. 169 

.072 


.337 

. 156 


rotating figure 4.17 by 90°, the symmetry of 
the sphere yields a completely different haffle 
arrangement (horizontal configuration) . Force 
response curves for both baffle arrangements 
are shown in figure 4.18, compared with similar 
data for the unbaffled tank.^ Note that the 
horizontal configuration of the baffles gives 
vastly more reduction in slosh force than does 
the cruciform arrangement. 




Excitation 



Excitation 
Oblate spheroid 



Excitation 
Circular cylinder 



Excitation 


Sphere 



View C-C 


Figure 4.15. — Cruciform ba£9e configurations. 


Sector Compartmented Tanks 

As discussed in detaU. (ch. 2), a very much 
used tank configuration is the circular cylinder 
compartmented into sectors by means of radial 
walls.® Of course, the principal reason for em- 
ploying partitions is to shift the liquid resonant 
frequencies into a more desirable range, while 
perforations are introduced for weight reduction 
and only secondarily to reduce the amplitude of 
the liquid oscillations.® It is thus seen that 
perforation must add damping without lowering 
the resonant frequencies, or else the underlying 
reason for employing the partitions is defeated. 
The effects of sector wall perforation on the 
resonant frequencies and damping ratio as func- 
tions of excitation amplitude and frequency, 
percent and size of hole perforations, and liquid 
density and viscosity have been investigated 
experimentally (refs. 4.30 through 4.32). Damp- 
ing factors were obtained from the force response 
curves by employing the bandwidth technique. 
The direction of translation with respect to the 
sector walls is as indicated in figure 2.10 of 
chapter 2, and size and liquid depth were gen- 
erally held constant at d=36.6 centimeters and 
hj2R—1.0 (water). 

Liquid Rcsonanf Frequencies 

The variation of liquid resonant frequency 
with perforation size, excitation amplitude, and 
liquid density and viscosity has been described 
for a given percentage opening and tank size in 
terms of an “equivalent Reynolds number” 
parameter, as shown in figme 4.19. This repre- 
sentation seems about as effective as any, in 
view of the overall complexity of the data. 
The most important feature of these curves, 
obviously, is the large decrease in resonant 
frequency with increasing perforation hole size 
and percent open area. Clearly, the desired 
upward shift in frequencies to be obtained by 

' These data are also compared with the response 
calculated for the cruciform (vertical configuration) 
baffle case by an equivalent mechanical model theory 
(ref. 4.29) (see also ch. 6). This theory, being 
completely linear, does not provide very good 
predietions. 

* See ch. 3 for a discussion of significant nonlinear 
effects in compartmented tanks. 

* Recall that reduction in total force response in 
compartmented tanks may occur as the result of 
phasing between sectors. (See chs. 2 and 3.) 
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Figure 4.16. — Variation of damping factor with tank 
fullneee for cruciform baffles in an oblate spheroid 
(ref. 4.12). 



Figure 4.17. — Vertical (cruciform) baffle arrangement in 
spherical tank (ref. 4.29). 


compartmentation can be completel}’^ nullified 
by overzealous attempts at weight saving bv 
perforation. The precise nature and definition 
of the transition between the two frequency 
branches involves a complex interaction be- 
tween various of the parameters. 


Liquid Damping 

The damping at the resonant frequency for 
the 90°, 60°, or 45° solid wall tanks is low, 
averaging approximately 0.04. However, at 
frequencies below the resonant value, the liquid 
sloshing is effectively damped. The experi- 
mental data (ref. 4.32) showed that perforated 
sectors with less than 10 percent open area will 
increase the damping ratio to approximately 
0.1 while maintaining a liquid resonant fre- 
quency corresponding to a solid wall compart- 
mented tank. For partitions with open areas 
greater than 10 percent, the damping produced 
is greater than 0.10, but the corresponding 
liquid resonant frequencies approach that of an 
uncompartmented cylindrical tank. The liquid 
viscosity and excitation amplitude have as 
large an effect on the liquid damping ratios as 
do the perforation hole size and percent of open 
area, and as much as all of these factors have on 
the liquid resonant frequencies. 

Attempts to present the damping ratios 
versus Reynolds number, or other various 
parameters which include the factors affecting 
the damping, failed to j’ield an effective picture 
of these complex data. The best that could be 
done is something such as that shown in figure 
4.20, which is a three-dimensional plot of the 
damping ratio versus the dimensionless resonant 
frequency parameter, ui^d/g, and the percentage 
of open sector area for a 45° sectored tank. 
The results presented (ref. 4.33) are for three 
values of Xo/d, with water and methylene 
chloride as the test liquids. Maximum damp- 
ing is produced for sectors with open areas of 
16 to 23 percent. However, the excitation 
amplitude must be quite large to maintain the 
resonant frequency corresponding to solid 
sector walls. Additional tests with sectors of 
smaller hole diameter ratios (di,/d=0.00139 and 
0.00278) and open areas up to 23 percent 
increased the damping ratios to an average 
value of 0.15 while maintaining a frequency 
correspondmg to the solid wall sector tank. 
Above 23 percent open area, the results become 
inconsbtent in frequency and damping ratio. 

Test results for 60° and 90° tanks with 
dn/d=0.0056 are also available (ref. 4.33). For 
the 60-percent sector tank, increased damping 
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90 Sector tank 
• 23% open 
o 30% open 



Equivalent Reynolds number based on perforation hole size 


and excitation amplitude 'R. 


. j/f I/I . 

'“h 9 9 


Figure 4.19. — Variation in lowest liquid resonant fre- 
quency for 90°, 60°, 45° sector tanks with equivalent 
Reynolds number (ref. 4.32). 


ratios at frequencies corresponding to the solid 
sector wall exist only for open areas between S 
and 16 percent open area, depending on the 
excitation amplitude. Additional tests with 
d„l (I =0.00139 and 0.00278 yielded mean damp- 
ing ratios of approximately 0.12 at 16 percent 
to 23 percent open sector area, depending on 
excitation amplitude. The smaller open area 
c orresponds to the lower excitation amplitudes. 
In the 90° tank, sectors with 0.0056 lose 

their compartmentation effect at small excita- 
tion amplitudes; how'ever, tests with sector 
walls having (/*/c/=0.00139 and 0.00278 and up 
to 30 percent open area produced mean damping 
ratios of 0.12 at frequencies corresponding to the 
solid sector wall for Xo/<f =0.0041 7 and 0.00833. 
Tests at Xo/rf<C0'00417 with (/,,/d=0. 00139 
gave results similar to the solid sector. The 
results for (l„ld= 0.0027 9 were inconclusive, 


45° Sector tank 

Perforation hole dia. d./d‘ 0.0056 
h 


Symbol 

X„/d 


a 00187 


0. 00417 

IIIIITI 

0.00833 

“h* 

a 205 cm 



Test liquids; vi/ater, methylene chloride 


Figure 4.20. — Variation in damping ratio for 45° sector 
tank (ref. 4.33). 

and no consistent damping ratios or resonant 
frequencies could be obtained. 

Asymmetrical Plate Segment Baffles 

Baffles having the form of a segment of a 
circular plate, and mounted normal to the wall 
in a circular cylindrical tank, have been inves- 
tigated in references 4.23, 4.34, and 4.35. Ex- 
periments conducted in reference 4.23 indicated 
that these baffles could possibly provide large 
values of damping by transferring energy from 
the first mode of liquid oscillation into a high 
frequency checkerboard mode. Subsequent 
experiments carried out in reference 4.34 indi- 
cated that one particular asymmetric baffle 
arrangement provided more damping than did 
one particular ring baffle. (The areas of the 
two types of baffles were equivalent and they 
were equal to 16 percent of the cross-sectional 
area of the tank.) Somewhat contrasting 
results were obtained by Garza (ref. 4.35), who 
found that a particular ring baffle provided 
greater damping than did a particular asymmet- 
ric baffle at baffle depths from d,/R=0, to 
djli =0.12 and approximately the same amount 
of damping at greater depths. In the latter 
experiments, the baffle area was 28 percent of 
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the tank cross-sectional area; the experimental 
results obtained are shown in figure 4.21. 
These contrasting results are not contradictory 
because of the different baffle areas involved; 
however, they do indicate clearly the need for 
further experiments before asymmetric baffles 
can be recommended for use in design. 
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Figure 4.21. — Liquid resonant frequencies and damping 
ratios for ring and asymmetrical baffled cylindrical 
tanks (ref. 4.35). 


4.5 DAMPING BY FIXED BAFFLES: RING TYPE 
Introduction 

Symmetrical ring baffles, often perforated 
to save weight, are commonly used in rockets 
and spacecraft to reduce the effects of pro- 
pellant sloshing. The damping of liquid mo- 
tions in cylindrical tanks by ring baffles has 


been studied experimentally in quite some 
detail and, to some extent, theoretically as 
well. As we discussed early in this chapter. 
Miles (ref. 4.2) using data based upon reference 
4.36 succeeded in obtaining an analytical ex- 
pression for the free surface damping produced 
by a solid ring baffle. The range of validity of 
Miles’ theory was later extended (ref. 4.6). 
Bauer (ref. 4.37) modified Miles’ results to 
account for the fact that part of the baffle may 
emerge from the liquid during a slosh cycle. 
The damping caused by the ring baffle breaking 
through the free liquid surface, though, is not 
accounted for (fig. 4.22). Experiments (refs. 
4.6 and 4.11) have indicated, as we saw in 
figure 4.3, that for a certain baffle and tank 
geometry, this damping can be considerably 
larger than that predicted by Miles. For 
greater baffle depths, the theoietical predictions 
are generally quite good. 



Figure 1.22. — ^Interaction between a flat soUd>rLng baffle 
and the liquid free surface at shallow liquid depth 
(ref. 4.38). 

A great variety of modifications to the basic 
flat, solid annular ring baffle can easily be 
envisioned, some of which are sketched in 
figure 4.23. Generally, it appears that any- 
thing that is done to reduce the sharpness of 
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Figure 4.23. — Ring baffle configurations (ref. 4.23). 

the edge plate (lip, sandwich, T, etc.) reduces 
the baffle effectiveness. Rings with radial 
clearance, conic sections (perforated and un- 
perforatcd), and cruciforms in spheroidal tanks 
have all been investigated (ref. 4.28). Nearlj" 
all of these experiments have indicated the 
superiority of flat ring baffles in providing a 
great deal of damping for relatively small weight 
penalties. We shall therefore devote consider- 
able discussion to these within the following 
pages. 

Rins Damping in Cylindrical Tanks — ^Theory 

The damping of liquid free surface oscilla- 
tions in a circular cylindrical tank by a flat 
solid ring baffle has been predicted theoretically, 
as we have already noted, by Miles (ref. 4.2). 
The theory has been extended bj^ O’Neill 
(ref. 4.6) and modified by Bauer (ref. 4.37). 

Tlie liquid, oscillating in its fundamental 
mode, produces a wave having its maximum 
amplitude at the wall. The direction of flow 
in the vicinity of the wall is essentially vertical, 


and thus normal to an annular ring located a 
small distance below the free surface. Energy 
dissipation results from wave motion being 

opposed by the ring pressure ^ Co, where v is 

the local wave velocity producing the pressure 
and Cd is the local drag coefficient. It is then 
shown (ref. 4.2) that the damping ratio for 
ring damping in a circular cylindrical tank can 
be expressed by 

7 =0.473c-»“s a (J) Cn (4.14) 


where c, and z are related to tanks geometry 
and are shown in figure 4.2. This relationship 
is based upon the assumptions: (1) the fluid 
is oscillating in its fundamental mode and 
linearized potential theory accurately describes 
the flow except in a small region near the ring; 
(2) the local flow in the region of the ring is 
unaffected by the free surface or the tank 
bottom ; (3) the circular frequency is accurate!}^ 
approximated by the potential flow solution for 
the undamped circular frequency (see ch. 2) ; 
and (4) the drag coefficient is independent of 
the angular coordinate. Assumptions (1) and 
(2) require that 

C'i<<l. /i— d,>w, h—d,yz 

while assumption (3) requires that the damping 
be moderately small. 

An expression for the drag coefficient, based 
upon certain experimental data (ref. 4.36), was 
presented by Miles as 




TI T 

2<^^<20 


where is the timewise maximum velocity, 
T the period, and D the plate width. For 
large liquid depths, /i./2i?>l, and for the 
dominant sloshing mode in a cylindrical tank, 
the above expression for Cd can be rewritten 
(employing the present notation) as 



(4.15) 


Substitution of equation (4.15) into equation 
(4.14) yields the damping ratio 
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Figure 4.24. — Damping factor as a function of bal 

y=2.S3e~*-^^i (4.16) 

It should be noted that the damping decreases 
exponentially with increasing ds/E. Calcu- 
lated curves of damping factor versus baffle 
depth for various liquid amplitudes and with 
baffle width as a parameter are shown in figure 
4.24. 




0 0.2 a4 0.6 as i.o 1.2 1.4 1.6 

dj/R 

depth calculated from Miles’ theory (after ref. 4.37). 


Two significant contributions relative to 
equation (4.16) have been made in reference 
4.6. First, the dimensionless force parameter 
FjpngB^ was introduced'" and the maximum 
value of this parameter was related to i by 

This force parameter is based upon the similitude 
theory presented in ref. 4.19, and is generally employed 
as it is often easier to measure than is the liquid 
amplitude. 







124 


THE DYNAMIC BEHAVIOE OF LIQUIDS 


employing linearized potential theory. For 
liquid oscillations in the fundamental mode in 
a deep tank, the relationship is 



where ng is the acceleration along the tank 
axis. Substituting this into equation (4.16) 
yields 

Either equation (4.16) or (4.17) maj’ be used to 
calculate the damping ratio. The advantage in 
using equation (4.17) is that no visual observa- 
tion of the sloshing liquid itself, but only the 
force, is required. The second significant con- 
tribution is the extension of the range of validity 
of equations (4.16) and (4.17) through experi- 
mental observations. It was indicated that 
these equation.s may be employed for any value 

of ~ or ngW^ pertinent and reasonable for 
ring damping in propellant tanks, for any ring 
submergence ring widths corre- 

sponding to C'i<0.25. The data did have con- 
siderable scatter, but most of the damping 
ratios fell within ±30 percent of the predicted 
values. 

It should be noted that Bauer (ref. 4.37) has 
developed extensive plots from Miles’ theory 



showing the damping ratio for various values 
of baffle depth, baffle width, liquid amplitude, 
and baffle location. (See fig. 4.24.) He also 
computed the damping ratio as a function of 
liquid depth in a tank having a number of ring 
baffles, as shown typicall}' in figure 4.25. The 
figure shows the effects of various baffle spacing 
and is based on 10 baffles above and 10 below 
the undisturbed liquid free surface. 

As we discussed earlier, Bauer (ref. 4.37) also 
attempted to account for the condition during 
sloshing where part of the baffle emerges from 
the liquid. The effect is shown in figure 4.26 
and can be compared directly with Miles’ 
result from figure 4.24 (see also fig. 4.3). 

Ring Damping in Cylindrical Tanks — Experiment 

Damping produced b}" ring baffles in cylin- 
drical tanks has been investigated extensively 
in a number of the references already cited in 
this chapter as well as in reference 4.38. Most 
of these studies have indicated that: (1) the flat 
ring baffle is a very effective damping device, 
and (2) the damping ratio is approximately 
independent of the mode of excitation (pitching 
or translation). 

The experiments of O’Neill (ref. 4.6), as 
discussed previously, have extended the validity 
of the range of the ring damping theory of 
Miles and have compared various methods of 
obtaining the damping factor. Abramson and 



Figure 4.25. — Damping factor for a aericB of ring baffles 
calculated from Miles’ theory (ref. 4.37). 


F’icure 4.26. — Damping factor as a function of baffle 
depth calculated from Bauer's theory (ref. 4.37). 
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Garza (ref. 4.11) and Stephens (ref. 4.28) have 
investigated in detail various geometrical pa- 
rameter and their effects on liquid resonant 
frequency and damping ratio. We shall present 
and discuss various of these results in the 
following paragraphs. 

LiquiJ Resonant Frequency 

The presence of a baffle obviously modifies 
the liquid resonant frequency, especially when 
it is located near the liquid surface (ref. 4.28). 
Figure 4.27 shows this effect, with baffle width 
as a parameter, for a single flat solid ring baffle. 
For perforated baffles, the frequency becomes 
dependent upon both the perforation hole size 
and the percent open (ref. 4.11), as can be seen 
in figures 4.28 and 4.29. (Solid ring baffle data 
are also included in these figures, for compari- 
son; the effects of baffle width are given in 
fig. 4.27.) All of these experimental data 
show, generally, that the liquid resonant fre- 
quency is a maximum for a baffle located at the 
liquid free surface, decreases to a minimum at 
a baffle depth near dJR=0.10, and then in- 
creases gradually with increasing dJR until the 



Figure 4.27. — Variation in liquid resonant frequency with 
baffle location (ref. 4.28). 



0 0.08 ai6 0.24 0.32 0.40 

Baffle depth, d^/R 

Figure 4.28. — Effect of percent perforation on liquid 
resonant frequencies as a function of baffle depth 
(ref. 4.11). 

first liquid resonant frequency of an unbaffled 
tank is reached. For baffle depths greater than 
dj/i2==0.06, it may be observed that for 0.201- 
centimeter-diameter hole perforations the fre- 
quency increases with increasing percent of hole 
perforations; the frequency also increases with 
perforation hole size for a given percentage per- 
forated area. Since the excitation amplitude 
significantly affects the frequency, measure- 
ments were made for various values ranging 
from 0.00184 <Xo/(Z<0. 00823 and then the data 
presented in terms of rms values. 

For design purposes, the axial spacing 
between each of a series of ring baffles should 
be less than about ds/R=0.0S. This con- 
figuration yields the highest possible resonant 
frequency which can be maintained with a 
given baffle system. This effect is shown in 
figure 4.30 for two ring baffles. 

Liquid Damping 

The damping ratio for flat single-ring baffles 
is quite dependent upon excitation amplitude, 
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Figure 4.29. — Effect of perforation hole size on liquid 
resonant frequencies as a function of baffle depth 
(ref. 4.11). 


as shown in figure 4.31, so that the various 
data will again be presented in terms of rms 
values. Figures 4.32 and 4.33 show the effects 
of percent perforation and hole size on damping 
factor, while figure 4.34 again shows the effect 
of baffle width, for solid ring baffles. 

We have already discussed in detail the 
correlation with theory, as shown in figure 
4.3, and, therefore, shall avoid repetition in 
this section. 

The effects of liquid kinematic viscosity on 
the resonant frequency and damping ratio 
were, not considered in these experiments 
(ref. 4.11); however, if the trends established 
in cylindrical tanks having perforated parti- 
tions (sec. 4.4) can be used as crude criteria, 
then it may turn out that the effects of kine- 
matic viscosity are significant for perforated 
ring baffles. 

Tests were also conducted with two solid 
ring baffles in the tank to determine the 
effects on damping — one baffle being placed 
above and one below the liquid surface, the 



6.0 4.0 2.0 

Liquid resonant frequency parameter, ui*d/g 


Figure 4.30. — Effects of double riogs as a function of 
baffle depth (ref. 4.38). 

results being shown in figure 4.30. These 
data indicate that the baffle above the surface 
is effective only if its distance from the free 
surface is less than about d,/i?=0.125, whDe 
the submerged baffle is effective from about 
dJR=0 to dj/R=0.375. Tests of this nature 
are useful to designers in that they indicate 
the baffle spacing corresponding to some 
minimum acceptable damping ratio. 

Conieaf-Seeh'on Baffits 

The perforated conical ring baffles have also 
been investigated sufficiently to warrant some 
brief presentation of data within this section. 
Figure 4.35 shows the variation in damping 
factor as a function of baffle location, with 
baffle width as a parameter; one set of data for 
the inverted baffle is also included. Data for 
two perforated baffles (50 percent open) are 
shown in figure 4.36. These data would seem 
to indicate trends and values quite similar to 
those obtained for the flat rings. 
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Baffle depth. d^/R 


Figure 4.31. — EfiFect of excitation amplitude on damp- 
ing effectiveness of a solid flat ring baffle as a function of 
baffle depth (ref. 4.38). 


Conical-section perforated-ring baffles were 
also studied experimentally in the laboratory, 
with relation to simulation of a specific full- 
scale vehicle (ref. 19). (This study also in- 
cluded floating can devices, as discussed in 
sec. 4.3.) Figure 4.37 shows force response 
curves, comparing the full-scale prototype 
and model data, while figure 4.38 shows the 
variation of damping factor with an equivalent 
Reynolds number parameter, of the type 


T-n fliic Ifliffaiv 


data on floating cans (independent of liquid 


depth since they are surface devices) are also 


included. 


Loads on Riflid Flat Rinfl Baffles 

Some early data on baffle loads were given 
by Armstrong and Kachigan (ref. 4.39). The 
dynamic pressure at any point on the baffle 
resulting from liquid sloshing in its funda- 


mental mode in a cylindrical tank is given by 


V _ 2ng 
BiRp cos e (e?— 1) 



Oo<r<R 

(4.18) 


where p is the pressure, ei=1.84 is the first 
root of J{(t) =0, and ds, Oo, r, R, 6, di are related 
to tank geometry and coordinates as shown in 
figure 4.39. It is seen that the pressure dis- 
tribution varies with the cosine 8 around 
the circumference of the baffle and varies only 
slightly with the coordinate r for values of 
wjR generally employed in practice. The 
total moment Mt, acting to overturn the baffle 



Baffle depth, d^ / R 


Figure 4.32. — Effect of percent perforation on damping 
effectiveness as a fimction of baffle depth (ref. 4.11). 
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Figure 4.37. — Comparison of model and ABMA full-scale tests of force response in a tank with conical rings (ref. 4.19). 


is obtained by integration of this pressure 
distribution over the baffle. Thus 


Ms 


9iR*p 4 


nge 


1 ^ 

A m 


^(- 1 ) 


R 

(“ 5 ) 


-(-('ll 


T /- ^ 


(4.19a) 


It can readily be determined by integration of 
the force per unit length of baffle over the 
circumference of the baffle that 

M,=tR^F, (4.19b) 

and that the total force F acting on one-half the 


baffle is therefore 


v; 2M, 


F=2F,R=^ (4.19c) 

ttR 

Figure 4.40 shows a plot of the left-hand side 
of equation (4.19a) as a function of dJR for 
various values of ao/R, valid for fluid depths 
h/R'^l. For lower depths, a correction factor 
CF is given as 


CF=- 


cosh ^ei ^^-fsinh ^ tanh ^ 

(4.20a) 

to be applied such that 

M»(true)=Ms[eq. (4.19a)]X(7F (4.20b) 




130 


THE DYNAMIC BEHAVIOR OF LIQUIDS 



Figure 4.38. — Variation of damping factor with equivalent Reynolds number for conical -section rings and floating cans 

(ref. 4.19). 


Figure 4.41 shows a comparison of theory and 
e.xperiment for the force on a ring baffle; the 
agreement is quite good. 

Another theoretical anabasis of baffle loads 
was carried out by Liu (ref. 4.40). He em- 
ployed conformal mapping to transform the 
baffle and tank wall into a simple plane for 
which a solution to Bernoulli’s equation can 
readily be obtained, and then having the veloc- 
ity and pressure distribution on the baffle in 
the transformed plane, the inverse transforma- 
tion yielding the solution in the physical plane. 
Tlie final result for the pressure on the baffle 
takes the form 

p=(2pu)zup~^'^d Vl— (y/w)^sin ut cos 6 (4.21) 

where y is llie coordinate in the radial direction 
measured inward from the tank wall. 

Figure 4.42 shows a comparison of pressures 
on baffles as computed from equation (4.21) 
and as measured by Garza (ref. 4.41), for 
S = 0° with solid rings. For S = 30° and 60°, 


Garza found some slight reduction in the pres- 
sures and a general but slight flattening of the 
curves. The experimental data are generally 
slightly higher than are the calculated values. 
Figure 4.43 compares the experimental force 
data with the predictions of both theories. 
Except for very shallow baffle depths, the 
theoretical predictions appear to bracket the 
measured values. Garza also investigated 
(ref. 4.41) the effects of baffle perforation, 
employing about the same range of parameters 
utilized in previous studies of baffle character- 
istics (ref. 4.11). Both increasing perforation 
hole size and percent perforation resulted in 
reductions in the force acting on the baffle up to 
as much as 25 to 30 percent. 

Ring Dampins in Spheroidal Tanks 
Ob/ot* Sph^roidt 

The performance of ring baffles in an oblate 
spheroidal tank has been investigated in ref- 
erence 4.12. The variables considered were 
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Figure 4.39. — Geometry, coordinates, and pressure 
distribution for ring pressure calculations. 

the baffle submergence, tank fullness, baffle 
width. flTTinlitude of the free surface displace- 



Figure 4.40. — Moments acting on an annular ring baffle 

as a function of baffle depth and width (ref. 4.39). 

The variation of the damping factor with 
tank fullness for ring baffles of various widths 
is shown in figure 4.44. It is seen that the 
damping increases tvith baffle tvidth, and also 
tvith tank fullness until a maximum value is 
reached when the liquid level is approximately 
at the baffle and then decreases with increasing 
fullness. The maximum damping also increases 
as ha (fig. 4.44) is reduced. As the baffle is 
moved up, above the liquid free surface, the 
damping factor curve becomes much sharper 
Avith about the same maximum value. A 
comparison of damping factor obtained in 
both ring baffled and unbaffled tanks is shown 
in figure 4.45. The rather strong variation of 
damping with the free surface displacement z 
(measured at the wall) is shown in figure 4.46, 
for a constant baffle Avidth. 

Spherical Tanks 


ments, and liquid kinematic Auscosity. The 
variation of the liquid natural frequency Avith 
liquid depth and baffle location Avas also de- 
termined. The tank orientation is as shoAvn 
in figure 4.44 and the damping factor was 
defined by 


Ring damping in spherical tanks has been 
investigated in references 4.29 and 4.42. The 
baffles used in reference 4.29 Avere perforated 
Avith 23 percent open area, a hole diameter of 
0.02 inch, and a width ratio of w/i?=0.285; the 
configuration is shown in figure 4.17. (This has 
been referred to earlier in this section as the 
cruciform or vertical arrangement; rotation of 
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Ficurk 4 . 41 . — Comparison of theory and experiment for 
forces acting on an annular-ring baffle (ref. 4 . 39 ). 


the figure by 90° gives the horizontal arrange- 
ment.) The total force response and the 
damping factors obtained from force response 
data by means of the bandwidth technique 
are shown in figure 4. IS. It is seen from these 
data that while the baffles lowered the funda- 
mental frequenc}’, thej" provided considerable 
damping over that of an unbaffled tank. It 
also appears that the horizontal baffle con- 
figuration provides greater damping than does 
the cruciform configuration. 

Sumner (ref. 4.42) also considered the per- 
formance of annular ring baffles in spherical 
tanks containing water (fig. 4.47). (Note that 
this baffle arrangement is entirely different 
from either of those considered by Abramson 
(ref. 4.29) and mentioned in the preceding 



Figure 4 . 42 . — Comparison of theoretical and experimental 
pressures on a solid -ring baffle (ref. 4 . 41 ). 


paragraph.) The effects of several baffle var- 
iables on the liquid resonant frequency, force- 

response, and damping factor Tdefined by6=ln 



were investigated. 


As also indicated 


by the earlier experiments (ref. 4.29), the 
dynamic behavior of liquids in spherical tanks 
is relatively nonlinear and complex, thus im- 
posing some difficulties in presentation of data. 

The liquid resonant frequency increases with 
increasing liquid depth and increasing baffle 


width, as shown in figure 4.48. A sharp 
increase in this frequency occurs for liquid 


levels at or slightly above the baffle; further 
increase in depth then results in a sharp de- 
crease in the frequency. This rapid variation 
is believed to be caused by the baffle effectively 


changing the tank geometry. Figure 4.49 
compares relative data for single-ring and 
three-ring configurations, for a single baffle 


width. 
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Figure 4.43. — Comparison of theoretical and experimental 
forces on a solid-ring baffle (ref. 4.41). 



Figure 4.44. — Variation of damping factor with tank 
fullness for ring baffles in oblate spheroidal tanks 
(ref. 4.12). 



Figure 4.45. — Variation of damping with tank fullness 
for oblate spheroidal tanks with and without ring 
baffles (ref. 4.12). 



0 0.02 0.04 0.06 0.08 0.10 0.12 

Amplitude ratio, z/2b 


Figure 4.46. — Variation of damping factor with slosh 
amplitude ratio for oblate spheroidal tanks with ring 
baffles (ref. 4.12). 



Figure 4.47. — Annular ring baffles in a spherical tank. 
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Figure 4.48. — Variation of fundamental frequency 
parameter with liquid depth ratio for rigid aingle-ring 
baffles in a spherical tank (ref. 4.42). 


Tlie slosh forces vary with excitation fre- 
quency and reach a maximum at approximately 
the liquid resonant frequency, increasing with 
increasing excitation amplitude and decreasing 
baffle width, as shown in figures 4.50 and 4.51; 
the variation with liquid depth may be seen in 
figure 4.52. In general, it was found that, for 
this series of experiments, the optimum baffle 
width, from considerations of slosh suppression 
characteristics and baffle weight, corresponded 
to w/.ff= 0.125. Also, for each baffle configura- 
tion, the slosh forces were most effectively 
suppressed when the liquid free surface was 
at or slightly above the baffle so that the 
baffle remained completely submerged during 
the liquid oscillations. The rigid baffles were 
ineffective in reducing the slosh forces for 
liquid levels more than 0.307? to 0.407? above 
and below the baffle location. The rigid, 
three-ring baffle configuration effectively sup- 
pressed the slosh force.s for all liquid depths 
tested. 


The effect of excitation frequency, liquid 
depth, and baffle width on damping ratio may 
be seen in figures 4.53 through 4.56, the first 
two for a single-ring arrangement and the last 
two for a three-ring arrangement. The maxi- 
mum value of the damping obtained by varying 
the excitation frequency and holding constant 
the other variables is denoted as the first-mode 
damping ratio. Maximum damping was gen- 
erally obtained when the liquid depth was 
approximately at the baffle. These rigid baffles 
provided high damping when the liquid surface 
was less than 0.17? below and 0.57? above the 
baffle. The three-ring baffle configuration pro- 
vided damping ratios greater than 0.1 through 
a range of liquid depths 0.25 <hld <0.80. 

Flexible Baffles 

All the foregoing considerations of damping 
by fixed baffles have referred to rigid solid or 
perforated baffles. A number of studies, how- 
ever, suggested that flexible baffles may offer 
substantial advantages in terms of both in- 
creased damping effectiveness and reduced 
baffle weight (refs. 4.28 and 4.42). An investi- 



F'icure 4.49. — Variation of average fundamental frequency 
parameter with liquid depth ratio for a rigid three-ring 
baffle in a spherical tank (ref. 4.42). 
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gation of flexible baffles was therefore under- 
taken and reported by Stephens (ref. 4.43). 
The various baffle configurations examined by 
Stephens are shown in figure 4.57. Of these, 
the elastic cantilever configuration was so far 
superior in its high damping and very low- 
weight characteristics (quite thin and flexible 
materials were considered, down to 0.005 1-cm- 
thick Mylar) that most effort was devoted to it. 
The mechanism of energy dissipation is involved 
with the formation of a strong vortex in the 
liquid as it flow-s past the baffle. 

Two nondimensional parameters were found 
to be of importance, as showm in figure 4.58. 
The first involves the periodicity of the liquid 
and the second the baffle flexibility. The effect 
of baffle flexibility is show-n in figure 4.59, with 
liquid period as a parameter. The magnitude 
of the relative damping is greater than unity 
over all of the range of baffle flexibility show-n, 
but decreases rapidly as flexibility increases 
to the point at which the baffle offers no 
resistance to the flow. 



Figure 4.51. — Variation of first-mode slosh-force param- 
eter with excitation amplitude parameter for rigid 
single-ring baffles in a spherical tank (ref. 4.42). 



Figure 4.52. — Variation of first-mode slosh-force parameter with liquid depth ratio for rigid single-ring baffles in a spherical 

tank (ref. 4.42). 
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Figure 4.58. — Governing nondimensional 
parameters for flexible baffles. 



Figure 4.59. — Effect of baffle flexibility on 
relative damping (ref. 4.43). 
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PRINCIPAL NOTATIONS 


a, 6= tank dimensions for an oblate spheroid 
fflo= inside radius of the baffle 
d=tan k diameter 

d*= diameter of perforations of perforated 
baffle 

dj= baffle depth below the free surface 
jE= energy of motion, modulus of elasticity 
in tension and compression 
F= force 

gf=gravitational acceleration 
A = liquid depth 
In = natural logarithm 
M= moment 

ny= axial acceleration of the tank 
2 >= pressure on the baffle 


i?=tank radius 
To = radius of the free surface 
r, 6, 2 = cylindrical coordinates 
■u;= baffle width 
Xo= excitation amplitude 
2= amplitude of liquid displacement from 
undisturbed surface measured at the 
wall 

a = cone semivertex angle 
7 = ratio of actual to critical damping 
5=logarithmic decrement 
liquid kinematic viscosity 
p=liquid mass density 
fi=excitation frequency 
w= circular frequency of liquid oscillations 



Chapter 5 


Simulation and Experimental Teehniques 

Part I. Simulation of Liquid Sloshing 

JohnF. Dalzell 


5.1 INTRODUCTION 

There is considerable justification, both tech- 
nical and economic, for modeling sloshing 
phenomena in the laboratory. The model is 
almost always small relative to the prototype 
and thus costs little to build, compared to the 
prototype, and usually proportionately less to 
modify. At times models add certainty to an 
analytical approach, and in other cases provide 
the physical insight required to formulate 
analytical approaches. Small-scale modeling 
has become an essential complement to theoret- 
ical studies and full-scale observations of the 
behavior of fuel in the tanks of booster rockets 
and spacecraft. 

The initial design of simulation experiments 
has much in common with the design of the 
final product in that it is usually impossible or 
impractical to satisfy simultaneously every 
aspect of the ideal goals of the design. Conse- 
quently, the most important part of an experi- 
mental design is the judgment of the designer 
as to which parameters, fluid properties, and 
system variables are important and which are 
not. In aU cases, theory and previous experi- 
mental observations are combined in this judg- 
ment to the extent possible. However, if the 
simulation is necessary at all, some aspects of 
the underl^g theory must be speculative, un- 
confirmed, missing, or perhaps too difficult to 
evaluate. The methods implied by the theory 
of s imili tude and dimensional analysis afford 
the designer of experiments a unifying tool 
which will ordinarily reduce the number of 
variables in the problem and systematize the 
requirements of the simidation. These methods. 


however, do not remove the requirements for 
good judgment, since there is no one path to 
follow in their application to a given problem. 
An extensive modern literatme on similitude 
and dimensional analysis is available. Refer- 
ences 5.1 through 5.3 are examples of general 
texts, while references 5.4 through 5.6 are ex- 
amples of textbooks containing treatments 
oriented toward fluid dynamics (this list is by 
no means exhaustive) . 

5.2 REVIEW OF DIMENSIONAL ANALYSIS AS 
CUSTOMARILY APPLIED TO SIMULATION 

Any physical measurement has two general 
characteristics: qualitative and quantitative. 
The qualitative characteristics serve to identify 
the class of quantities with which the measure- 
ment is to be associated and are called the 
dimensions of the quantity measured. The 
quantitative part of the measurement involves 
a number and an arbitrary standard of com- 
parison called a unit (the measurement; “3 in.” 
has dimensions of length and units of inches). 
Insofar as Newtonian mechanics is concerned, 
the four dimensional categories of Force, 
F; Mass, M; Length, L; and Time, T, are re- 
lated through the second law of motion 

F=Ma (5.1) 

or dimensionally: 

F=MLT-^ (5.2) 

(where the symbol ( = ) denotes dimensional 
but not necessarily numerical equivalence) so 
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that any one of the four may be defined in 
terms of the other three. It is convenient and 
traditional to regard three of these four cate- 
gories as independent, basic dimensions. In 
many analyses, force, length, and time are 
considered basic — in as many others, mass, 
length, and time are taken. The choice is a 
matter of convenience, though the M-L-T 
system has been most often used in sloshing 
simulation analyses. For problems involving 
heat or electricity, additional basic quantities 
(temperature, 6\ quantity of heat, H; charge, 
Q; etc.) are often considered as basic dimen- 
sions. With conventional measuring tech- 
niques, the dimensions of any mechanical 
quantity may be expressed as a product of 
integral powers of the basic dimensions. 

The methods of dimensional analysis are 
built on the principle of dimensional homo- 
geneity (an equation expressing a physical 
relationship between quantities must be 
dimensionally homogeneous). The formal 
methods were probably started by Lord Ray- 
leigh (ref. 5.7) and improved upon by Bucking- 
ham (ref. 5.8) with a broad generahzation 
known as the w-theorem. The x-theorem, 
in general terms, states that the number of 
dimensionless and independent quantities re- 
quired to express a relationship among the 
variables in any phenomenon is equal to the 
number of quantities involved, minus the num- 
ber of independent dimensions in which those 
quantities may be measured. These dimen- 
sionless quantities are commonly called “x- 
terms,” and the only restriction on them is 
that they be dimensionless and independent. 

There are a variety of methods in common 
use for deriving valid sets of x-terms from a 
given list of variables (one or more dependent) 
and parameters. A commonly accepted formal 
procedure which insures independence is as fol- 
lows, given a list of n variables («i, aj, . . . a„) 
containing m fundamental dimensions. 

The conceptual functional relationship of the 
n variables may be written: 

/(«!, at, .. . a„)—0 (5.3) 

It is desired to form a function of x-terms 


which is an equally valid representation of the 
phenomenon 

F(ti, x 2 , . . . x„_„)=0 (5.4) 

Each x-term must have the form 

x=(af)(a,^^) . . . («;:*) . . . (a;-) (5.6) 

where the k* are to be determined. Each a» is 
dimensionally 

a,= (Z?^*)(A““) • • • 

(5.6) 

(where the Dj denote the m fundamental di- 
mensions, L, T, M, 6, etc.). Thus the general 
x-term is dimensionally 

x=[i>r”i»^ • • • 

. . . 

. . . . . . P^"*"]*" (5-7) 

If X is to be dimensionless, the combined ex- 
ponent on each of the dimensions Pj must be 
zero. Thus, for j=l, 2, ... m, 

(5.8) 

k-l 

Since equation (5.8) represents a system of m 
linear algebraic equations in n unknowns (the 
Z/t), it is possible, generally, to solve this 
system of equations for the first m values of Zc 
in terms of linear combinations of the remaining 
n—m unknown exponents. This general solu- 
tion may be written for k=\, 2, ... m; 

Xk= S CptZp (5.9) 

p»tn+l 

where the are functions of the and are 
calculable in general, if the determinant of the 
coefficients (j=l, 2 . . . m;k=l,2 . . . m) 
is nonzero. If the original list of variables 
contains each of the basic dimensions in more 
than one variable, and if the basic dimensions 
do not always occur in the same combination 
in the dimensional representation of the vari- 
ables, it will be possible to make a choice of m 
of the unknown exponents z* such that the 
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solution, equation (5.9), is possible. The in 
equation (5.9) are arbitrary. Thus, there are 
an unlimited number of solutions for the set of 
exponents, a;*:, (^' = 1, 2 . . . m), since the set of 
exponents, x,, (p=m+l, . . . n), may be 
chosen in an unlimited number of ways. Thus, 
it is possible to form a solution by setting 
x„+i equal to unity and all the other Xp to 
zero. This process can be repeated by setting 
each of the Xp equal to unity in turn. The 
result is n— m sets of solutions for the exponents 
a:*, {k = l, 2, . . . m), as follows: 


fell — Cm+l. k 


k=\, 2, . . . m ' 
k=\, 2, . . . m 


(5.10) 


m — Cfi. 


* 


k—\, 2, . . . m J 


The theory of linear equations states that there 
are n — m linearly independent solutions to 
equation (5.9). The n—m sets of solutions 
shown in equations (5.10) constitute n—m such 
linearly independent sets of solutions, probably 
the simplest set. If a member of this set 
(eqs. (5.10)) is replaced by itself multiplied by 
any number other than zero, the resulting set 
remains a linearly independent one. Similarly 
any member of the set of solutions (eqs. (5.10)) 
may be replaced by its sum with any or all of 
the other members of the set with the same 
result. 

The general ir-term may be written by 
substituting equation (5.9) into equation (5.5) 

ir( = [af’»+u* 02 ”•+>■» . . . 


X [a{"i 

for [■i=l-, 2, . . . (n—m)] (5.11) 

In this expression, the subscript i has been 
added to denote n—m particular choices of the 
arbitrary exponents a;^. Equations (5.10) show 
that one permissible choice for these exponents 
yields the n—m bracketed terms in equation 
(5.11) for the n — m independent jr-terms. 
Other choices for the arbitrary exponents are 
just as valid so long as the set of x* chosen will 


result in n—?n linearly independent solutions 
of equation (5.9). 

It is evident from the form of equation (5.11) 
and the conditions on the linearly independent 
solutions of equation (5.9) that so long as 
replacement operations are carried out one 
at a time : 

(1) Any member of a valid set of ir-terms 
may be replaced by itself raised to any (non- 
zero) power; and 

(2) Any member of a valid set of ir-terms 
may be replaced by itself raised to any nonzero 
power and multiplied by any or all of the other 
members of the set, each raised to any power. 

In general, while two analysts performing a 
systematic dimensional analysis of the same 
set of variables may come up with valid sets 
of T-terms having different form, they must 
each have the same number of terms, and it 
will be possible to transform the results of the 
first analyst into those of the second; in other 
words, the formal methods of dimensional 
analysis imply that alternative solutions for a 
valid set of ir-terms are not independent, and 
hence no one of them can be expected to con- 
tain any essential information not common to 
the others. 

There are some obvious restrictions on the 
nature of the set of m variables chosen to be 
repeating in equation (5.11). The dimensions 
of these variables must include all the, m, 
fundamental dimensions, Dj, at least once. 
Also, no two of these repeating variables can 
have the same dimensional form nor should it 
be possible to form a dimensionless group from 
these variables alone (these are the primary 
conditions for a solution for the Cp* coefficients). 
An additional consideration is that if only 
one variable, a*, has the basic dimension Dj 
in its dimensional form, then the conceptual 
functional relationship between the variables 
and parameters (eq. (5.3)) cannot be dimen- 
sionally homogeneous, the variable is either not 
important or some additional parameter is 
missing from the original list. 

Since most engineers are accustomed to 
forming dimensionless numbers by inspection 
and to manipulating ratios, a method of 
performing dimensional analyses by inspection 
is attractive. Equation (5.11) suggests a 
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systematic wa}" in which valid sets of T-terms 
may be easily formed by inspection. After 
forming the initial list of variables, and writing 
down their dimensional form, a subset of m 
variables satisfying the conditions above is 
picked for the set of repeating variables. The 
product of all of these m variables vath each 
of the nonrepeating variables is formed, n—m 
products in all, and proper exponents assigned 
to the repeating variables bj' inspection so 
that the product is dimensionless. 

5.3 APPLICATION OF DIMENSIONAL ANALYSIS 
TO SIMULATION 

When simulation is the object of the analysis, 
the conceptual functional relationship between 
the ir-terms is used in the sense that a complete 
function 


variables of possible importance are neglected. 
In this situation, it is common to conduct a 
series of special experiments wherein the 
offending parameter is varied as much as 
feasible to assess its importance or to develop 
an extrapolation method. 

In many cases in the literature, the w-terms 
resulting from a dimensional analysis are 
transformed into a ratio notation for conven- 
ience in experimental design. Under the model- 
ing assumption in a previous paragraph, each 
x-term for the prototype may be formally 
equated to the corresponding x-term for the 
model 

(’Ti)Af— (5.12) 

where the subscripts M and F denote model 
and prototype values, respectively. Letting 


F(ti, xj, . . . x„_„) =0 (5.4) 


X, = («,)■'» («2)‘'^‘ . . . 


applies to a system of any size. Consequently, 
if all the n—m dimensionless x- terms are held 
the same in model and prototype, the simula- 
tion is assumed to be correct. If one or more 
of the implied equalities is not met in the sim- 
ulation, the simulation is “out of scale” with 
respect to the x-terms involved. If one of 
the particular variables is a source of scaling 
difficulty, the set of x-terms should probably be 
manipulated so that this variable appears in 
only one term. In this respect, the ambiguity 
of the dimensional analysis is useful, since the 
experimental designer can insure that the 
dependent variable, or a highly controllable or 
primary independent variable, is included in 
only the most convenient x-term(s), thus 
automatically insuring a consistent nondi- 
mensional method of presenting results. 

It is usually the case that the analyst cannot 
tell at the outset what final form the x-terms 
should have. This, like the form of the 
function under investigation, must be revealed 
either by analysis or by experiment. In any 
event, the analyst is closer to his goal after 
dimensional analysis than before, even though 
the final and best grouping of variables is to 
be determined. 

It is often the case that simulation cannot be 
obtained unless the effects of one or more 


substitution jdelds 


[(a0''»(«0''^‘ . . . («»)‘'«]a/ 

= [(«!)’'“ (a^)"*' • • • («*)*'**]^ (5-13) 


The dimensions of the variables a» do not 
change between model and prototype, but 
only their magnitudes; consequentl 3 ', the sub- 
scripts apply only to the magnitudes of the 
a* and equation (5.13) may be transposed and 
simplified to 



(5.14) 


Introducing the notations 


and 


,_(x<)w 


, s («*)« 


(5.15) 


we have 

l = x; = [(a,)rf"[(a2)rp . . . [(«*)rr (5-16) 
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Since the form of irf is exactly the same as 
that of Ti, a set of n—m equations, which must 
be satisfied in the simulation, may be formed 
from the set ol n—m ir-terms by substituting 
for each variable in the x-term the ratio be- 
tween its magnitude in the model and its 
magnitude in the prototype, and equating the 
result to unity. It is evident that these simula- 
tion equations may be manipulated in exactly 
the same way as the original x- terms; that is, 
any one of the n—m equations may be raised 
to any power or can be replaced by its product 
with any one or all of the other simulation 
equations. 

5.4 SIMULATION ANALYSIS FOR LIOUID SLOSH- 
ING 

Simulation analyses are implicit or explicit in 
virtually every experimental report cited in the 
present volume, though there are few references 
devoted wholly to this subject. Perhaps the 
most detailed exposition is that of Sandorff 
(ref. 5.9), who considers the simulation of a 
compressible, viscous fluid in an elastic tank 
and gives experimental design examples as well 
as some properties of typical model and proto- 
type fluids, and of some typical structural 
materials. As has been noted, different ana- 
lysts will often derive slightly different simi- 
larity parameters even when the initial assump- 
tions are the same, and will almost certainly 
arrive at different results when the initial 
assumptions differ. For their pmposes, Abram- 
son and Ransleben (ref. 5.10) consider an in- 
compressible, viscid fluid in a rigid tank with 
some different criteria resulting than those of 
Sandorff. Similarly, Epperson, Brown, and 
Abramson (ref. 5.11) considered a rigid tank 
containing an incompressible viscid fluid and 
an incompressible gas with the fluid-gas inter- 
face having the property of surface teusiou and, 
as would be expected, arrive at some still 
different criteria. 

In simulation analyses for the fuel sloshing 
problem, thermodynamic effects, and so forth, 
are usually omitted from consideration. Be- 
cause fuel sloshing is a dynamic mechanical 
problem, the basic dimensions involved are 
either mass, length, and time or force, length. 


and time, and Newton’s second law holds. 
Consequently the x-theorem says that there ^vill 
be three fewer x-terms than variables, what- 
ever the nature of the assumptions regarding 
the importance of particular fluid properties, 
etc., made by the analyst. 

For present purposes, it is conv'enient to 
attempt to unify the treatments of the authors 
cited above by a parallel analysis. For these 
purposes, the method outlined in section 5.2 
will be followed as it has the advantage that if 
the repeating variables are selected and con- 
sistently used to form x-terms, a valid set is 
automatically insured. 

In support of what may be criticized as an 
arbitrary selection of these repeating variables, 
it may be remarked that the physical system 
under considerat on consists of a solid (though 
possibly elastic) tank which is filled with two 
fluids of sufficiently different densities and 
sufficiently insoluble in each other that a well- 
defined free surface can exist. This system is 
subjected to various accelerations, both rapidly 
varying and slowly varying, which cause fluid 
motion and a deformation of the free surface, 
thus giving rise to forces or pressures on the 
tank which interest the rocket or spacecraft 
designer, and which in almost all of the sloshing 
simulation studies to date have been the de- 
pendent variables of the problem. With the 
exception of very low gravity problems, the 
presence of a gravitational field of some sort is 
the most important constraint on the config- 
uration of the fluids and plays a vital part in 
the results of theoretical fluid dynamics, which 
are covered at length elsewhere in this mono- 
graph. Additionally, forces or pressures re- 
sulting from these theoretical analyses are 
directly proportional to the mass densities of 
the fluids. 

It is not unnatural then to choose as a repeat- 
ing variable some characteristic length de- 
scribing the size of the tank, say the diameter, 
D. One of the slowly varying acceleration 
components, a, which might correspond to the 
acceleration of gravity in the laboratory and to 
gravitational plus a constant thrust-induced 
acceleration in the prototype may be selected 
as a second, and the mass density of the more 
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dense of the two fluids in the tank can be 
selected as a third repeating variable: 


Repealing variable 

Symbol 

Dimension 

Characteristic diameter 

D 

L 

Acceleration (linear) 

a 

LT-'- 

Liquid mass density 

p 

ML-3 


It can be seen that no nondimensional ratio 
can be formed from these three variables and 
that all basic dimensions are represented. 

The remaining variables of potential interest 
may be classified as follows: 

(1) Geometrical 

(2) Kinematic requirements, primary inde- 

pendent variables 

(3) Mass density requirements 

(4) Dependent variables, forces, pressures, 

response parameters 

(5) Properties of structural materials 

(6) Dynamic properties of fluids 

(7) Interfacial effects 

Consideration of variables in the first four 
groups will yield dimensionless parameters of 
the type which result naturally in treatments 
of the rigid body and incompressible inviscid 
hydrodynamic aspects of the fuel-sloshing 
problem. Elasticit}’ and/or plasticity of the 
tank is introduced in the fifth group, and the 
remaining two groups introduce fiuid properties 
other than mass density. 

Geometrical Considerations 

If the three repeating variables chosen in the 
preceding paragraph are used to form a 7r-term 
with any additional variable having only the 
dimension of length, the exponents assigned 
mass density and acceleration must be zero, and 
there results the ratio of the new variable with 
the characteristic diameter, D. Consequently, 
if n linear dimensions, hi, in addition to D, are 
required to fullj- describe the tank 

i=l, 2, ...71 (5.17) 

In ratio notation 

i=\,2,...n 

or 

D,={hr)i 2, . . .71 (5.18) 


Equations (5.17) and (5.18) are simply formal 
representations of the notion of strict geomet- 
rical similarity expressly implied in every 
engineering drawing. A similarity analysis for 
a practical fluid dynamic or structural problem 
wffl always result in strict geometrical simi- 
larity. 

Thus, several trivial T-terms useful for 
manipulative purposes can be written as: 


Geometric variable ir-ierm 

Any length, 6. ■ri = h/D 

Any angle, (3.. - 

Any area, A 

Any volume, V . — 

Any area moment of inertia, Aj ts=A 2 ID* 

Any volume moment of inertia, Vj - irt=VilD^ 

(5.19) 


These results apply to any length variables 
pertaining to the configuration of the fluid, 
and in the strict sense to the thicknesses, and 
so forth, of structural elements. 

Deviations from strict geometric similarity 
to simplify the model must be justified on 
grounds other than those of the similarity 
analysis. The only class of fluid dynamic 
problems where strict geometric similarity of 
the fluid boundaries is not maintained is that 
of the study of flow in rivers, harbors, and 
dams. There has yet been no justification 
advanced for deviations from strict geometric 
similarity in the fuel-sloshing problem, and 
none are generally made as far as the fluid 
boundary conditions are concerned. 

Geometrical considerations pose no con- 
ceptual difficulty in any simulation, but often 
pose practical fabrication problems which 
may severely limit the experimental design. 
All the previously cited authors (refs. 5.9 
through 5.11) have employed rather strict 
geometric similarity for the fluid boundary 
conditions in their analyses and usually single 
out one or more geometric variables of particular 
importance (such as the static liquid depth) 
which are formally included in the similarity 
specifications. 

Kinematic Requirements 

In general there is some characteristic time 
associated with the sloshing problem. This 
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can be a natural period of some liquid free 
surface mode, the duration of an excitation 
transient, etc. If a particular characteristic 
time is denoted by r, and a 7r-term is formed 
with the chosen repeating variables 

v^=T^a|D 

or 

(5.20) 

These are the forms derived and used in pre- 
vious studies (refs. 5.9 through 5.12). If fre- 
quency, w, is conceptually more meaningful 

iTi=u-^ Dja 
or 

Xs=w“— (5.21) 

a 

The latter form of equation (5.21) has been 
extensively used as the independent frequency 
parameter in reporting slosh-force response 
data. In most dynamic problems, the number 
of frequency or time parameters is nearly as 
great as that of the length parameters. In- 
cluding these other conceptual times or fre- 
quencies results in additional x-terms similar 
to equations (5.20) and 5.21), and these may be 
reduced to ratios of times or frequencies, as 

x 9 =tj/t (ri= any other time parameter) 

7rio=Wi/a) (wi=any other frequency 

parameter) (5.22) 

A great variety of kinematic variables are of 

potential interest in the fuel-sloshing problem. 
It can be seen that the magnitude of any other 
acceleration, x, impressed upon the tank system 
results in 

7rii=i/a (5.23) 

Any impressed velocity considered i, results in 

xu=i/yS5 (5.24) 

Equation (5.24) is a general form of the familiar 
Froude number. Equations (5.20) through 

(5.24) are perfectly consistent with time- 
dependent impressed motions which have geo- 
metrically similar magnitudes in model and 


prototype at the corresponding times defined 
by equation (5.20) . Similar results to equations 
(5.23) and (5.24) obtain for angular velocities 


and accelerations: 


Ti3—0-\jDla 

(5.25) 

(for any angular velocity 0) 


il 

(5.26) 


(for any angular acceleration 0). Basically, 
the simulation analysis implies a uniform dis- 
tortion of the time scale in accordance with 
maintaining equation (5.20) (or a variant) the 
same in model and prototjrpe. Because this 
analysis presumes that a linear acceleration, a, 
is of prime importance, this parameter appears 
in every kinematic x-term. So long as a body 
force affects the fluid dynamics of the problem 
(in the laboratory or in the prototjrpe), the 
acceleration parameter cannot be neglected 
and will materially affect what type of simula- 
tion is possible. 

The analyses of references 5.9 through 5.11 
are of this type and each contains the same 
essential specifications for kinematic similarity. 

Mass Density Requirements 

In general, the fuel-sloshing problem has 
elements which are solid, liquid, and gaseous. 
Each of these elements has a mass density. 
Consequently, consideration of the mass density 
of the gas and the tank structure as additional 
parameters of interest results in 

7Tl5=Pgag/p (5.27) 

i'’i8=P8oii(j/p (5.28) 

(where p is the previously chosen liquid density) . 
In words, the ratios of the densities of liquid, 
solid, and gas must be the same in the model as 
in the prototype, though nothing is revealed 
thus far about the relative magnitudes of mass 
density between model and prototype. One 
sloshing simulation study (ref. 5.11) considered 
the gas density, where exactly the above rela- 
tions were found. For the most part, the 
density of the gas is neglected as being of very 
small magnitude relative to the density of the 
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liquid (implicit in refs. 5.9 and 5.10) and this 
assumption is apparently borne out by experi- 
ment, at least in the normal fuel-sloshing prob- 
lem. Specification of mass density of the solids 
in fixed ratio to the liquid density uill satisfy 
the requirements of rigid body dynamics. For 
example, if the mass density of floating-can 
slosh-suppression devices (see ch. 4) bears the 
same ratio to that of the liquid in model and in 
prototype, geometrically similar cans wall float 
on the surface of the liquid at scaled drafts. 
The mass densitj^ of the tank is quite properly 
neglected in reference 5.10, since the tank was 
assumed rigid and the interest was wholly in 
the fluid djTiamics involved, all experimental 
results being independent of or corrected for 
the rigid body dynamics of the tank. 

For reasons which will be apparent in a later 
section, Sandorff (ref. 5.9) considered the tank 
wall mass per unit area or, in' other words, 
justified a departure from strict structural geo- 
metric similarity in combination with consid- 
eration of solid mass density. 

Dependent Vuriables, Forces, Pressures, Response 
Parameters 

The most common quantities of interest in 
sloshing simulation have been the net dynamic 
forces, F, and moments, M, exerted bj- the 
liquid on the tank: 

Trn = FI paD^ (5.29) 

■tr^^^MIpaD* (5.30) 

Similarly, for pressure P 

vi^=PjpaD (5.31) 

When fluid elevations, f, velocities, {, and ac- 
celerations, in response to tank motion are 
of interest, the resulting rr-terms have exactly 
the same form as the corresponding kinematic 
parameters: 

no=i/D (5.32) 

7T2i = i/^/aD (5.33) 

■>T22=i/a (5.34) 

Actually, the force or pressure variables might 
under some circumstances be the independent 


variables and the tank motion the dependent 
variables. The form of the immediately pre- 
ceding nondimensional parameters is the same 
as that of Sandorff (ref. 5.9). In reference 5.10 
and elsewhere, slosh-force amplitude response, 
\F\, is sometimes presented as 

\F\ 

paLP{xolD) 

(where Xo is the tank excitation amplitude;. 
Essentially this is the replacement of vn by 
Tn/iTi and implies that the slosh-force response 
and the tank excitation are related by a linear 
differential equation. 

Summary of Inertial and Mechanical Scaling 

The usual sloshing simulation problem in- 
volves measuring one or all of the dependent 
variables when the tank is given an accelera- 
tion as a function of time. It can be noted 
that some of the parameters derived in the 
last four subsections are redundant, and are 
related to one another in quite ordinary me- 
chanical ways. Certain other sets of parame- 
ters are of potential use as consistent nondimen- 
sional ways of presenting experimental results. 
Yet other parameters are useful for the manipu- 
lation of the form of the remaining parameters. 

Though such lists of ir-terms as have been 
developed in the preceding paragraphs are not 
uncommon results of dimensional analysis, the 
restrictions on experimental design which have 
been imposed thus far in the analysis are very 
few. The most important relation developed 
betAveen model and prototype quantities to this 
point is equation (5.20), which can be A\Titten 
in ratio notation as 

W = r?ar/A = l (5-35) 

or 

T~r = Dr jar 

This result means that if all the important 
variables pertaining to the problem have been 
outlined in the preceding sections, a model of 
any geometric scale. Dr, can be used in a 1 g 
acceleration field by varying the time scale, 
Tr- This relation fixes the time scale if the 
geometric scale, Dr, is determined from other 
considerations. 
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No restrictions have been placed upon the 
geometric scale, Dr, or upon the mass density 
scale, pr, thus far. It has been assumed that the 
acceleration scale, ar, is fixed by the respective 
acceleration fields encountered by model and 
prototype. In many problems, practical fabri- 
cation problems control the geometric scale 
ratio, and, in some instances, the implied 
compression or expansion of the model time 
scale, equation (5.35), may not be feasible or 
economic. 

Given that the acceleration scale is important 
in any given simulation, and that the time scale 
does not impose really serious limitations on 
the experimental designer, appro.ximate simu- 
lation plots showing permissible geometric 
scale ratios, D,, as a function of the required 
acceleration scale ratio, a,, are useful in showing 
the types of simulations which can be achieved. 
The corresponding simulation plot for the analy- 
sis to this point is devoid of restrictions, but 
no material properties have been introduced 
into the analysis thus far. It is the question of 
exactly what construction materials and fluids 
should be used in the model that introduce 
serious restrictions on what can be done. 
These questions will be taken up in the next 
sections with the implied understanding that 
all the nondimensional parameters developed 
in the preceding sections will hold. 

Structural Material Properties 

Chapter 9 of this monograph may be referred 
to for a more detailed account of the importance 
of dynamic interaction between the sloshing 
fluid and the elastic deformations of the con- 
taining structure. Thus far in the similitude 
analysis, only the density of a geometrically 


similar structure has been considered. When 
the elastic properties of the material are de- 
scribed by Young’s modulus, E, and Poisson’s 
ratio, V, 

ir23=EI paD 

(5.36) 

th=v 

(5.37) 

for stress, 5, and strain, «, we have 


itii=fflpaD 

(5.38) 

1T2# = * 

(5.39) 


The preceding ir-terms in conjunction mth 
those in the previous section define a “replica” 
structural tank model whose dynamic de- 
flections will be geometrically similar to those 
of the prototype at corresponding times defined 
by equation (5.20). To illustrate this notion, 
the theoretical frequencies of the natural modes 
of vibration of plates may be written as 




E 


■p.(i-PK 


X(a 


nondimensional function of 
plate geometry) (5.40) 


(tp denotes plate thickness). If the ratio of 
natural frequencies of a plate in the replica 
model to the corresponding plate in the proto- 
type is taken, we have 


/TT- \2 (1 y^)prolotype 1 

^'^^^-pr (l-V^)mode. {t,Yr 


(5.41) 


If 1 T 24 is the same in model and prototype, iris is 
satisfied and if Er is written from equation 
(5.36) 


Er=pArDr (5.42) 

then 

{WrY^arlDr (5.43) 


Equation (5.43) is exactly the same as the 
frequency ratio required by equation (5.21). 

The ratio expression (5.42) provides a means 
of evaluating what sort of simulation might be 
feasible for replica structural modeling using 
dissimilar structural materials (ref. 5.13) with 
simultaneous satisfaction of inertial scaling, 
and this expression has been partially plotted 
in figure 5.1 as lines of D. vs. o, for values of 
the composite ratio Erlpr- The ratio E/p for any 
material actually used in the structure of a 
booster rocket or spacecraft is likely to be 
somewhere near maximum for known materials 
because of the premium placed on unnecessary 
weight and, consequently, the composite ratio, 
Erlpr, 'vill probably not have a value exceeding 
1.0, whatever the choice of model materials. 
If the weak, heavy composites now under 
development (ref. 5.13) are included, model 
materials might be available to provide a 
minimum value of ErlPr of about 0.01. Thus 
the simulation plot (fig. 5.1) is divided into a 
band bounded by the lines: Erjpr = 1 and 0.01 in 
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Figure 5.1. — Approximate eimulation ranges — replica 
model of elastic tank, inertial scaling of fluid dynamics 
only. 


which simulation under the stated assumptions 
may he feasible; far outside this band, simula- 
tion is highly unlikely. 

If simulation of the plastic behavior of the 
material is attempted (yield strength, o-^, for 
example) : 

tt2i= ffylpdD (5.44) 

Equation (5.44) is of the same form as equation 
(5.42), and much the same arguments applj^ 
to the feasible range of [(<Ty)r/pr] as applied to 
that for Erlpr- Consequentlj^, figure 5.1 will 
roughly apply to this case also. 

There appears to be little hope for this type 
of simulation in the low gravity case if the 
laboratory is at 1 g (ar>100), at least not with 
any reasonable geometric scales. There is 
potential in the case that the prototype is in a 
relatively high acceleration field and the model 
is at 1 g, especially if the model can be as 
large as or slightly larger than the prototype. 

On the whole, replica modeling of structure is 
expensive and sometimes impossible. (See the 
further discussion of replica modeling in pt. II 
of this chapter.) An alternate approach is 
developed by Sandorff (ref. 5.9). This ap- 


proach still involves strict geometric similarity 
insofar as the fluid boundaries are concerned, 
but involves relaxation of structural geometric 
similarity so that the structural portion of the 
model is “adequate” for purposes of studying 
fluid interaction mth the gross tank bending 
and “breathing” modes of vibration. The 
following development is taken largely from 
reference 5.9. 

The tank walls may be constructed of un- 
stiffened plate, stiffened skin, sandwich struc- 
ture, or thin skin pressurized for stability. 
Assuming the stiffness properties to be isotropic 
with respect to dimensions in the plane of the 
shell, the follovdng load-strain relations express 
the rigidity of the shell: 


Nx=A{ex+^t^) 


Ny=A((„+vtx) 


XV — ^xy^xy 


N XI — ffiyxz 


Mxx=Dy(Wxx + v'Wy^) 

Myy = Dt,{Wyy-\-V'w„) 

Mxy = BWxy 


The notation is illustrated in figures 5.2 and 
5.3. 



Figure 5.2. — In-plane loadings and deformations of shell 
element: Extension and shear (ref. 5.9). 
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Figure 5.3. — Transverse loadings and deformations of 
shell element: Beam shear, bending, and twisting 
(ref. 5.9). 

normal force per unit width on edges 
parallel to t/-axis 

shearing force per unit width, equal 
on X- and j/-edges 

bending moment per unit width on 
edges parallel to y-axis 


Mj„= twisting moment per unit width, equal 
on X- and j/-edges 

«j=extensional strain parallel to x-axis 
7 i„=in-plane shearing strain; i.e., shear of 
an element parallel to xy plane 
7 „=transverse shearing strain; i.e., shear 
of an element parallel to xy plane 
w= transverse displacement of neutral plane 
of shell wall, w(z, y, z) 
w„=bending curvature of neutral plane 
about y-axis, 

twisting curvature of neutral plane, 
d^w/dxdy 

A =extensional stiffness, {\=Et/{l—y^) for 
homogeneous plate) 

;3*^=in-plane shearing stiffness, {^xy—Gt 
for homogeneous plate) 
transverse shearing stiffness, (l3x=Gt 
for homogeneous plate) 

Z>s=bending stiffness, {Dt,—E^jl2{\—v^) 
for homogeneous plate) 

S= torsional stiffness, {B=Dt for homo- 
geneous plate) 
v=Poisson’s ratio 

Poisson-type elastic constant indicat- 
ing coupling between moment about 
one axis and curvature about the 
other (v'=v for homogeneous plate) 
£'= elastic (Young’s) modulus in extension 
(?=shear modulus 
t= thickness 

The stiffnesses {^xy, fin and B) can be 
determined either analytically or e.xperimen- 
taUy. These relations govern the elastic be- 
havior of isotropic sandwich structure and 
isotropic symmetrically stiffened sheet, and 
therefore permit consideration of a wide varia- 
tion in shell-wall detail to meet overaU elastic 
properties. Orthotropic stiffened skin structure 
can be handled in the same manner, with 
additional elastic constants to define anisot- 
ropy and cross-coupUng of elastic deformation 
processes. 

The advantage of the above representation is 
that fine detail such as the actual thickness of 
the wall, dimensions of stiffener detail if a 
stiffened shell is used, attachments, etc., need 
not necessarily be duplicated. The overall 
sheU-wall extension and bending are the imme- 
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diate concern, not extremely local effects such 
as material rupture or local buckling. 

Rupture is a design consideration, however, 
and, therefore, stress distributions must often 
be obtained. Stresses, as such, are not recog- 
nized as existing in the shell wall in the above 
load-strain relations which specify only forces 
N and moments M. Similitude is to be pre- 
served \\dth respect to N and M, not stress, and 
to convert from one to the other, the particular 
section detail (local thickness, etc.) must be 
used, which will not necessarily be in scale 
from model to prototype. Similarly, insofar 
as unit weight is concerned, the significant 
parameter for the shell -wall is p,<„, mass per 
unit of surface area, not of volume, where 
is an equivalent distributed thickness measure- 
ment for the wall structure. 

There may be portions of the tank structure, 
e.g., baffles, which, in deforming elastically, 
affect the fluid motion in an important manner, 
and w'hich cannot be treated as thin plates 
under plane stress. In such cases it is often 
possible to express significant deformational 
characteristics in terms of overall section 
properties, as is done above for thin plate, and 
establish similitude requirements for the overall 
stiffness properties. Thus by introducing an 
acceptable approximation, the requirement of 
strict geometric similarity in a small-scale 
model is avoided. For the present, however, 
deflections of only the external thin-wall tank 
structure will be considered. 

The significant additional parameters for 
this model of the tank structure may be 
summarized as follows; 


The corresponding ir-terms are denoted with 
a prime to denote that they pertain to the above 
special list. Using the same repeating variables 
as in previous terms: 


ir 2 g=NjpaD^ 
ir' 2 g= M j (MD^ 

ir 3 ^=klpaD'^ 

^32 “ ^xyl 

Tr'^=DhlpaD* 

v'ii,=BlpaD* 

f 

X37=V 


( 5 . 45 ) 


The first three jr-terms of the preceding list 
are essentially response parameters. Holding 
the remaining eight parameters the same in 
model and prototype provides structural simi- 
larity insofar as dynamic deflections and 
frequencies of the tank wall are concerned. As 
previously noted, stress similarity is not 
attained, but is assumed to be unimportant 
with respect to fluid-structure interaction. It 
does not appear possible to simplify greatly the 
above parameters for all types of tank-wall 
construction other than to minimize the appear- 
ance of liquid density, p, and tank diameter, D, 
in the eight important structural parameters. 
One result of such a manipulation is as follows 
(double primes denote results of the manipu- 
lation) : 


Quantity 

Symbol 

Dimension 

Load in tank wall 


MT-’ 

Moment in tank wall 

M 

MLT-^ 

Local displacement, tank 
wall 

X 

L 

Extensional stiffness 

A 

MT-^ 

In-plane shear stiffness 


MT-^ 

Transverse shear stiffness 

0. 

MT-^ 

Bending stiffness 

Dt 

MUT-^ 

Torsional stiffness... 

B 

MIAT-^ 

Poisson’s ratio 



Bending Poisson-type ratio. . 



Density of tank wall. 

Pt^W 

ML-^ 


^32 — ^32/’’’si ^I»/A 

’T36='n’35/’rs4 = -B/^6 




and ir'„, are unchanged: 

Pttvil pD 
ir'3t= AlpaD\ 


( 5 . 46 ) 


( 5 . 47 ) 
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This form of the simulation parameters is 
virtually that arrived at in reference 5.9. 
These simulation parameters are much simpli- 
fied in the case that the tank wall in both model 
and prototype can be represented by an equiva- 
lent homogeneous plate. 

By substituting the homogeneous plate 
equivalents for A, Dt,, B, and v' into 

equations (5.46) and (5.47) 


W 32 '"” ^33'“'" 


T3a=7T37= " 


1-7 





T^,=EKlpaD\l-v^) 

V3S=P,tJpD 


(5.48) 


It can be seen that the assumption of homo- 
geneous plate tank walls has the effect of sim- 
plifying the form of the results but not helping 
the simulation problem appreciably. In equa- 
tion (5.48), requires that the tank walls be 
scaled down in accordance vdth the geometric 
scale ratio, £),. If is held the same, then 
it follows that p,/p must be the same in model 
and prototype. Additionally, if is the same 
in model and prototype Xgi implies that EjpaD 
must he the same in model and prototype. 
Thus, equation (5.48) for homogeneous plate 
tank walls is exactly the same as the specifi- 
cation for replica modeling shown in equations 
(5.36), (5.37), (5.28), and (5.19). If the pro- 
totype tank wall can be replaced theoretically 
by an equivalent plate of simpler geometry and 
greater relative thickness, this approach may 
be useful. The source of the above difficulty 
with the homogeneous plate case is in which 
resulted from the plate bending stiffness param- 
eter, Z>g. If tank-wall bending stiffness can be 
neglected, considerable simplification of the 
fabrication may be effected by holding the 
grouped parameters p,tJpD, EtJpaD^, and v 
the same in model and prototype. Neglect 
of bending stiffness is roughly equivalent to 
considering only extensional modes of shell 


vibration to be important with respect to fluid 
interaction and, similarly, buckling not to be 
a problem. 

The foregoing illustrations perhaps point out 
that simulation of fluid structure interaction 
requires some very considerable judgment on 
the part of the designer of the experiment. In 
general, the replica modeling approach is ex- 
pensive and suffers from lack of a wide range 
of suitable materials. The success of the 
“adequate” structural model approach is highly 
dependent on a prior understanding of the 
interaction phenomena being investigated. 


Dynamic Properties of Fluids: General 

Neglecting interface phenomena and density, 
which have been considered from the outset, 
the common dynamic engineering properties of 
fluids which are of interest may be listed as 
follows: 


For the liquid: 

Symbol 

Dimension 

Dynamic viscosity 

P 


Vanor pressure 

P, 


Bulk modulus -- 

El 

ML~'T-^ 

For the gas: 

Symbol 

Dimension 

Dynamic viscosity 

Pt 


Bulk modulus 

E. 



Five TT-terms result when the previously noted 
repeating variables are used: 


’T4o= pVp^alE 
Vii= EjpaD - 
t 4 , 2 = EjpaD 
Ta—PJpaD 


(5.49) 


All previous x-terms are assumed to hold, as 
before. 

The parameters X 39 and X 40 correspond to the 
Reynolds number, as can be seen more clearly 
by performing a replacement operation : 


' X 12 xDp xD 


(5.50) 


where the kinematic viscosity, p/p, is signified 
by V. This form of X 39 can be immediately 
recognized as the Reynolds number as used in 
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fluid flow problems. Sandorff (ref. 5.9) de- 
rives a viscosity parameter identical to ^39, 
while in reference 5.10 the form chosen was 
1 /V^9- The characteristic damping of the 
sloshing of the free surface was correlated with 
a “damping parameter” equivalent to 
bj^ Stephens (ref. 5.14). A similar but numeri- 
cally different “damping parameter” was used 
by Sumner (ref. 5.15) for correlation and 
extrapolation of first-mode slosh damping in a 
roughly ellipsoidal tank. In this case, the 
“damping parameter” used corresponds to 
(’'■39)’^*- The material contained in chapter 4 
points up the importance of the viscosity 
parameter to the fuel-sloshing problem. The 
viscosity parameter for the gas, V 40 , is most often 
neglected, indeed it may only have been men- 
tioned once or twice in the sloshing literature 
(refs. 5.11 and 5.12). 

It seems to be generally doubted that any 
gas properties will have measurable influence 
on normal lateral sloshing problems because of 
the much larger relative density of the liquid- 
In special problems involving liquid surface 
instability under sudden reversals of an accelera- 
tion field normal to the liquid surface, the 
properties of the gas may be important. Simi- 
larly, the properties of the gas may assume 
greater importance in the low gravity case- 
The gas viscosity parameter, ir^, and the 
elasticity parameter, will be neglected in 
the remainder of the present treatment except 
to comment that ir^j, the elastic parameter for 
the gas, may be quite easilj^ transformed into 
Mach number utilizing jr-terms previously 
determined. 

The term ir*! in equation (5.49) (the form 
derived in ref. 5.10) maj’ also be transformed 
into a Mach number for the liquid. (An 
analogous relationship is used in eq. (9.10) of 
c h. 9 .) Replacing as follows, letting 

V£i/p=co 

, TTg uD 

which may be seen to be of the form of k in 
equation (9.10), which has to do with coupled 
pressure resonances in an elastic tank (in that 
case some of the similarity terms of the preced- 
ing sections are also e\’ident) . 


The last ir-term of equation (5.49) to be com- 
mented upon is 9T43, which is a parameter related 
to cavitation in the liquid. The parameter Pv 
is analogous to an ultimate strength. If the 
pressure at a point in the liquid is 

P=Po~{-Pd~\~po>h (5.52) 

where 


P= Ambient pressure 
Po= Pressure at free surface (ullage pres- 
sure) 

P„= Dynamic pressure in the fluid induced 
by sloshing 

A,= Depth from free surface to point in 
question (measured in the direction 
of a) 


This pressure must be scaled in accordance with 
X18, or 

P Po 


, A 

paD paD~^ pdD D 
In order that cavitation occur 
P-Pr<0 


(5.53) 


(5.54) 


This criterion may be written as the difference 
of equation (5.53) and ir^ 


Po . Pd ,h Pr 

pdD po,D D pdD 


<0 


(5.55) 


It is to be noted that each term in equation 
(5.55) has been previously specified as a simi- 
larity parameter. The hjD term is the same in 
model and prototype if geometrical similarity is 
maintained, as is the dynamic pressure term (a 
response) if both geometrical similarity and the 
time scale implied bj’^ equation (5.20) are main- 
tained. If for some reason the ullage pressure 
must be scaled in accordance with PolpaD, 
then 7T43 fixes the required vapor pressure of the 
model fluid for similarity of cavitation effects. 
If strict similarity of the ullage pressure may be 
neglected, the cavitation effects in the fluid may 
be considered to be governed by 


Po-P, _ AP 
paD pdD 


(5.56) 


This parameter may be transformed with the 
aid of tti 2 into the form of the “cavitation num- 
ber” usually employed in external flow problems 
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in high-speed hydrodynamics. Because much 
of the detail of the basic mechanism of cavita- 
tion is imperfectly known, the “cavity pres- 
sure” {Pe, a measurable experimental quantity) 
is often substituted for the fluid vapor pressure 
P, in such investigations. 

Under the assumptions that inertial scaling 
is required, gas properties and absolute ullage 
pressure are unimportant, and that the tank is 
rigid, the three liquid ir-terms allow rough 
simulation charts to be made. Transforming 
T 39 and T 41 and equation (5.56) to ratio nota- 
tion, 


■ {pr)%{Dry 

(5.57a) 

''^^-prarDr 

(5.57b) 

r __ 

^*^~Pra,Dr 

(5.57c) 
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Rearranging and letting v=the kinematic vis- 
cosity njp 


aV^ 

(5.58a) 


(5.58b) 

PrCtr 

D, 

Pr(^r 

(5.58c) 


Dynamic Properties of Fluids: Viscosity 

Equation (5.58a) summarizes the basic prob- 
lem in simulation of the viscous damping 
effects discussed in chapter 4. The data on 
fluid properties presented in the appendix to 
this monograph allow a rather crude idea of the 
range of kinematic viscosities to be anticipated 
for the fluids used as propellants in booster 
rockets and spacecraft. The situation is sum- 
marized in figure 5.4, where a symbolic spec- 


Perchloral fluoride I | Ethylene oxide 

Oxygen (liquid) Ammonia (liquid) | 
Oxygen difluoride (liquid) I Pentaborane 


Hydrogen (liquid) 
Fluorine (liquid) 
Chlorine trifluoride 
Bromine pentafluoride 
Nitrogen tetroxidel 


IIWFNA ■ 


Oiethylenetriamine - 
l-«Kerosenesf RPl, JP4»- 


IRFNA 
— Hydyne ■ 


-Ethanol 


Nitric acid (anhydrous) 
i 1 1 lUMOHj 

Hydrogen peroxide | 

-^-Hydrazine -1 
Monomethylhydrazine 

Ethylenediamine 


Aniline 


.001 


.002 . 003 . 004 . 005 . 006 . 008 . 01 .02 

Kinematic viscosity, v, cm* /sec 


.03 


.04 . 05 . 06 


.08 .1 


Figure 5.4. — Kinematic viscosity: Typical values for fuels and oxidizers. 


Methylene bromide 
Carbon disulfide 
Ethyl mercaptan 
Nitrogen (liquid) 

Methyl iodide 
Mercury Isoprene 
Freon (liquid) 

Ethyl bromide 


-20 - 60% Sucrose solution- 


Benzene 

Methanol 

Water 


Turpentine 


uaroon leiracnioriue 


0 - 100% Glycerol solution 
-Silicones - 


Ethyl iodide 


Methylene chloride. Bromine, Ethyl ether 

I I 

Methyl formate, Allyl chloride. Methyl sulfide 


Acetone, Chloroform 


.001 


.01 


.1 1 
Kinematic viscosity, v, cm*/sec 


10 


50 


Figure 5.5. — Kinematic viscosity: Typical values for various liquids. 
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trum of propellant kinematic viscosities is dis- 
played. (The kinematic viscosities of all fluids 
vary considerably over the environmental 
temperature range possible in space explora- 
tion, and the particular points assigned each 
fluid correspond to the temperatures quoted in 
the appendix.) For purposes of a general view 
of what types of inertial- viscous simulation are 
feasible, it is important to note that the kine- 
matic viscosity range shown in figure 5.4 is 
nearly covered by the kinematic viscosities of 
liquid oxygen and kerosene which are at the 
same time one of the most prevalent oxidizer- 
fuel combinations. 

Figure 5.5 is a similar “spectrum” of kine- 
matic viscosity for a variety of liquids which 
might serve, or have already served, in sloshing 
experiments. Some of these would present bio- 
logical as well as mechanical hazards, as can 
be easily noted. 

The above information on kinematic viscos- 
ity, combined with equation (5.58a), allows 
general remarks on what types of inertial- 
viscous simulation are possible. Figure 5.6 is 
a plot of equation (5.58a) for some significant 
values of »/,. In this plot, the line, Vt—1, 
indicates the required relationship between 
geometric and acceleration scale ratios if model 



Figure 5.6. — Simulation plot: Inertial-viscoue scaling, 
geometrically similar rigid tanks. 


and prototype contain the same fluid. If the 
simulation problem involves a prototype fuel of 
kerosene, a comparison of figures 5.4 and 5.5 
indicates that the smallest ratio of r, which may 
be achieved vuth the given model fluids is 
approximately 0.1, and consequently that 
inertial-tuscous simulation of kerosene may be 
possible anywhere above the line Vr=0.1 on 
figure 5.6. If liquid oxygen or one of the other 
cryogenics is involved in the prototype, a com- 
parison of figures 5.4 and 5.5 indicates that the 
smallest ratio of v, which may be achieved is 
about 1.0, or, in other words, simulation of the 
cryogenics is possible in principle only near and 
above the line Vr=l on figure 5.6. That this 
situation is unfortunate can be inferred from the 
following example: Suppose that simulation of 
a 9-meter-diameter rocket booster tank in a 3-g 
acceleration field is required, and that models 
are restricted to be in the laboratory at 1 g. 
The specified acceleration ratio is (1/3) and con- 
sequently from figure 5.6; 

^) If prototype fluid is kerosene, the smallest 
suitable model tank would be approximately 
1.2 meters in diameter. 

(2) If the prototype fluid is a cryogenic, the 
smallest suitable model tank would be approxi- 
mately 12 meters in diameter (excluding 
mercury as a practical model fluid) . 

(3) If the prototype fluid is a cryogenic and 
the model fluid is water, a suitable model tank 
diameter would be approximately 40 meters. 

The results in the above example are based 
on the fluid properties outlined in figures 5.4 
and 5.5. The problems arise because of the 
lack of fluids with kinematic viscosities signifi- 
cantly low'er than that of liquid oxygen. It 
might be speculated that simulation of the 
cryogenic in the above example might be 
achieved wuth a 30- or 60-centimeter-diameter 
tank if liquid helium were the model fluid. 
However, this might be considered as a highly 
unlikely possibility because of the unusual 
properties of liquid helium other than viscosity. 

To summarize the general situation with 
respect to inertial-viscous simulation of fuel 
sloshing, it must be remarked that simulation 
in the strict sense wdth moderate-sized labora- 
tory models can be accomplished in a limited 
number of cases of interest. Recourse must be 
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had to the extrapolation methods outlined else- 
where in this monograph. 

Dynamic Properties oF Fluids: Compressibility 

To continue the discussion of the simulation 
equations (5.58), equation (5.58b) allows a 

summary of what is possible if inertia-compres- 

sibility scaling is desired. It is more convenient 
to alter equation (5.58b) to be a function of 
sonic velocity ratio. Since 

V — =c (the sonic velocity characteristic of 

^ the fluid) (5.59) 

^^=4 (5.60) 

Pr 

Thus equation (5.58b) becomes: 

Z?,=-' (5.61) 

df 

Though the fluid property data of the appendix 
are incomplete with respect to sonic velocities, 
the values shown indicate that sonic velocities 
for prototype liquids will probably range from 
500 to 2000 m/sec, with both liquid oxygen 
and kerosene having sonic velocities in the 
vicinity of 1000 m/sec. Almost exactly the 
same range is shown in the appendix for 
“modeling” liquids. As a consequence, the 
probable greatest ratio between model and 
protot 3 rpe sonic velocities would be 4 and the 
smallest 1/4. Thus, a maximum range for c? 
may be: 

0.06<cK16 (5.62) 

If kerosene and liquid oxygen are of interest, 
the probable maximmn range of c? would be 

0.25<c*<4 (5.63) 

Equation (5.61) is plotted in figure 5.7 for 
the above ranges of c,, with the extreme limits 
shown. ProUably more practical limi ts are 
represented by the range between c,=0.5 and 2. 
Sandorff (ref. 5.9) concludes, in effect, that 
none of the common model fluids is sufficiently 
compressible to meet LOX-JP-4 simulation 
needs for geometric-scale ratios of 1/8 and 1/16 
and acceleration scale ratios of 0.2 and 2.0. 


Figure 5.7 bears out this conclusion, since these 
combinations of Dr and are at or below the 
line Cr=0.5. If compressibility-inertial scaling 
is required, artificial means of increasing fluid 
compressibility may be feasible, and Sandorff 
suggests some possibilities (fig. 5.8). 



Figure 5.7. — Simulation plot: Inertial-compressibility 
scaling, geometrically similar rigid tanks. 



throughout fluid volume 

Figure 5.8. — Methods of artificially increasing compressi- 
bility (ref. 5.9). 
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Dynamic Properties of Fluids: Cavitation 


The last simulation problem involving fluid 
properties is equation (5.58c), for cavitation 
effects: 


Dr = 


(AP). 


(5.58c) 


Since 


where 


AP=Po-P, 


Po=g&s pressure above the fluid 
Pj=fluid vapor pressure 

this equation may be satisfied independently 
of the fluids and scale ratios if the absolute gas 
pressure is assumed not important to the 
simulation. The model gas pressure, (Po)m, 
may be adjusted to achieve the desired ratio, 
AP„ given model and prototype fluids, geo- 
metric scale ratio, acceleration scale ratio, and 
(Po)f the pressure of the prototype gas. Con- 
sequently, the simulation possibilities with this 
particular simulation design philosophy are not 
limited, in principle. In practice, adjustment 
of model gas pressure means experimenting 
within a variable pressure chamber, or designing 
the model tank structure to withstand possibly 
much greater pressure differentials than are 
feasible. 

It is instructive to consider the magnitudes of 
pressure differences Po— Pr which may be en- 
countered in the prototype. For pressure-fed 
rocket propulsion systems, the gas pressure 
may be very high, perhaps much greater than 6 
atmospheres. For pump-fed propulsion sys- 
tems, which appear to offer weight advantages 
over the pressure-fed systems for large booster 
rockets, a typical minimum gas pressure may be 
1.5 atmospheres. Thus a range of Po— Pj for 
typical booster rocket fuel tanks may be 0.5 to 
6 atmospheres, assuming the range of fuel vapor 
pressures shown in the appendix. Altering 
equation (5.5Sc); 

(5.64) 

L. P Jmodel 0 rjprototype 

Again consulting the appendix for typical 
mass densities p for fuels, an expected typical 
range for (Po— P,)/pis 


0.2<r^2_Zi1 <;S5 

L» P — lorototarpe 

(the units of the above are atmosphere-cm^/ 
gm). 

From the point of view of convenience in 
modeling, it is of interest to see what may be 
done if (Po)nod,i = l atmosphere and the model 
fluid is near normal room temperature. As- 
suming the applicable model fluid vapor pres- 
simes and densities given in the appendix: 



The foregoing ranges allow some very ap- 
proximate simulation regions to be drawn with 
equation (5.64), figure 5.9. In this figure, the 
region below (AP),/pr=0.07 corresponds to 
situations where the prototype booster fuel 
tank contains a fluid of very low vapor pressure 
and may thus indicate a simulation range where 
cavitation may be quite unimportant. The 
upper half of the region bounded by (AP)r/pr= 
0.07 and 7 roughly corresponds to the situation 
where the prototype fluid has a very high 
vapor pressure, or is a cryogenic, and it can 
be seen that the model must be bigger than the 
prototype in this case for the range of ac- 
celeration scale ratios important to simulation 
of rocket booster tanks (a,— 1 to 0.1). To 
conclude, it may be remarked that the re- 
strictions placed on model fluids (room tem- 
perature) and model gas pressure (atmospheric) 
severely limit what may be done, and, if 
ca\’itation simulation is important, the model 
designer will very likely be faced with re- 
ducing the model gas pressure appreciably. 

InterFacial Effects 

In the simulation of fuel sloshing, the pri- 
mary interest is in the case where a liquid 
free surface exists. Consequently, three inter- 
faces will exist in most all the problems of 
interest: liquid gas, solid liquid, solid gas. 
Molecular attractions between like and dis- 
similar molecules near the interface give rise 
to surface effects. The existence of an interface 
represents the presence of a surface energy 
which is associated with the work which must 


SIMULATION AND EXPERIMENTAL TECHNIQUES 


163 



Figure 5.9. — Simulation plot: Inertial-cavitation simula- 
tion, rigid tank, model fluids at room temperature and 
ambient pressure of 1 atmosphere. 


be done against the mutual attraction of 
molecules on each side of the interface to 
effect a separation along that interface. Be- 
cause the basis of this type of energy is molec- 
ular, the magnitude of the surface energy for 
any particular interface will depend only on 
the electrochemical composition and thermal 
state of the matter on either side of the inter- 
face and the area of the interface involved. 
In particular, when chemical compositions are 
fixed, the surface energy varies directly with 
interfacial area. Thus when a liquid completely 
fills a rigid container, the interfacial area is 
constant, no change in surface energy can be 
effected by dynamic motions in the fiuid, and 
neglect of surface effects in fluid dynamic 
modeling is entirely justified. It happens that 
the energies involved in changing the area of 
a free hquid surface are small relative to the 
effects of gravity, viscosity, and so forth, in 
tanks of greater than -30-cm diameter in ac- 
celeration fields of 1 g and greater, and inter- 
facial effects are more often ignored than 
accounted for. 

The surface energy/unit area between a liquid 
and a gas is customarily called surface tension, cr. 


Considerable data on surface tension of various 
common liquid-gas interfaces are available. Un- 
fortunately, corresponding surface energies/unit 
area for solid-gas interface, (Tso, and for the solid- 
liquid interface, <rst> is almost entirely lacking — 
at least for fluid dynamic modeling pimposes. 
The problem is that these last quantities are 
difficult or impossible to measiue, and in fact 
some argument may exist as to the nature of 
the solid-gas interface in the presence of a liquid, 
the amount of liquid vapor adsorbed, and the 
chemical homogeneity of the solid surface con- 
trol, or at least considerably modify the nature 
of this interface. 

Static relations between surface energy/unit 
area for the three types of interface are em- 
bodied in Young’s equation 

COS d (5.65) 

where 

0=the “contact angle’’ between the liquid- 
gas interface and the liquid-solid in- 
terface at the intersection of the three 
interfaces. 

This equation, in effect, replaces the most 
difficult surface energy unknowns by a quantity 
0 which is measurable aqd not dimensional. 
The dynamic validity of this relation may be 
in question, but the present state of the art 
dictates the assumption that it is correct. 

In the case of a fuel tank filled with a liquid 
and a gas, the energy which must be supplied to 
make a change in the areas of the three inter- 
faces is 

AE— (TsaiAAso) "i" -1- (r{AAia) (5.66) 

where 

A.4m„=the total change in the area of the 
{mp.) interface. 

If equation (5.65) is used to eliminate <tsg 

AE= <7si,(A.4s(j-i- AtIsl) 

a(^AAx,a~\~ AA sg COS 0) (5.67) 

Since the total area of the tank walls is some 
fixed constant, an increase in the area of the 
solid-liquid interface must be accompanied by 
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an equivalent decrease in the area of the solid- 
gas interface. Thus 

A4sc+A^sl=0 (5.68) 

and 

^E=<y{^ALG) (5.69) 

Equation (5.69) indicates the several param- 
eters important in simulation of interfacial 
effects under the assumption that equation 
(5.65) is dynamically valid, and the similarity 
analysis can proceed as before; 


Parameter 

Symbol 

Dimension 

Change in surface energy 

AE 

MDT-- 

Change in interfacial area: 



Liquid-gas 


U 

Solid-liquid 


U 

Contact angle 

e 


Surface tension (liquid-gas) . 

a 

1 

MT-^ 


Employing the repeating variables as before 


iTn=^EIpaD* 

Vii=AA.i,olIP 


jr« 7 =e 

Tti=(xlpaD^ J 


(5.70) 


Since most prototype fluids would be expected 
to be “wetting” (6— >0®) when in contact with 
the enclosing tank, “wetting” model fluids are 
necessary, and most of the model fluids quoted 
in the appendix are probably wetting mth 
respect to metals. A wetting prototype fluid 
will probably rule out a liquid metal model 
fluid such as mercury unless some practical 
surface treatment can be devised to make 
mercury “wet” the model tank. In any event, 
the simulation of contact angle in the model is 
a subject which has not been extensively treated 
in the literature and subsidiary experimentation 
in any given case to see what contact angles can 
be achieved would be necessary if this parameter 
is thought of importance. It may not be 
necessary to achieve exact correspondence of 
contact angles in model and prototype for 
wetting or nonwetting fluids (6 = 0°, or 180®), 
since 6 appears in equation (5.69) as cos 6, and 
thus small errors in achieving model contact, 
angles will not greatly affect the ratio between 
interfacial energy changes in model and 
prototype. 

The last ir-term of equations (5.70), can 
be shown to be basically the same result as was 
found previously (refs. 5.10 through 5.13). 
Equation (5.71) denotes a replacement opera- 
tion carried out on 7T4g. The result is the well- 
known “Weber number” (also written in the 
squared form, see ch. 11) 


The first jr-term of equations (5.70) is consistent 
with the previously noted inertial scaling of 
forces. Maintenance of the relative masmi- 
tudes of AE and the total energy involved in 
sloshing in model and prototype is basically 
what is desired and, if equation (5.69) is vahd, 
will be assured if <r and AA^g are properly 
scaled. Consequently vu is a dependent vari- 
able, in a sense. Both ira and irgg are restate- 
ments of Ts for any area. Thus, geometric 
similarity of the interfaces is implied. The last 
two terms, and Tgg, are the only new ones 
introduced in this section. 

The first of these two says that the contact 
angle must be the same in model and prototype. 
For simulation purposes, this criterion amounts 
to the proper selection of model tank surface 
treatment to achieve the proper contact angle. 


Tgg — ~ 


1 T)2 


V»T48 V 


I <r I pD 


(5.71) 


’T48= 


(5.72) 


The reciprocal of ^48 multiplied by gja, a 
variant of ttu, and by a variant of xi, 

results in the well-known Bond number (see 
ch. 11) 

X 41 ff 

where 

p= gravitational acceleration 
r= radius of meniscus in an equivalent 
capillary tube 

The Bond number compares the relative mag- 
nitudes of gravitational and capillary forces, 
while the Weber number compares capillary 
forces to so-called “inertial forces.” 
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For purposes of showing what simulation 
possibiUties are available in a simulation plot, 
it can be noted that the surface tension, <r, and 
fluid density, p, always appear as a ratio, and 
thus a “kinematic surface tension,” <j>, may be 
defined 

<^=- (5.73) 

P 

Substituting in and converting to ratio 
notation 



or 

Consulting the appendix for typical values of 
4>, it can be found that prototype hquids at 
normal operating temperatures have values of 
<t> ranging from <^=10 to 100 (cm®/sec^). The 
model fluids shown have an identical range of 
values of 4> for the fluid temperatures shown. 
Consequently, an outside range of possible 
variation in </> is 

0.1<<^,<10 

If liquid oxygen is the prototype fluid and the 
model fluids are restricted to the temperatures 
shown in the appendix 

l<<^r<10 

If the prototype fluid is kerosene and the model 
fluids are restricted as before, 

0.5<<^,<4 

Equation (5.74) is plotted in figure 5.10 for the 
foregoing ranges of 0,. It is apparent that 
scaling of surface tension with models signifi- 
cantly smaller than the prototype and accelera- 
tion ratios less than 1 is not a very likely prop- 
osition. Fortunately, the range Or<^l is not 
too important for surface tension scaling, since 
the laboratory model at 1-g acceleration imphes 
quite high body forces in the prototype relative 
to surface tension forces. 

The possible simulation ranges on figure 5.10 
for Or]>l show the possibility of simulation of 



Figure 5.10. — Simulation plot: Inertial-surface tension 
simulation, rigid tank (model fluid temperatures 
restricted to normal ambient). 


relatively low gravity phenomena with small 
models in a 1-g acceleration field (about which 
more is said in ch. 11). 

Surface tension, as with all model properties, 
is variable with temperature (v^O as the fluid 
temperature approaches the critical tempera- 
ture) , and it is instructive to estimate the order 
of magnitude of model fluid temperature nec- 
essary to result in 4>r less than (0.1). Empiri- 
cally, the variation of o- with temperature is as 
equation (5.75) 



where 

T] = new temperature 
T 2 = reference temperature 
Tc= critical temperature 

Thus 

<l>Ti LffrjJLPrjJ LPriJ 

Considering model fluids which are hquid at 
atmospheric pressure and room temperature 
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(rs«20° C), the maximum range of variation 
in the density ratio factor in equation (5.76) is 
approximately 





Critical temperatures of the aforementioned 
model fluids may range from 180° C to 1540° C. 
If it is assumed that model fluids at ambient 
temperatures may be chosen to result in 
[<^Jj,j=0.5, then the value of <t>r at a new 
temperature T: may be crudely approximated 

by 




■pr^YT T-Tn 

Pri. \.Tc~TiJ 




It can be seen that the order of magnitude of 
T] must be 150° C and more just to change 
from 0.5 to 0.1. As a consequence, the possi- 
bility of achieving <^, less than 0.1 exists, but at 
the expense of quite extreme model fluid 
temperatures and pressures. 

For the simulation of low gravity in the 
laboratory («,>>!), it can be seen from figure 
5.10 that extremely small geometric scale ratios 
are required for the simulation range shown. 
Unfortunately, even the liquid metals tend to 
have kinematic surface tensions not too much 
greater than that of water («90 cm®/sec^ near 
the freezing point) because of their higher 
density; thus, hopes of achieving ^,)>10 cannot 
be placed too high. If simulation of 10"^ g 
environment is required, for instance, a geo- 
metric scale ratio between 0.003 and 0.03 would 
be required in the laboratory at 1 g (for a 200- 
centimeter-diameter prototype tank, model 
tanks of from 0.6 to 6 centimeters might be 
required). However, if the "laboratory” ac- 
celeration environment can be reduced to 10“* 
by use of drop towers, and so forth, the required 
geometric scale ratios would range between 0.3 
and 0.03, which would appear to be a practical 
range. 


5.5 SIMULTANEOUS SATISFAaiON OF ALL 
SCALING CRITERIA 

Because of its importance, inertial scaling is 
included in all the foregoing discussions per- 
taining to scaling various dynamic properties of 
fluids and materials. The approximate simu- 
lation ranges, D, versus Ur, for the following 
simulations have been discussed: 

(1) Inertial-viscous simulation 

(2) Inertial-compressibility simulation 

(3) Inertial-cavitation simulation 

(4) Inertial-tank elasticity simulation 

(5) Inertial-surface tension simulation 

Since in any given real problem more than one 
of the above combinations may be involved, the 
possibility of simulation where any two to five 
of the above simulation criteria are involved is 
an important consideration. Unfortunately, 
from the point of view of clarity there are 26 
combinations of the above simulations (taken 
2, 3, 4, and 5 at a time) , and only a few of these 
can be considered here. 

Since many of the most challenging practical 
fluid dynamic problems of the present and 
immediate future involve low gravity behavior, 
some illustrations will follow involving the 
possibilities of adding to the inertial-surface 
tension-scaling criteria, the criteria resulting 
from the consideration of other fluid properties. 
A simple way of approximating simulation 
ranges is to superimpose the simulation plots 
previously exhibited. This procedure is an 
optimistic one, since fluid properties are not 
independent of one another, and it may well be 
that the fluid properties dictating some extreme 
bound in one type of simulation will not dictate 
a corresponding bound in another type. 

Nevertheless, if figures 5.6 and 5.10 are super- 
imposed, and net simulation ranges are drawn, 
there results figure 5.11, pertaining to simul- 
taneous simulation of inertial, viscous, and 
surface tension effects. While the extreme 
range and the simulation range shoum for a 
kerosene prototype do not differ from the 
corresponding ranges for surface tension scaling 
alone, the simulation range for liquid oxygen is 
truncated at the high acceleration ratio end. 
Dalzell and Garza (ref. 5.12) give similar plots 
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Figure 5.11. — Approximate simulation ranges: Inertial- 
viscous-snrface tension scaling (model fluid temperatures 
restricted to normal ambient). 


for inertial surface tension scaling for particular 
model and prototype fluids. The applicable 
approximate ranges for liquid oxygen and 
kerosene prototypes from figure 5.11 have been 
drawn in on two plots from reference 5.12 and 
are shown herein as figures 5.12 and 5.13. It 
can be seen from these figures that the approxi- 
mate simulation ranges of figure 5.11 are reason- 
ably valid within the assumption of model 
fluid at ambient temperature which was made 
in the preparation of figure 5.10 for inertial- 
surface tension scaling alone. It is also inter- 
esting to note from a comparison of figures 
5.12, 5.13, and figure 5.11 that even quite 
fantastic increases in model fluid temperature 
will apparently not result in simulation points 
outside the extreme range shown on figure 5.11. 
Evidently there is hope for inertial-viscous- 
surface tension scaling of low gravity fluid be- 
havior in the laboratory at 1 g (c,>>l) if the 
prototype fluid is relatively viscous. From 
figures 5.12 and 5.13, and other figures of 



Figure 5.12. — Simulation plot: Prototype liquid, liquid oxygen (inertial-viscous-surface tension scaling). 
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Figure 5.13. — Simulation plot: Prototype liquid, JP-4 (inertial-vitcous-eurface tension scaling). 


reference 5.12, it appears that the possibility of 
a corresponding simulation of liquid oxygen and 
liquid hydrogen (possibly all the cryogenics 
also) is rather low. 

If figure 5.11 is modified to reflect the cavita- 
tion scaling of figure 5.9, there results figure 
5.14 which (within the limitations on model 
fluids noted) pertains to simultaneous inertial, 
viscous, surface tension, and cavitation scaling. 
It is evident that the addition of cavitation 
scaling, where the model fluid is at room temper- 
ature and atmospheric pressure, wipes out hopes 
for low gravity simulation in the laboratory and 
restricts the simulation range for liquid oxygen 
for practical purposes to roughly “life size” 
and “bigger than life” models. 

Matters become even worse if all five of the 
simulation plots are superimposed (fig. 5.15). 
In this case, the fluid compressibility and tank 
elasticity criteria combine to decrease both the 
extreme range of possible simulations and the 
range for liquid oxygen shoun in figure 5.14. 
It should be remembered that a large number of 



Figure 5.14. — Approximate aimulation ranges: Inertial* 
viscous-surface tension-cavitation scaling (model fluid 
temperatures restricted to room temperature, pressures 
1 atmosphere). 


L 
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Figure 5.15. — ^Approximate simulation plot: Simultane- 
ous inertial, viscous, cavitation, compressibility, surface 
tension scaling for scaled elastic replica tank (model 
fluids restricted to normal laboratory temperatures and 
pressures). 


restrictions were placed on the conditions of 
the model fluid in the preceding section and that 
one of the bases for the possible simulation 
range for tank elasticity in a replica model was 
that the model structure probably could not be 
as strong per unit mass as the prototype (these 
assumptions tend to make the modeling easier) . 
The results shown in figure 5.15 are notable for 


their basic lack of coverage of the situation 
where the model is significantly smaller than the 
prototype, as well as the situation where the 
prototype acceleration field is much smaller 
than 1 g. 

5.6 CONCLUDING REMARKS ON SIMULATION 

The foregoing treatment has been as general 
as possible in hopes of yielding some perspective 
on the extent to which fluid dynamic and fluid- 
structure interaction problems may be simu- 
lated. In brief, the prognosis for small-scale 
direct simulation of every problem in fuel slosh- 
ing is not very good, at least not without 
considerable sophistication of equipment and 
techniques. However, the general approach to 
simulation as outlined herein has been of im- 
mense practical value and will continue to be, 
when paralleled with judgment on the part of 
the experimental designer. 

It will continue to be necessary to do experi- 
ments aimed at discovering the practical effect 
of going out of scale with respect to one parame- 
ter or another in the problem at hand, if theo- 
retical considerations do not plainly indicate 
the course to take. There are many instances 
in the treatment given herein, particularly with 
respect to surface tension and low-gravity 
phenomena, where the analysis becomes in- 
complete through omission of thermodynamic 
effects. With respect to low gravity phenom- 
ena, this situation is corrected to a great extent 
in chapter 11 of this monograph. 


Part II. Experimental Techniques and Apparatus 

George W. Brooks 


5.7 INTRODUCTION 

It is generally true in technological develop- 
ments that adequate understanding of complex 
physical phenomena is enhanced by, and gen- 
erally dependent upon, the combined use of 
experimental and theoretical techniques in sup- 
port of each other. The complexity of the 
dynamics of sloshing liquids is well established 
through the analytical, laboratory, and flight 
experiences reviewed in other chapters of this 
monograph, and a review of the literature on 
the sloshing of liquid propellants in the tanks of 
launch vehicles clearly shows the eminent role 
which experimental research has played in both 
the definition of the problem and in the realiza- 
tion of adequate solutions. 

The role of experimental research in propel- 
lant sloshing is wide and varied. Its initial 
function has been, and is, a qualitative one — to 
show what is happening and why and how. In 
this phase, it provides the necessary clues to 
support the selection of theoretical concepts and 
principles. But of even greater significance is 
the role which experimental programs must 
play in providing the quantitative data needed 
for design. The fact is that current theoretical 
analyses are limited to treatment of a very few 
idealized tank configurations which are seldom 
used in vehicle design, and the theory for even 
these cases requires restrictive assumptions of 
fluid idealization and small motions. Thus, 
experimental programs are necessary to check 
the validity of the theoretical assumptions and 
approximations, and to extend the theory for 
treating configurations representative of many 
of those selected for flight vehicles on the basis 
of other design considerations and compromises. 
Many specialized problems such as dome im- 
pact, vortex motions, low gravity effects, and 
flow in baffled tanks are not currently amenable 
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to theoretical analysis and, consequently, ex- 
perimental data provide the only reliable basis 
for design. This category also includes the 
essential aspects of the coupled dynamics of 
the fluid with the motions of the tank and slosh 
suppression baffles. 

The experimental techniques and apparatus 
developed for research on the dynamics of 
sloshing propellants reveal many practical, and 
ofttimes ingenious, approaches, and it is the 
primary purpose of this section of the mono- 
graph to present a review of the literature on 
the subject. This review is intended to be 
representative rather than exhaustive, and 
since experimental techniques for zero-g studies 
are highly specialized and adequately treated 
in chapter 11, they wiU not be included here. 

5.8 FUNDAMENTAL STUDIES OF LIQUID SLOSH- 
ING IN SMALL TANKS 

Tgnk Construction Techniques 

A brief review of launch vehicle configurations 
reveals that tanks of varied geometry are the 
rule rather than the exception. The basic 
cylindrical section is usually modified by use of 
conical or elliptical bottoms and tops which 
may be interior or exterior to the cylinder per 
se, and by the use of partitions to effectively 
reduce the free surface area. Other configura- 
tions employ variations of oblate spheroids 
ranging in eccentricity from that of the sphere 
down to a value of about one-half. Particular 
configurations, such as the toroid, are also of 
interest because of their pressure stability and 
the convenience provided for nesting multiple 
tanks for minimum overall volume. 

Among the various techniques available for 
the construction of suitable tanks of varied geom- 
etry for basic research in propellant sloshing. 
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the technique of vacuum molding plastics such 
as Plexiglas or Lucite is perhaps the more 
versatile. As shown in the sketch of figure 5.16, 
the technique consists of constructing a female 
mold of wood, placing a sheet of plastic (heated 
to permit ready forming to the mold geometry) 
over the mold cavity, and evacuating the cavity. 
Two matching half sections are usually made 
in this manner after which they are trimmed 
and cemented together to achieve the finished 
tank. This technique was employed in the 
construction of the tanks used for the spheroids 
and toroids of references 5.16 through 5.18 for 
example. 



Figure 5.16. — Molding technique for model tank 
construction. 


Another method used successftiUy to con- 
struct tanks for small-scale fluid slosh studies 
(refs. 5.19 through 5.22) is shown in figure 
5.17. It involves forming the mating halves of 
the desired geometrical configurations in Lucite 
blocks which are subsequently bolted together 
to form the tank. This technique ha.s the 
advantage of providing accessibility to the 
tank interior for installation of baffles, expulsion 
diaphragms, and so forth, but it has a disad- 
vantage in that the weight of the tank is 
relatively high and consequently large tare 
forces make it more difficult to measure accu- 
rately the forces imposed on the tank by the 
contained fluid. 



Figure 5.17. — Model tank constructed from Lucite blocks 
having internally formed tank geometry. 


In addition to their relative ease and econ- 
omy of construction, clear plastic tanks also 
permit visual and photographic observation of 
the fluid motions — an important feature 
for documenting unusual or unexpected 
phenomena. 

Tank Support and Excitation 

The problem of supporting and oscillating 
small tanks to induce fluid-sloshing motions 
has been treated in many ways. Several 
variations of the pendular parallelogram (fig. 
5.18) have been adapted with general success 
and used in the studies reported in references 
5.15 through 5.18, and 5.23 through 5.26. 
Another technique widely used is the instal- 
lation of tanks on rollers or bearings, as indi- 
cated by the sketch in figure 5.19. This tech- 
nique was utilized in the studies reported in 
references 5.19 through 5.22, and will be 
refer'TPd tc in a subsequent section dealing 
with slosh tests in full-scale tanks. 

The excitation technique employed for both 
the pendidar and platform support system is 
usually a pushrod actuated by an eccentric or 
cam. The driving mechanism shown in figure 
5.18(a) and described in reference 5.27 is unique as a 
mechanical system in that it permits instan- 
taneous variations in the amplitude of oscil- 
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(a) NASA, Langley Research Center. 



(b) NASA, Lewis Research Center. 

Figure 5.18. — Test apparatus for mechanically exciting liquid-propellant tank configurations. 


lation of the tank and also permits oscillation 
of the tank at any given frequency without 
inducing oscillations at other frequencies as 
in the case of speeding up a motor. Similar 
conditions of excitation are also feasible through 
the use of electromagnetic or hydraulic shakers 
as the driving source. 


Two tank-support systems frequently em- 
ployed (refs. 5.28 and 5.29) for damping studies 
are shown in figure 5.20. The tripod support 
legs may be situated near a tank diameter 
so that the tank can be readily tipped to excite 
the motions of the fluid, or the motions may 
be excited by careful manipulations of a paddle. 
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Ficcrb 5.18. — Continued, (c) Southwest Research Institute. 



(d) Space Technology Laboratories, Inc. 

Figure 5.18. — Concluded. 

The fluid motions may be measured by a 
strain gage bridge on a torque bar connecting 
the tank bottom frame to the main frame, as 
in figure 5.20(a), or by installing a load cell 
as one of the tripod supports. 

Natural Frequencies and Mode Shapes 

The response of a fluid to the excitation of 
its container is of prime significance when the 


motion of the container is essentially periodic 
and the period coincides with the first natural 
frequency of the fluid. Experimental evi- 
dence has shown that, though substantial 
fluid amplitudes may be attained at higher 
frequency excitations, such as those for the 
second and higher natural modes, the forces 
associated with these fluid motions are generally 
of secondary importance. Thus the funda- 
mental problem in analyzing propellant sloshing 
in a launch vehicle or spacecraft is the estab- 
lishment of the characteristics of the first 
lateral mode, that is, the frequency and mode 
shape. However, it is generally convenient to 
use the same apparatus to measure the fre- 
quencies and mode shapes for the first two or 
three modes, and this is usually done as a 
matter of course. 

The references cited present data which docu- 
ment the natural frequencies and mode shapes 
for the fluid motions in tanks of many of the 
geometrical configurations of interest. Refer- 
ence 5.17 treats the case of the circular cylinder 
and presents frequency data in dimensionless 
form for transverse and longitudinal modes for 
the horizontal cylinder and for the transverse 
modes for the upright cylinder — the con- 
figuration of general concern to launch vehicles. 
Figure 5.21 shows typical mode shapes meas- 
ured in a tank 30.5 centimeters in diameter 
and 61 centimeters long. 

Experimental data on frequencies and mode 
shapes for the sphere are given in references 
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Figure 5.19. — Platform -roller tank support and excitation 
system. 



Figure 5.20. — Tripod support systems, (a) 30-centi 
meter-diameter tank; (b) 76-centimeter-diameter tank. 


5.17 through 5.19, and 5.25. The first two 
mode shapes are shown in figure 5.22. 

The normal oscillations of fluids in oblate 
spheroids are presented in reference 5.18, and 
reference 5.15 presents a studj’^ of the Centaur 
oxygen tank which is a “near” spheroid. 
Mode shapes for the first three natural modes 
for fluids in a horizontally oriented spheroid 
are shown in figure 5.23. 

. Results of studies on the natural freqtiencies 
and mode shapes of toroids are given in refer- 


ences 5.16 and 5.21. Figure 5.24 shows the 
mode shapes measured for the first three 
modes for a horizontal toroid. 

The general technique for measuring the 
natural frequencies is to oscillate the tank at 
low amplitudes and record the frequency at 
which the amplitude of the undistorted wave 
shape reaches a maximum without rotation. 
Above the natmal frequency, the fluid surface 
and particles will exhibit a tendency to rotate 
and, during this rotation, a pronounced increase 
in wave amplitude is possible. However, the 
rotary motions are associated with the problem 
of nonlinear sloshing treated in references 5.25 
and 5.26, and summarized in chapter 3. 

The photographs presented in figures 5.21 
through 5.24 demonstrate the effectiveness of 
the photographic technique for recording the 
mode shape and emphasize the convenience of 
clear plastic tanks for studies of fluid-sloshing 
characteristics. 

Damping 

The motions of the fluids in launch vehicle 
tanks, if unchecked, are capable of exerting 
large upsetting forces and moments on the 
vehicle. The general procedure for limiting 
these inputs, and thus minimizing the require- 
ments of the vehicle control system to over- 
come them, is to install slosh baffles in the 
tanks. (See ch. 4.) Such baffles are of 
varied design such as rings, conical frustums, 
cans, and so forth, but in all cases the weight 
of the baffles is a burden which reduces pay- 
load capability. As a consequence, consider- 
able research has been devoted to evaluating 
the damping of various types of baffles to 
maximize their efficiency and minimize their 
weight. These studies involve the principal 
geometric tank shapes of interest. 

Techniques for measuring the damping sup- 
plied by slosh baffles in small research tanks are 
given in the literature for cylinders (refs. 
5.28 and 5.30), spheres (refs. 5.20, and 5.22 
through 5.24), and oblate spheroids (refs. 
5.15 and 5.29). Two basic techniques are 
used: the logarithmic decay method or the 
forced response method. 

The logarithmic decay method involves the 
measurement of the rate of decay of the fluid 
oscillation in a given mode — invariably the first 





Figure 5.21. — Mode shapes for circular cylinder, (a) First two transverse modes for horizontal cylinder: (b) first three 
longitudinal modes for horizontal cylinder; (c) first two transverse modes for an upright cylinder. 


mode, since higher modes are so heavily 
damped that the oscillations are neither of 
tial interest nor amenable to accurate 




measurement, especially if the tank is fitted 
with even a minimum of sloshing baffles. 
The damping may be interpreted in terms of 
the natural logarithm of the ratio of the forces 
imposed by the fluid on the tank during 
consecutive oscillations (e.g., ref. 5.24), or of 
the ratio of the amplitudes of the fluid motions 
during consecutive oscillations te.g., ref. 5.28). 
In either case, a transducer is used to obtain 
an effective measure of the magnitude of the 


sloshing fluid and the signal is fed into a readout 
system. 

At least four types of transducer systems have 
been used effectively to measure fuel-sloshing 
amplitudes. These are sketched in figure 5.25. 

The first is a capacitance wire system which 
consists of two capacitance probes which are 
mounted parallel to, but offset slightly and 
insulated from, the walls of the tank at the 
location of the antinodes of the sloshing fluid. 
These probes yield electrical outputs propor- 
tioniil to the difference in height of the liquid 
surface at these points and are self-compensat- 
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Figure 5.22. — First- and second-mode shapes for fluid in a sphere. 


ing so as to maintain a constant zero level as 
the tank is drained. This technique is de- 
scribed in detail in the appendix of reference 
5.14. 

The second technique, shovra by the sketch 
of figure 5.25(b), involves the use of concentric 
floats which are positioned in the tanks at 
desired radial locations by means of wires or 
cables. Accelerometers or velocity pickups are 
mounted on the floats and sense the motions of 
the floats as they rise and fall with the fluid 
during sloshing. 

A third technique utilizes pressure pickups 
which are mounted in the tank wall or inserted 
in the fluid to measure the fluid head during 
sloshing, as shown in figure 5.25(c). 

The final, and perhaps most straightforward 
technique, is to install the tank on some form 
of load cell arrangement designed to indicate 
the forces or moments applied to the tank by 
the sloshing fluid. Load cells used may be of 
the standard commercial type (ref. 5.29) or 
may consist of specially designed strain-gage- 
beam systems. Also, in this category, is the 
load cell mounted as a series element of the 


tank excitation system such as that utilized for 
the damping studies reported in reference 5.22. 

Transducer outputs from any of the afore- 
mentioned systems can be readily recorded by 
an oscillograph to yield a permanent record of 
the decay of fluid amplitudes and associated 
damping. However, the Dampometer has 
proven to be a rapid and very useful device 
for measuring the damping of single-degree-of- 
freedom systems such as that associated vdth 
the decay of fluid in one of its lower natural 
modes. The Dampometer is an electronic in- 
strument which converts the frequency and 
damping characteristics of the analog trans- 
ducer signal (the input) into a digital count 
(the output). The input signal is first con- 
verted from a damped sinusoid to an Archi- 
medes spiral which is then displayed on two 
oscilloscopes, one for observation and the 
second for further reduction of the data. A 
cover which contains a photocell is placed over 
the second oscilloscope. In addition, a senes 
of interchangeable calibrated disks are pro\’ided 
with radial slits of different lengths which maj' 
be individually placed over the second scope. 
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Figuke 5.23. — Mode shapes for the first three natural 
modes of liquid in a spheroid, (a) First mode; (b) sec- 
ond mode; (c) third mode. 


By proper adjustment of the gain, the spiral 
generated from the transducer signal appears 
on the perimeter of the scope and moves toward 
the center as the magnitude of the fluid motion 
diminishes and the output spiral decays. As 
the signal moves across the slits, the photocell 
detects the intermittent light and provides the 
input for the counter. By using the number 
and length of the slits for a given disk, and the 
counter’s reading, the frequency and damping 
associated ^vith the transducer output are 
readily obtained from a simple formula. By 
adjusting the sensitivity of the instrument, the 
damping is readily obtained for different mag- 
nitudes of the sloshing wave. 

The measurement of damping by the forced- 
response method is not as convenient or 
straightforward as the logarithmic decrement 
method, but it may be advantageous if the test 
facility and instrumentation are such that an 
accurate velocity response curve is available. 
If such is the case, the damping may be de- 
termined by measuring the amplitude of the 
peak response at the natural frequency or by 
ratioing the bandwidth at the half-power point 
to the natural frequency (ref. 5.31). 

Sloshins Forces 

Flight experience with launch vehicles indi- 
cates that the principal problem posed by 
sloshing fluids in launch vehicle tankage is 
associated with the control system. As the 
propellants slosh, forces and moments are 
generated on the vehicle which must be over- 
come by the control system in order to main- 
tain the vehicle on the programed flight trajec- 
tory. Thus, it is necessary to design the 
control system to cope with both the frequencies 
and the amplitudes of the sloshing fluids, and 
hence it is necessary to know these quantities. 
Techniques for measuring the frequencies, and 
for limiting the forces, are discussed in previous 
sections, but it is essential to know the forces 
involved even for baffled tanks to assure ade- 
quate margins in control system gains and 
control forces. 

Research techniques for measuring the slosh- 
ing forces imparted to tanks are cited in the 
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Figure 5.25. — Techniques for detecting magnitudes of 
fluid sloshing, (a) Capacitance wires; (h) floats; 
(c) pressure pickups; (d) load cells. 


Figure 5.24. — Mode shapes for first three natural modes of 
liquid in a horizontal toroid, (a) First mode; (h) second 
mode; (c) third mode. 


literature. The apparatus shown in figure 5.26 
was used to measure the forces on spherical 
tanks (refs. 5.19, and 5.22 through 5.24) and 
toroidal tanks (ref. 5.21). The spheroidal tank 
(ref. 5.15) was investigated with the apparatus 
shown in figure 5.18(b). The techniques used 
are typical in that the tank is oscillated at the 
selected frequence’ and amplitude to generate 
the desired fluid motions, is “quick slojiped” at 
a point of zero velocity in the cycle, and the 
forces imparted by the fluid to the tank during 
ensuing fluid oscillations measured by installing 


Figure 5.26. — Experimental test facility. 

a calibrated load cell in the driving link. Typi- 
cal slosh-force traces are shown in figure 5.27. 
The measurement of residual forces after bring- 
ing the apparatus to rest is preferable to the 
normally used forced -response technique in that 
it obviates the need to subtract out the tare 
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Figure 5.27. — Typical slosh-force trace. First mode: 
liquid-depth ratio, h/2R = 0A0. 


forces associated with the tank-support system; 
however, it does not provide an opportunity to 
resolve the resultant force into its mass-spring 
and damping components. Resolution of the 
forces when utilizing the forced-response tech- 
nique has been accomplished with the apparatus 
shown in figure 5.18(a) by feeding the load cell 
outputs into a resolver system phased with the 
tank displacements (ref. 5.27). 

Irreqular Fluid Motions — ^Swirl and Dome-Impact 
Slosh 

When the frequency of excitation of a tank 
containing a fluid is gradually increased beyond 
the natural frequency, the fluid wave will begin 
to swirl. Experimental results show that the 
swirl is a combination of wave motions and 
rotary motions — particles in the fluid move up 
and down and rotate around the tank. As a 
result of the rotations of the fluid, the amplitude 
of the wave before the surface breaks may reach 
amplitudes several times as large as those due 
to pure sloshing at a natural frequency and, 
consequently, the fluid forces imparted to the 
tank may be much higher. Although the swirl 
is most pronounced for the first sloshing mode, 
there is experimental evidence that swirling 
motions are also possible for higher modes. 
As discussed in chapter 3, this is a nonlinear 
problem akin to large amplitude motions of a 
pendulum. 

Experimental techniques for evaluation of the 
forced response during normal sloshing of fluids, 
such as described in previous sections of this 


chapter, have been successfully applied (ref. 
5.26) to analysis of fluid swirl and appear to be 
adequate. 

The problem of dome impact arises when the 
direction of the resultant acceleration of the 
tank is reversed such as may occur during engine 
shutdown of a launch vehicle flying through the 
atmosphere, or if an engine is ignited while the 
propellant is located in the upper part of a tank. 
(These problems are discussed in further detail 
in ch. 10.) The resultant impulsive pressures 
may be severe and must be considered as a 
factor in assessing the structural integrity of 
the tank. 

Two experimental techniques have been used 
to analyze the extent of this problem. Refer- 
ences 5.11 and 5.12 describe a technique which 
utilizes a pressure-activated carriage (shown in 
fig. 5.28) to accelerate a tank, partially filled 
with a liquid, downward at accelerations 
substantially greater than 1 g. The resulting 
impulsive pressures on the tank dome are 
measured by an array of pressure cells. 

Another technique for investigation of dome- 
impact fuel slosh is shown in figures 5.29 and 
5.30. As shown in figure 5.29, the tank 
(enclosed in a cage, fig. 5.30) is accelerated 
upward by a cable attached to a drop weight 
and passing over a system of pulleys. After the 
drop weight comes to rest by dropping in a 
sandpit, the motion of the tank is also brought 
to rest by the braking force of another cable 
system. The downward acceleration of the 
braking force, greater than 1 g, causes the fluid 
to impact the dome, whereupon both the fluid 
pressure and the resultant fluid forces are 
measured. The measurement of the fluid forces 
is facilitated by supporting the dome from the 
remainder of the tank by a system of strain 
gage beams. 

Coupling of Fluid Motions and Structural 
Deformations 

Although the major problems concerning 
sloshing propellants involve the uncoupled 
fundamental lateral sloshing modes of the fluid, 
experimental evidence indicates that substan- 
tial coupling of fluid and tank motions may 
result in some instances. Reference 5.33, for 
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Pneumatic piston 


Recording equipment 


Figure 5.28. — Southwest Research Institute apparatus 
to study dome-impact fuel slosh (refs. 5.11 and 5.12). 


example, treats the bending vibrations of a 
circular cylindrical shell with an internal liquid 
having a free surface wherein the presence of 
the free surface liquid was shown to increase the 
resonant bending frequency of the tank as 
compared to a similar configuration with the 
fluid capped. The apparatus used in this study 
is shown in figure 5.31. ' The tank, pin ended in 
this case, is mounted in a stand designed to 
permit variations in tank-end restraints and 
equipped with a capping device to restrict the 
fluid surface for comparison with free surface 
responses. Vibrations of the tank were excited 



Figure 5.29. — Schematic of dome-impact slosh apparatus. 


by an electromagnetic coil and measured with 
inductance pickups. 

Another study of interest has been reported 
•(ref. 5.34) which involved the breathing vibra- 
tions of a circular cylindrical shell containing a 
liquid. The technique and apparatus used 
were similar to those employed for the study of 
the bending vibrations discussed in the previous 
paragraph. 

Coupling of Fluid and Tank Motions 

In most of the studies of fluid sloshing, the 
assumption is generally made that the sloshing 
phenomena are not appreciably affected by the 
translatory and pitching motions of the tank, 
and that sloshing data, generated in rigidl}* 
mounted tanks or tanks subjected to small 
translatory movements such as are necessary 
to excite the fundamental sloshing modes, are 
applicable to launch vehicle design. This 
philosophy was put to the test in a study (ref. 
5.35) wherein a tank was mounted in a gimbal 
supported on long cables so that it could 
oscillate in both translation and pitch. As 
shown in figure 5.32, the tank was also fitted 
udth an air jet and control system which 
permitted close simulation of a launch vehicle 
under flight. By var}nng jet pressures, pitch- 
ing axes, and the spring and damping constants 
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Figure 5.30. — Langley Research Center tank and instru- 
mentation for dome-impact slosh studies (ref. 5.32). 


of the system, it was possible to study both 
stable and unstable motions. The results of 
this study showed that conventional ring 
baffles immersed in the fluid were substantially 
more effective in damping pitching motions 
than lateral motions of the tank, and that by 
inclusion of the proper damping, the motions and 
stability of the system could be adequately 



Figure 5.31. — Schematic of apparatus showing capping 
device (ref. 5.33). 


predicted by use of data generated during more 
conventional sloshing studies. 

5.9 LIQUID MOTIONS IN LARGE TANKS 

Damping in Cylinders 

Although most of the research on fluid slosh- 
ing has been conducted in small tanks as 
reviewed in section 5.8, several important 
investigations have involved experiments tvith 
larger tanks. Reference 5.14 presents the 
results of a study of the effect of time-varying 
liquid depth on the damping of the fundamental 
lateral sloshing mode. A Plexiglas tank, 91.5 
centimeters in diameter and 183 centimeters 
high, was partially filled mth water, the lateral 
sloshing mode was excited with a paddle, and 
the damping was measured with the capacitance 
wire system shown in figure 5.25(a) as the fluid 
was drained from the tank at high rates. By 
comparing the damping at a given fluid level 
while draining with the damping at the same 
fluid level without draining, it was shown that 
the normal rate of efflux of the fluid from a tank 
has no appreciable effect on the damping of the 
first laterd sloshing mode. 
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Figure 5.32. — Schematic of experimental apparatus 
(ref. 5.35). 


Two-Dimensional Damping EFfectiveness oF BaFFIei 

Reference 5.36 presents a study of tlie meas- 
ured two-dimensional damping effectiveness of 
fuel-sloshing baffles applied to ring baffles in a 
cylindrical tank. In contrast to the usual ap- 
proach where a tank of a geometric configura- 
tion of interest is fitted with baffles and the 
damping of the sloshing fluids measured, in this 
study numerous types of two-dimensional 
baffle segments were mounted as cantilever 
elements on a reciprocating blade (fig. 5.33) 
installed in a two-dimensional tank as shown in 
figure 5.34. The tank was 30.5 x 152.5 \ 152.5 
centimeters in size and was filled to a depth of 
122 centimeters with water. As shown in 




Figure .S.34. — Front view of test equipment. 


figure 5.34, the blade which supported the baffle 
segment was mounted to a pivoted beam and 
instrumented so as to measure the forces im- 
parted by the fluid to the baffle segment as the 
frequency and amplitude of the support blade 
vibrations were varied. Data from tests of the 
tw o-dimensional plates w’ere utilized in a “strip 
theory’’ technique and uitegrated to obtain the 
equivalent damphig of a circular ring baffle. 
One of the conclusions of this test w'as that the 
damphig effectiveness of ring baffles hi cylindri- 
cal tanks can be adequately predicted from 
force measurements in a two-dimensional tank, 
even when surface effects are large. It is 
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Figure 5.35. — View of test cylinders and test setup (ref. 5.39). (a) Cylinder 1; (b) cylinder 2. 


pertinent to note here that the quasi-empirical 
ring damping formula developed by Miles 
(ref. 5.37) was derived by similar application of 
two-dimensional data developed by Keulegan 
and Carpenter (ref. 5.38). As showm in 
reference 5.28, the damping predicted by Miles’ 
formula is in close agreement with that meas- 
ured for annular ring baffles in cylindrical tanks 
(see also ch. 4). 

Vibration Characteristics of Pressurized Thin-Walled 

Circular Cylinders Partly Filled With Liquid 

The results of a study of the effects of a con- 
tained fluid on the vibrations of thin-walled 
pressurized tanks which simulate laimch vehicle 
appiicaliuiis are presented m reference o.39. 
The investigation treats empty, partly filled, 
and full conditions for two tanks, shown in 
figure 5.35, having ratios of radius to thickness 
of 937 and 3000. The cylmders were closed at 
the top by fiber-glass domes and at the bottom 
by aluminum cones. The tanks were excited 
by an air shaker (the rectangular object shown 
in the figure to the left of the tanks) wherein the 
applied oscillatmg force vas derived by inter- 
rupting a jet of air with the teeth of a rotating 

229-04S 0—67 12 


disk. The magnitude of the oscillating force 
was controlled by varying the air pressure to 
the jet, and the frequency was controlled by the 
speed of rotation and the number of teeth on the 
disk. The prmcipal advantages of this type of 
shaker are the absence of physical ties or added 
mass to the structure, and the fine control of the 
frequency and amplitude. 

Using the test setup sho\vn in figure 5.35, the 
shaker was placed in the position e.xpected to 
give ma.ximum response of the cylinder in the 
desired mode, and the frequency was varied 
until maximum response was obtained. Max- 
imum response was observed by touchmg the 
cylinder lightly with the fingertips while varying 
the frequency of tlm applied force. The mode 
was then identified by locating the node lines 
which represent positions of little or no radial 
motion. In nearly all cases, an experienced 
engineer could readily map out the mode 
shapes using this technique — the only exception 
beiitg in the case of the very thm tank when 
unpressurized. In tliis case, the local imperfec- 
tions and flexibility necessitated tlie use of a 
miniature accelerometer (4 grn) to map out the 
mode shapes. 


184 


THE DYNAMIC BEHAVIOR OF LIQUIDS 


Comparison of the experimental and theoret- 
ical results for this study showed that the 
equations derived can be used to adequately 
predict the characteristics of pressurized cylin- 
ders partly filled with a liquid. The results 
also showed that the damping of tank vibration 
modes for the water-filled tanks was less than 
half the damping measured when the tanks were 
empty — an important consideration relative to 
the response of the shell modes of a launch 
vehicle to engine acoustic and atmospheric 
inputs. 

5.10 VIBRATION TESTS OF DYNAMIC MODELS 
General Considerations and Philosophy 

The evaluation of mechanical systems is 
grounded in the mutually supporting develop- 
ments of theoretical and experimental analysis, 
and characterized by continued improvements 
in structural efficiency — the capability of a 
given weight of material to do a bigger and 
better job. Improvements in structmal effi- 
ciency are highlighted in aerospace systems 
such as the turbojet engine, the airplane, the 
rocket engine, and the launch vehicle. Rapid 
improvements in material properties and fabri- 
cation techniques make new, high-performance 
configurations feasible and accentuate the need 
for adequate methods to predict their behavior. 

Prediction of the characteristics (natural 
frequencies, mode shapes, and response to 
known loads) of complex, highly efficient struc- 
tures such as those of launch vehicles is essen- 
tially a two-part problem involving development 
of appropriate equations of motion and assign- 
ing correct values to the structural quantities 
involved. The third part of the problem, that 
of solving the equations, has been largely 
overcome through developments in high-speed, 
high-capacity computers. Comparisons of the 
predicted and measured characteristics of 
aerospace structures repeatedlj^ demonstrate 
the need for experimental tests to generate the 
data required for refinements of structural 
inputs, and show that accurate predictions of 
structural response are difficult to come by 
except by iterative procedures. Such iterations 


involve analysis, experiment, and comparison 
of results; reexamination of analytical assump- 
tions and concepts, reevaluation of the struc- 
tural properties, revised calculations and tests, 
and new comparisons — until the structural 
properties and structural beha^uor are predicted 
within acceptable bounds. Dj’^namicists have 
recognized for many years that dynamic models 
proride efficient, versatile, and economical 
sources of experimental data necessary for 
advancement of the state of the art in structural 
analysis. Apphcations of dynamic model 
technology to solution of problems of stability 
and control, flutter, and forced response of 
aircraft are well documented in the literature 
and, more recently, have been applied to launch 
vehicles and spacecraft as discussed in the 
following sections. 

Replica and Dynamically Similar Models 

Dynamic models as applied to research in 
space vehicle technology to date have been of 
two types: replica and dynamically similar. 
A replica model is one which involves repro- 
duction of the details of the structure and 
materials. It is achieved by essential duplica- 
tion of the prototjT)e on a smaller scale; Unless 
a scale reference is given, the observer could not 
tell from a picture of the composite vehicle or 
any of its components whether it be the model 
or prototype. An exact replica model is verj' 
difficult to achieve for obrious practical reasons, 
but the Saturn V model discussed subsequently 
is a close approximation. Whereas the design 
of a replica model is simple (achieved by scaling 
the numbers on the prototype dravdngs), its 
construction may be a very difficult task, 
necessitating the use of very thin shells and 
reinforcement structures and new tooling for 
fabrication. These considerations essentially 
limit the minimum size of such models. 

Dynamically similar models encompass those 
wherein the important dynamic properties, 
such as mass and stiffness distributions, are 
reproduced or simulated either by the use of 
similar materials and fabrication techniques or 
by approximations thereto. In essence, a 
dynamically similar model, usually referred to 
as a dynamic model, is one which exhibits 
characteristics which closely represent the 
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counterparts of the prototype in the areas of 
importance relative to the phenomena being 
studied on the prototype. The K-scale Saturn 
SA-1, K-scale Titan III, and Ko-scale Saturn V 
models discussed hereafter are of this type. 

Propellant Simulation in Large Dynamic Models 

As developed in section 5.4, the simulation of 
fuel sloshing is a most difficult task in any model 
of a launch vehicle which is adequately scaled 
and constructed to provide quantitative data of 
structural dynamics of the prototype. This is 
true because the natural frequency of a given 
mode of the structure is inversely proportional 
to the characteristic length, whereas the natural 
frequency of any particular mode of the sloshing 
propellants is inversely proportional to the 
square root of the characteristic length. For 
example, on a K-scale replica model, the fre- 
quencies of the model structure are nine times 
as high as those of the prototype, whereas the 
frequencies of model propellants are only three 
times as high as the frequencies of the prototype 
propellants. Thus the structure/propellant fre- 
quency ratio, which should be the same on 
model and prototype for similarity, would differ 
by a factor of 3. Among the ways of overcom- 
ing this problem, such as testing the model in a 
higher acceleration field (e.g., on the end of a 
centrifuge) or constructing the model of ma- 
terials having a lower modulus of elasticity, 
none have proven very satisfactory. Fortu- 
nately, the effects of coupling of the free surface 
propellant sloshing modes with the structural 
modes have not proven to be of primary signifi- 
cance, and the general practice to date has been 
to select model fluids primarily to simulate 
prototype propellant masses — Freons to simu- 
late liquid oxygen and nitrogen tetraoxide, 
naphthas to simulate hydrazine, polystyrene 
balls to simulate liquid hydrogen. Frequently 
water can be used, with appropriate allowances 
or correction factors, to achieve satisfactory 
simulation of propellant masses other than for 
liquid hydrogen. The reader is reminded that 
impurities associated with all of these fluids may 
be highly corrosive to aluminum and mag- 
nesium alloys, and that the corrosive action is 
particularly important because of the thin gages 
of materials used and the fact that the tanks are 


pressurized. It has been found necessary to 
coat the interior of the tanks, to purify Freon, 
and to deionize and deactivate water with 
inhibitors such as sodium chromate. 

Model Support Systems 

In essentially all cases of interest, the bound- 
ary conditions for launch vehicles are essentially 
free-free, and an equivalent support system 
must be used during dynamic model tests to 
assure that the natural frequencies, mode 
shapes, structural damping, and dynamic re- 
sponse of the model represent those which occur 
on the full-scale vehicle under flight conditions. 
The fundamental criterion is one of frequency 
separation. If the frequency of the support 
system can be made sufficiently low compared 
to the natural frequency of the lowest frequency 
natural mode of interest, say by a factor of 3 
octaves, the effect of the support system on the 
structural characteristics of the model can 
usually be neglected. The techniques for sup- 
porting various types of dynamic models, and 
in some cases, full-scale vehicles, are discussed 
in references 5.40 through 5.42. 

If the structure of the vehicle is such that it 
may be handled as a unit and can be oriented 
horizontally, the better approach is usually to 
support it, as shown in figure 5.36. This tech- 
nique has been used effectively for empty 
launch vehicle stages up to the size of the Thor. 
In this type of support system, the effect of the 
support is secondary, and if, in the e.xcitation of 
the natural modes of the structure, the supports 
are located at the nodal points, their effect on 
the structure is negligible. It is usually desira- 
ble to mount the exciter near an antinode to 



Figure 5.36. — Horizontal support systems for launch 
vehicles. 
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maximize the response of the structure in the 
mode of interest. However, if the response of 
the vehicle indicates coupling of other modes, 
such coupling can be minimized by mounting 
the exciter at a node point of the mode produc- 
ing the undesired coupling effect. 

.In general, the support cables should be 
made of elastic shock cord, but the results of 
many tests of small solid-propellant rocket 
vehicles at the Langley Research Center indi- 
cate that steel cables can be used successfully 
if properly adjusted. In most cases, a two- 
point support is adequate for such vehicles, the 
location of these supports being adjusted to 
coincide with nodal points of the mode being 
excited. 

In some cases, particularly those involving 
vehicles containing liquid propellants and thin 
pressurized shells, it is necessary to orient the 
vehicle vertically to properly simulate the 
effects of the earth’s gravitational field on the 
dynamics of the vehicle-propellant system. 
Herr (ref. 5.41) has studied this problem and has 
developed two unique and very effective support 
systems, which are shovTi in figure 5.37. Both 
of these systems closely duplicate the free-free 
boundary conditions for such vehicles.- 

The first of these vertical support systems is 
referred to as a high-bay harness. The weight 
of the vehicle is carried by two support cables 
which are attached to the bottom of the vehicle 
and to the overhead support structure. Stabil- 
ity is achieved by two horizontal restrammg 
cables tied between the support cable and the 
periphery of the vehicle at some point, for 
example, above the vehicle’s center of gravity. 
This support sj'stem has essentially two degrees 
of freedom in the plane normal to the cables: 
translation as a pendulum and pitching. In 
terms of the dimensions shown on the figure, 
the stiffness, and thus the frequency, of the 
pitching mode can be controlled by separation 
of the points where the support cables fasten 
to the rigid support structure. The vehicle will 
stand erect if 

»>/(A-£)+i 

and the frequency of the pitching mode will 
approach zero as 


This support system was used successfully on 
the Is-scale SA-1 and the }io-scale Saturn V 
dynamic models studied at the Langley 
Research Center. 

In some instances involving the tests of very 
large djmamic models or full-scale launch- 
vehicle structures, it may be difficult to provide 
an overhead rigid support structure as necessary 
for the high-bay harness. In such cases, the 
low-bay harness, though slightly more compli- 
cated, is preferable and is being used for the 
structural dynamics studies of the full-scale 
Thor-Agena launch vehicle now under study 
at Langley. As was the case for the high-bay 
harness, the weight of the vehicle is carried by 
two support cables. However, in this case, 
the support cables may be much shorter than 
the length of the vehicle. The vehicle is held 
erect by controlling the tensions in the restrain- 
ing cables by means of tumbuckles, and the 
condition for neutral stability, and hence, zero 
frequency in pitch, is (fig. 5.37) 



Although it is still necessary to have some 
support structure near the top of the vehicle, 
this structure can be relatively light, since it 
need support only a small fraction of the weight 
of the vehicle. 

1 /5-Scale Dynamic Model of Saturn SA-1 

Because of the complex nature of the clustered 
structure of the Saturn SA-1, and the urgent 
need for experimental data to guide the selection 
of concepts and assumptions for structural 
analysis, the Langley Research Center con- 
structed and tested a K-scale dynamic model 
of the SA-1 vehicle (refs. 5.43 through 5.46). 

The model, supported in the vibration testing 
tower, is shown in figure 5.38, and some of the 
details of construction and test apparatus are 
shown in figure 5.39. The extent to which the 
full-scale structure is duplicated in the model 
is indicated by figure 5.40. The model was 
tested while supported in both the high-bay 
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haraess (fig. 5.37) and wdth an eight-cable- 
support system which simulated the full-scale 
support system (ref. 5.44). The propellant 
masses were simulated with water. The ex- 
perimental vibration characteristics obtained 
on the model are compared with the results of 
the full-scale tests, which were conducted at 
the Marshall Space Flight Center (ref. 5.45). 
On the basis of this comparison, the authors 
drew the following conclusions: 

(1) The model and full-scale, first-bending- 
mode frequency parameters are in good agree- 
ment (within 6 percent) when the rigid-body, 
suspension-system rocking frequency parame- 
ters are in agreement. The frequency parame- 
ters of the model in the first cluster mode, the 
second cluster mode, and the second bending 
mode are approximately 10 percent below the 
corresponding full-scale frequency parameters. 

(2) For most of the modes, the damping of 
the model is of the same order of magnitude as 
the damping of the full-scale Saturn. 

(3) The mode shapes of the model in the first- 
bending, first-cluster, and second-cluster modes 
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liCL'RE 5.37. — V'ertical support systems for launch 
vehicles (ref. 5.4.1). 



Figure 5.38. — 1/5-scale dynamic model of Saturn SA-1 
suspended in vihration-testing tower. 
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Figure 5.39. — Outrigger-harrel area of 1/5-scale dynamic 
model of Saturn SA-1. 


are in agreement with the corresponding 
full-scale mode shapes. Significant differences 
between the model and full-scale, second-bending- 
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Figure 5.40. — Saturn S.4-1 structural details. 


mode shapes are believed to be caused by a 
structural simplification made in the second- 
stage structure of the model. 

(4) Both model and full-scale vehicles e.xhibil 
a nonlinearity of the first-bending-mode re- 
sponse characterized by a decrease of resonant 
frequency with increase of vibration amplitude. 
For the range of amplitudes investigated with 
the model, the variation of frequency was ap- 
pro.ximutely the same as the variation caused 
by suspension-s 3 ’stem stiffness changes. 

1 /5-Scale Dynamic Model of Titan III 

Partly’ as a result of the successful demon- 
stration of the \ alue of a d\'namic model in 
studies of the structural dvnamics of the 
.Saturn SA-1 launch ^•ehicle, the Air Force 
awarded a contract to Martin-Den\er to con- 
struct and test a h-scale dynamic model of the 


Titan III launch vehicle. This contract effort 
was administered by Aerospace Corp., and the 
Langley Research Center provided technical 
support and facilities for the initial model tests. 
Further and more detailed e.xperimental studies 
are currentlj’ being pursued b\- NASA at 
Langle^’. 

Figure 5.41 shows the model of the Titan III 
installed in the test tower. Some of the details 
of the bottom of the central core niaj' be seen 
in figure 5.42 where the model is suspended 
above a 910-kg electromagnetic shaker for 
iin'estigation of the longitudinal vibration 
modes and response. 

During the tests, the masses of the hy^pergolic 
propellants were simulated b\’ Freon, and a 
mi.xture of alcohol and water. The masses of 
the strap-on solid propellants were simulated 
with lead weights as shown in figure 5.43. 
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Figure 5.42. — Bottom section of Titan III core and 
vibration exciter. 


Figure 5.41. — 1/5-scale dynamic model of Titan III 
installed in test tower at Langley. 

The model test philosophy for the Titan III 
was somewhat different than for the Saturn 
'5’A— 1. In this cnse. the primary purpose of 
the model tests was to check the adequacy of 
the theory for prediction of the full-scale Titan 
III response. Then if the theory, with slight 
modifications to treat discrepancie.s between 
the model and full-scale structures, proved ade- 
quate for analyzing the dynamic model, it 
could be applied with confidence to predict 
full-scale responses, and the need for structural 
dynamics testing of the full-scale vehicle would 
be obviated. 


At the time of writing, comparison between 
the theory and initial test results from the 
model indicates that modifications of the theory 
and future iterations with e.xperiments are 
necessary and are now in progress. Initial 
results of the test program and comparison 
with theory are given in reference 5.47. 

1 /40-Scalc Dynamic Model of Saturn V 

The ho-scale dynamic model of the Saturn 
V launch vehicle, the umbilical tower, and the 
crawler platform are shown in figure 5.44. 
The components of the model are shown in 
figure 5.45. This large-scale model is part of 
the overall Saturn V dynamic model program 
to advance the technology of dynamic modeling 
of launch vehicles and to generate data per- 
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Figure 5.43. — Top view of model of Titan III solids 
showing simulated masses. 


tinent to the Saturn V vehicle. Specific 
objectives of this model were to determine 
the degree to which the full-scale and Ko'Scale 
replica model responses could be predicted 
with an inexpensive and comparatively simple 
dynamically similar model, to ascertain the 
effects of fluid propellant coupling with the 
structure, and to investigate the coupled 
response of the vehicle and launch umbilical 
tower. 

The model was designed so that the ratios 
of the fundamental fuel-sloshing frequency 
(as simulated) to the natural frequencies of 
the structural bending vibrations of the vehicle 
could be varied over a range of values which 
include the full-scale frequency ratios. This 
was done to facilitate investigation of the 
effect of coupling of these modes which, as 
noted previously, is not possible in a replica 
model. The scaling of the structural aspects 
can be summarized as follows: 

/ to.vV / 

\03fJ \£f / \/f/ \WJ.\// / 

For a replica model 



Figure 5.44. — 1/40-ftcale dynamic model of Saturn V, 
umbilical lower and crawler platform. 



Figure 5 . 45 .— ComponentB of l/40-9cale model of Saturn V. 
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and for the Ko-scale Saturn V model 
where 

01 = structural frequency 
£■= modulus of elasticity 
I— area moment of inertia 
?n' = mass per unit length 
Z= length of the structure 
M= subscript to denote model 
i^= subscript to denote full scale 
X= characteristic length ratio 

The model stiffness was reduced by con- 
structing it of magnesium rather than alumi- 
num, and it was increased by increasing the 
thickness of the skin relative to that of a 
lio-scale replica model. The model mass dis- 
tribution was then increased by a factor of 
(4/1.5) relative to replica values so that the 
resulting model/prototype frequency ratios of 
the basic structure would be identical to those 
of a replica model. 

With respect to the simulated propellant 
frequency ratio 

5!3fV— / 

(ify/ 

For a replica model 

and for Ko-scale Saturn V model 

where a is the acceleration field, and the other 
symbols and subscripts are as previously de- 
fined. The acceleration ratio is effectively 
increased by a factor X relative to a replica 
model by simulating the propellants by means 
of a spring-mass system. The masses include 
an alloy which has a low melting temperature 
placed in containers equipped with electrical 
heaters so that the alloy can be liquefied to vary 
the effective inertia of the propellant simulants. 

The Ko-scale model of the launch umbilical 
tower (LUT) is also a dynamically similar 


model where the stiffness, mass, center of grav- 
ity, and inertia properties are scaled from full- 
scale values. This LUT model is used to study 
coupling between the vehicle and the tower. 

Test data from lateral tests obtained at the 
time of writing indicate good correlation with 
results from the larger Ko-scale model and with 
results from analytical studies of the full-scale 
vehicle. Both the experimental and the ana- 
lytical studies are being continued. 

1 /10-Scale Dynamic Model of Saturn V 

The Ko-scale dynamic model of the Saturn V, 
supported in the high-bay harness suspension 
system to simulate flight conditions, is shown in 
figure 5.46. Replica scaling, which necessitated 
an extension of the state-of-the-art in fabri- 
cation, was employed with a resulting 11-meter- 
taU model that has excellent duplicate repre- 
sentation of full-scale structure from the 
first-stage-engine gimbals through the Lunar 
Excursion Module adapter of the payload. 
Some of the construction details of the first- 
stage thrust structure are shown in figure 5.47, 
where the thrust and holddown posts, the rein- 
forced cross-beams, the ring frames, the lower 
fuel bulkhead, and the actuator support 
structure are evident. Further indication of 
the details built into the model are shown on 
figure 5.48, where the interior of the first-stage 
fuel tank, prior to completion, can be seen. 
The complicated bulkhead, LOX suction ducts, 
slosh baffles, and integrally milled tank skins 
are visible. As an indication of structural 
detail, the skin thickness of the skin-stringer 
forward skirt of the third stage is 0.076 milli- 
meter, while the cover sheets of the honeycomb 
in the LEM adapter are 0.043 millimeter thick. 
Extreme full-scale design details, such as hat 
section stringers spike welded to skins, corru- 
gated intertank sections, and scaled tension 
strap joint reproduction, have been included in 
the fabrication of the >io-scaie model. 

Other Ku-scale model components available 
for the test program include a multicell first 
stage, other interstage sections constructed of 
honeycomb or modified monocoque, and simu- 
lated holddown spring restraints. 

The LOX and RP-1 propellants are simu- 
lated in the Ko-scale model with deionized 




Figure 5.47. — First-stage thrust structure details of 
1/10-Bcale model of Saturn V. 
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Figure 5.46. — 1/10-scale dynamic model of Saturn V. 


water. The mass distribution of the hydrogen 
fuel in the second and third stages is simulated 
with plastic balls possessing the proper specific 
gravity. A discussion of the early model test 
results, including comparison with theory, is 
given in reference 5.48. 


5.11 VIBRATION TESTS OF FULL-SCALE THOR- Figure 5.48. — Interior view of first -stage fuel tank of 
AGENA 1/10-scale model of Saturn V. 

The Langlet’ Research Center is also conduct- Thor-Agena vehicle to define the structural 

ing vibration analyses and tests of a full-scale dtmamic characteristics of typical launch ve- 
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Platform "K" 


Simulated payload 



Figure 5.49. — Structural components of the Thor-Agena 
program. 


hide structures. Figure 5.49 shows the com- 
ponents of the various sections of the test setup. 
Figure 5.50 shows the Thor while being erected 
in the Langley Research Center’s Dynamics 
Research Laboratory. 

A unique air-bellows suspension system was 
developed to vertically support the vehicle 
during longitudinal testing. Figure 5.51 is a 
sketch of the vehicle on the air suspension 
system with a 13 700-kilogram shaker attached 
through the gimbal thrust pad. Lateral re- 
straining cables prevent lateral, pitching, or 
rolling motions of the vehicle while providing 
minimum restraint to vertical or longitudinal 
motions. A closeup of the adapter fixture and 



Figure 5.50. — Erection of Thor in the Dynamics Research 
Laboratory. 



Figure 5.51. — Suspension system for the Thor-Agena 
longitudinal tests. 
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Figure 5.52. — Air-hellowe fixture for the Thor-Apena 
longitudinal tests. 

air bellows is shown in figure 5.52. Servo con- 
trol of the bellows pressure maintains the 


average elevation of the vehicle essentially 
fixed for any weight condition, including tran- 
sient conditions such as associated with high 
propellant efflux rates. Water will be used to 
simulate the oxidizer and fuel in the Thor, 
while Freon and Apco-467 will be used in the 
Agena. 

The experimental results will yield data on 
the transmissibility of Aubratory forces through 
the various types of structures used in large 
launch vehicles. Test objectives include acqui- 
sition of impedance data relative to the input 
forces generated in the engine section and forces 
transmitted to the payload area, and the effects 
of propellant flow^ on the d 3 mamic response of 
the launch vehicle structures. Experimental 
data will be compared with current state-of- 
the-art analytical procedures to assist in deter- 
mining appropriate parametric values for use 
in advanced analytical methods. 
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PRINCIPAL NOTATIONS 


/l=any area 

.A 2 =any area moment of inertia 
a = acceleration (linear) 

power of jth dimension in A*th vari- 
able 

dr = acceleration scale ratio (model to 
prototype) 

5— torsional stiffness 
6= other linear dimensions of a fuel 
tank 

c, Co = velocity of sound in liquid 
C;,*=function of the ajt 
Z?= characteristic tank diameter 
Z ?4 = bending stiffness 

general notation for the jth funda- 
mental dimension 

Z), = geometric scale ratio — ratio of char- 
acteristic length in the model to 
that in the prototype 
Young’s modulus 
£'(=bulk modulus, gas 
El — hulk modulus of fluid 
/’=dimension of force (or general 
force) 

/'"= (subscript) denoting prototype value 
of a parameter 
6*= shear modulus 
{/= gravitational acceleration 
H= quantity of heat 
A = depth of liquid in tank 
/=area moment of inertia (structure) 

'i i> p = indices 

Z= dimension of length 
M= dimension of mass (or general mass) 
M= (subscript) denoting model value of 
a parameter 


M=a moment 

7n= number of fundamental dimensions 
m'=mass/unit length, structure 
Mi=bending moment per unit width, 
shell element 

twisting moment per unit width, 
shell element 
»= number of variables 
AT,=normal force per unit width, shell 
element 

iYj.„= shearing force per unit width, shell 
element 
P= pressure 
Pj= “cavity pressure” 

Pi = dynamic pressure in liquid 
Po= pressure at liquid free surface 
P„ = vapor pressure 
Q= charge (electrical) 
r=radius of meniscus in an equivalent 
capillary tube 

/•= (subscript) denotes ratio of model 
value of a parameter to the proto- 
type value of a parameter 
P= dimension of time 
2),= critical temperature of liquid 
Ti, T 2 = temperatures, equation (5.75) 
t, tp= plate thickness 
(„=equivalent distributed model tank 
wall thickness 

TF=natural plate \dbration frequency 
transverse displacement of neutral 
plane of shell wall 

u'„=bending curvature of neutral plane, 
shell wall 

twdsting curvature of neutral plane, 
shell wall 
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impressed velocity 
x=impressed acceleration (linear) 
X;t=general exponent of variable 
Xo=tank excitation amplitude 
a (= general notation ith variable 
(3= any angular dimension 
/3= angular velocity 
|3= angular acceleration 

in-plane shearing stiffness 
transverse shearing stiffness 
transverse shearing strain 
in-plane shearing strain 


= changes in interfacial areas 


A£’= total change in interfacial energ 
AP=Po-P. 


e= strain 

«i=extensional strain 
(9= temperature 
contact angle 
A=extensional stiffness 
X= characteristic length ratio 
/i= dynamic viscosity, liquid 
jUg=dynamic viscosity, gas 
v=kinematic viscosity 


7= Poisson’s ratio 
5'= Poisson-type elastic constant 
$, |=fluid free surface elevations, veloc- 
ities, accelerations 
ir<=ith TT-term 

7Ti= ratio of the value of the ith tt term 
for the model to the corresponding 
value in prototype (=1 for simu- 
lation) 

p=mass density of liquid 
Pgas=mass density of gas 
Pr=mass density scale ratio (model to 
prototype) 

Psoiid) pj=mass density of tank structure 
(7= surface tension 

<Tso= solid-gas interfacial energy/unit area 
<rst=solid-hquid interfacial energy/unit 
area 

o-g=yield strength of material 
stress 

T, T,= characteristic times 

T,=time scale ratio (model to prototype) 
<#)= Kinematic Surface Tension — <r/p 
w, W(= characteristic frequencies 
V=any volume 

Vj=any volume moment of inertia 


Chapter 6 

Analytical Representation of Lateral Sloshing by Equiva- 
lent Mechanical Models 

Franklin T. Dodge 


6.1 INTRODUCTION 

In the previous chapters, the liquid sloshing 
caused by lateral motions of the tank has 
been described analytically and experimentally, 
and the forces and torques exerted on the tank 
by the sloshing pressures have also been given. 
In addition to insuring that the fuel tank 
structure is strong enough to withstand these 
loads, the designer must also include the 
sloshing forces and torques in the stability 
analysis of the in-flight rocket. For this 
purpose, it is often advantageous to replace 
the liquid, conceptually, by an equivalent 
mechanical system, because the equations of 
motion for point masses and rigid bodies are 
usually included more readily in the overall 
transfer function of the missile than are the 
equations for a continuously deformable 
medium such as liquid fuel. 

The main point that should be noted about 
the equivalent mechanical models described 
in this chapter is that the liquid cannot be 
completely replaced by a single body of suitable 
mass and moment of inertia that is rigidly 
attached to the tank. Instead, a system of 
spring masses or pendulums must be included. 
These oscillating masses are necessary to dupli- 
cate the oscillating slosh forces arising from the 
wave action at the free surface. In contrast, 
where there is no free surface (the liquid 
completely fills a capped container), Zhukovskii 
(refs. 6.1 and 6.2) has proved that the liquid 
can always be replaced by an equivalent 
rigid body; moreover, the mass and moment of 
inertia of this equivalent system are inde- 
pendent of both time and the particular type of 
motion being considered. However, Okhotsim- 
skii (ref. 6.3) has shown that this result is 

229-G4S O— 6T U 


not true in general for a liquid with a free 
surface. Although his proof is too long to be 
considered here, a short heuristic argument 
following his outline is developed in the next 
few paragraphs. Besides showing that the 
equivalent mechanical model must consist of 
more than merely rigid bodies, except for a few 
specific types of container motion, the proof 
also shows how the masses of the free surface 
motion analogs may be computed. 

Consider a cylindrical tank with its axis 
vertical (the z-axis of an r, 6, z coordinate 
system fixed in space), and filled to a depth h 
with an ideal liquid. Then, as shown in 
chapter 2, the small linearized liquid motions 
can be calculated from a velocity potential, 
which is the solution of Laplace’s equation 

V'4-=0 (6.1; 

The boundary conditions are 



at the container walls, where F, is the com- 
ponent of the velocity of the tank motion in 
the direction normal to the wall (the n-direc- 
tion); and 

(6.3) 

- 02 

at the free surface. 

The potential can be broken down into two 
parts 

#=#,+#2 (6.4) 

4>i, which satisfies equations (6.1) and (6.2) but 
not (6.3), is the potential of a liquid that com- 
pletely fills a capped container whose height is 
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equal to twice the actual liquid depth. $2 is 
the potential of a liquid in a stationary tank 
and whose free surface is acted on the 
unsteady' pressures due to $ 1 . That is, <I '2 
satisfies equation (6.1) and the homogeneous 
boundarj^ condition 



(6.5) 


at the tank walls; it also satisfies the free 
surface condition, equation (6.3), which now 
takes the form 


^2+g^=p{t)=-^i-g^ ( 6 . 6 ) 


The motion of the container can be decom- 
posed in the usual way into a translation and 
a rotation (the tank is assumed to be a rigid 
body). Since the problem of calculating the 
fluid motion is a linear one, the effect of the 
translation and the rotation can each be treated 
separatel 3 ^ Thus, only one of the two basic 
tank motions, say the translation, need be 
considered. 

It is assumed without proof that can be 
e.xpressed as 


Mr, e, Z,t)=x^i(r, e, 3) (6.7) 

where Xo is the time-varying tank displacement. 
In other words, the fluid motion due to 4>i is 
directly proportional to the tank motion; this 
is a reasonable result considering the physical 
definition of <l>i. 

The potential, M can be written as 


Mr, e, Z, 0=S?m(0<f>2.m(r, e, z) (6.8) 

?n*l 

where are the ordinary sloshing mode 

functions, and the g„it) can be calculated with 
the aid of equation (6.6). After substitution, 
eqriation (6.6) can be simplified to give 

”1" (6.9) 

In equation (6.9) use lias been made of the 
fact that d^,/dz=0 at the free surface for this 
type of tank motion. u„ is tlie natural fre- 
quency of the mth sloshing mode, and A„ is 
a constant. 


The forces and moments acting on the tank 
can be computed by integrating the fluid 
pressures over the walls of the tank. Since 
the dynamic pressures are proportional to 4>, 
i.e., proportional to 

m—1 

it can be seen that the forces and moments are 
partly due to a rigid body type of liquid motion 
(the term proportional to io ) , s-od partly due to 
a more complicated type of motion (the terms 
proportional to g„). Thus, one can conclude 
that only when every is directly proportional 
to Xo can the liquid be replaced entirely by an 
equivalent rigid body (even in this case the 
equivalent mass may be a function of param- 
eters such as frequency or amplitude); in 
general, this is not true. Instead, as can be 
seen from equation (6.9), a series of spring-mass 
or pendulum elements must be included in the 
mechanical model, with the masses and the 
spring constants (or pendulum lengths) chosen 
in such a way that equation (6.9) is satisfied.* 

The inertial parameters of the equivalent 
mechanical model for sloshing suffer from the 
disadvantage that they may be functions of the 
type of tank motion under consideration. 
However, in addition to easier visualization, 
the mechanical model has the advantage that 
the slight damping normally present in sloshing 
can be treated by adding linear dashpots to the 
spring-mass or pendulum elements. 

It should be emphasized that the above 
results apply only for rigid containers and linear 
liquid motions. Very few results are available 
for mechanical models that include tank 
elasticity or nonlinear liquid motions. 

6.2 SIMPLE MECHANICAL MODELS 

Models With One Sloshins Mast 

According to the theoretical developments of 
the preceding section, a complete mechanical 
analogy for transverse sloshing must include an 
infinite number of oscillating masses, one for 


• Equation (6.9) is identical in form, of course, to the 
equation of forced motion of a spring-mass oscillator or 
pendulum whose natural frequency is wm- 
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each of the infinity of normal sloshing modes. 
A detailed analysis, such as that to be given in 
section 6.3, shows that the size of each of these 
pendulum or spring-mass elements decreases 
rapidly with increasing mode number. Thus it 
is generally acceptable to include in the mechan- 
ical model only the pendulum or spring mass 
corresponding to the fundamental mode (at 
least as long as the exciting frequency is not 
near the natural frequencies of any of the higher 
modes). Furthermore, it is nearly impossible 
to include more than one sloshing mass in those 
cases for which no analyses exist and for which 
the inertial parameters of the mechanical model 
must be determined by a suitable experimental 
program. Consequently, a number of simple 
one sloshing mass models are described in this 
section. 

The model parameters may be calculated 
dhectly from the sloshing force and moment 
analysis, if such an analysis is available; 
several examples of this kind of model are 
given later. In all cases, the model should be 
checked with experimental measurements, and, 
indeed, the model parameters can even be 
determined from these tests. It appears worth- 
while to describe how this may be done, with 
the development following closely that given in 
references 6.4 and 6.5. 

Experimental Derivation of Model Parameters 

Figure 6.1 shows a typical mechanical model, 
which in this instance uses a pendulum as the 
sloshing mass. The pendulum mass, mi, is 
assumed to have no centroid al moment of 
inertia,^ but the fixed mass, mo, is assumed to 
have a moment of inertia, Iq. is the pitching 
angle, and Zo is the translation of the tank. 

In order to correlate this model with the 
results of the experimental sloshing tests, it is 
necessary to have expressions for the force and 
moment exerted on the tank. 'I'he total lateral 
force of the mechanical model can be written as 

F = —moio+fnohoipa— Ti^ 

where Ti is the tension in the pendulum rod. 
Since only linearized motions are considered, 
sin 4' has been replaced by \f>. For the same 

2 In other words, the pendulum bob is a point mass, 
and the pendulum rod is weightless. 



reason, Ti may be replaced by mig, where g is 
the longitudinal acceleration of the tank. In 
other words 

F=—moXo+mohip--migtl/ ( 6 . 10 ) 

The summation of moments about the center 
of gravity of the liquid is 

M— — mJioXo—(Io+in(My<f>o—mighi4' ( 6 . 11 ) 

The pendulum angle, lA, can be calculated by 
writing down the equation of motion for the 
pendulum (compare this equation with eq. (6.9)) 

( 6 . 12 ) 

Other assumptions are sometimes made; two 
common ones are that the pendulum is always 
perpendicular to the liquid surface and that 
the sum of mo and mi equals the total liquid 
mass.^ 

’ The pendulum angle 4 ' can be determined by the 
use of the first assumption. The last assumption is 
not strictly true, since the sum of mo and the total mass 
of the infinity of sloshing masses (all but one of which 
are neglected in this model) should equal the liquid 
mass. 
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In one series of tests with the liquid oxygen 
tank of the Centaur missile (ref. 6.5), the tank 
was oscillated at a frequency much less than 
the sloshing natural frequency, and then the 
tank was quick stopped. Since the tank was 
not rotated (<Po=0), equations (6.10) and (6.12) 
can be combined to give 



where is the magnitude of the peak sloshing 
force immediately after quick stopping, and Xo 
is the amplitude of the tank motion; that is, 
Xo=A'^d sin Hit. From this equation, the pen- 
dulum mass, mi, may be calculated (since 


the natural frequency. 



can be measured 


bj'^ noting the excitation frequency for which a 
sloshing resonance occurs). The reliability of 
this method is demonstrated in figure 6.2, 


cylindrical section of height, c.) The scatter in 
the experimental data was about ±5 percent; 
for this reason, upper and lower limit curves are 
drawn on the figure. It can be seen that the 
sloshing mass is very small when the. liquid 
almost fills the tank, because the free surface 
area continually decreases as hl{b-\-c) is in- 
creased above 0.5, until for h/(b+c) = 1.0 there 
is no free surface; that is, there is no wave mo- 
tion. It should be noted that there was a 
certain amount of internal hardware in this 
scale model, such as a thrust barrel, a fill pipe, 
a vent pipe, and so forth; however, there were 
no slosh baffles present. 

The location of the pendulum hinge point 
above the center of the tank was determined by 
quick stopping the tank, as was done in the mi 
measurements, and then the maximum moment 
and force were recorded. For these conditions, 
it can be seen from equations (6.10) and (6.11) 
that or 



Liquid depth ratio, h/(b + c) 


Figure 6.2. — Ratio of pendulum mase to liquid maes 
present at each depth ratio as function of liquid depth 
ratio (ref. 6.5). 

which shows the sloshing mass, rrii, as a futic- 
tion of liquid depth, h, and total tank depth, 
h + c. (The Centaur liquid oxygen tank is 
essentially an oblate spheroid with a minor 
diameter of b, although the twt» oblate sphe- 
roidal segments are separated by a very small 


h,=^^ (6.14) 

Results of typical measurements for the Centaur 
tank are shown in figure 6.3. There is a con- 
siderable amount of scatter in the data. The 
abrupt change in the slope of the curves at 
h/{b+c)=0.o is probably caused primarily by 
the fact that the free surface area increases for 
increasing liquid depths as long as h/{b+c)<i0.5, 
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Figure 6.3. — Ratio of pendulum hinge point location to 
tank height as a function of liquid depth ratio (ref. 6.5). 
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but decreases for increasing liquid depths when 

h/(b+c)>Q.5. 

The fixed mass, mo, can be calculated by the 
equation 

mo=mr— mi (6.15) 

where m^ is the total fluid mass. The location 
of this mass below the center of gravity of the 
liquid, and its centroidal moment of inertia, 
can be determined by pitching the tank (vjot^O) 
and recording the sloshing moment and force. 
If this is not possible or practical, as was the 
case in the experiments described in reference 
6.5, additional assumptions are necessary. If 
one assumes that the mechanical model should 
duplicate the statical properties of the liquid, 
ho can be calculated by requiring that the static 
moment on the tank, when it is tipped through 
a small angle, be the same for both the liquid 
and the mechanical model. In other words 

hoTno=(hi—Li)7ni (6.16) 

which is identical to requiring that the location 
of the center of gravity of the mechanical model 
be the same as that of the liquid. However, 
lo cannot be determined unless it is possible to 
pitch the tank; if this is done, /q can be calcu- 
lated directly from equations (6.10), (6.11), 
and (6.12). 

The parameters of a mechanical ihodel using 
a spring-mass element instead of a pendulum 
can be determined in a similar way. 

Analytical Derivation of Model Parameters 

Expressions for the sloshing forces and 
moments are available for a number of simple 
tank shapes, and for these the model parameters 
may be determined without recourse to experi- 
ments. Because the theory usually assumes 
that the liquid is inviscid and the tank is 
“clean,” the inertial parameters are strictly 
valid only for a tank containing no baffles or 
other internal hardware: even with baffles, 
however, the parameters do not change sig- 
nificantly, the main effect being an increase in 
damping. (However, see discussion following 
equation (6.51).) Thus, the various masses, 
pendulum lengths or spring constants, moments 
of inertia, etc., given in the tables are valid 
also for tanks which are not perfectly clean. 


Simple mechanical models for cylindrical 
tanks are considered first (refs. 6.6 through 
6.11). Figure 6.4 shows the two types of 
models for which analytical models are avail- 
able, and the equations for calculating the 
parameters are given in table 6.1. The moment 
of inertia, /q, is the same for both models. 

Not all of the models given in the references 
are identical. In some cases. Too is given as 
the value it would have if all the modal masses 
were included in the model; thus, since only 
one of the modal masses is actually included, 
the total fluid mass is slightly larger than the 
mass of the mechanical model. Also, the 
value of lo is sometimes given as the value 
necessary to leave the center of gravity of the 
fluid unchanged; in table 6.1, the value of U is 
that which would leave the center of gravity 
unchanged if all the modal masses were present; 
thus, the center of gravity of this model is 
slightly displaced from that of the liquid. 
Experimental evidence (refs. 6.10 and 6.11) 
has shown that these discrepancies are very 
minor. 

Figure 6.5 shows an equivalent mechanical 
model for rectangular tanks (refs. 6.12 through 
6.14); this model uses a single spring-mass 
element to represent the liquid sloshing. The 
motion of the tank is in the plane of the drawing, 
but a similar model is valid for motions at 
right angles to this plane. Equivalent models 
for the sloshing that occurs when the tank is 
rotated about a vertical axis are available (refs. 
6.12 and 6.13), but are not reproduced here 
since this type of motion is of less interest in 
space vehicle applications. 

Table 6.2 lists the model parameters, which 
have been developed by neglecting all the terms 
involving the masses corresponding to high- 
order modes in the original equations (refs. 
6.12 and 6.13). 

A series of compound double-pendulum 
models used to simulate sloshing in long, shallow 
rectangular tanks, such as the passive antiroll 
tanks employed in certain ships, have been 
developed by Dalzell (unpublished notes). In 
these models, it is necessary to include explicitly 
the fact that the pivot point of the swinging 
pendulum is in motion. Figure 6.6 shows two 
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Pendulum analogy Spring - mass analogy 

Figure 6.4. — Simple mechanical models for cylindrical tanks. 


Table 6 . 1 . — Model Parameters for Cylindrical Tank 
rpd^h; /i for spring-inass=/i + Li for pendulum; AT=0 for spring-mass model; iV=l for pendulum model; 


Pendulum analogy 

Spring-mass analogy 

'•'-sis'”*"®-'* 5 

K,-wt ^tanh 3.68 

ly 


(lift) tanh3.68^ 

(ilift) ^“"^3.68^ 




tuo— 



'■= “tIg 5 




nic L2 oh j n%c 

, niT ["ft d“"| . nil 

'’“nio L 2 8ft J ' nu> 




hy nird^ 


7o-4-mof5-l-mj(fi-t-fVLi) = /ri,id + mr ^2) ~ 


1.995- 


, , 1.07 cosh 3.68 j-1.07> 

a I 0 

sinh 3.68 ^ 
a 




ANALYTICAL REPRESENTATION OF LATERAL SLOSHING 


205 


Free surface 

V 


1/2 K, 

“WW/V- 


m, 


1/2 K, 

-vww 


nio, In 


Figure 6.5. — Simple mechanical model for rectangular 
tanks. 



Figure 6.6. — Compound double-pendulum mechanical 
models for long shallow rectangular tanks. 


of these models. Since such models are used 
mostly in connection with waves whose lengths 
are relatively long in comparison to the liquid 
depth, they will not be investigated further. 

The available analyses for spherical tanks 
(refs. 6.6, and 6.15 through 6.17) are essentially 
numerical (see ch. 2); hence, the parameters 
for the mechanical model are presented in the 


Table 6.2 . — Model Parameters for Rectangular 
Tank 


[frer=pAu)=fluid mass per unit width] 


mo= Wr— 

h=T^ tanh 1.57 - 
1.57 w 

o+nio (^0— I) +m,i — 

riT />, , r, , 2.52vfi . A T 


form of graphs instead of tables. Figure 6.7 
gives the necessary information for a pendulum 
analogy. The centroidal moment of inertia of 
the fixed mass is not required in the model 
since, for an ideal liquid, rotation about an axis 
through the center of tank does not cause any 
liquid motion or sloshing forces and moments. 

Comparisons of the test results and the pre- 
dictions of the mechanical model do not agree 
as well for the spherical tank as they do for 
cylindrical and rectangular tanks (ref. 6.15). 
This is because liquid motions in a spherical 
tank are inherently more nonlinear than in 
tanks with parallel sides (see ch. 3); thus the 
results of a linear theory, such as the equivalent 
mechanical model shown in figure 6.7, cannot be 
expected to yield results as accurate for spheri- 
cal tanks as for other configurations. 

Experimentally determined parameters for a 
pendulum model in a spherical tank were com- 
pared with analytical values by Sumner (ref. 
6.171. While the fimdamental freniiencv na- 

y ^ • X k/ X 

rameter agreed well, except for nearly full or 
nearly empty tanks (where nonlinear effects 
predominate) , the pendulum-sloshing mass ratio 
did not. The other two parameters, pendulum 
arm length and hinge-point location, also agreed 
fairly well. 

Equivalent mechanical models for arbitrarily 
shaped conical tanks are not available. How- 
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Figure 6.7. — Simple-pendulum mechanical model for spherical tanks (ref. 6.6). 


ever, a partiall}’^ complete model for a 45® 
conical tank (refs. 6.6 and 6.18) is shown in 
figure 6.8 and table 6.3. The centroidal mo- 
ment of inertia, Iq, of the rigid mass, mo, is not 
given in the references; consequently, the 
mechanical model is valid only for translational 
motion of the tank, and not for pitching 
motions. 

In most instances, the foregoing models 
adequately represent the dynamics of liquid 
sloshing. The two chief restrictions to their 
use are; (1) the excitation frequency should not 
be close to the natural frequencies of any of the 
higher order sloshing modes, and (2) the model 
is not a valid representation for frequencies in 
the \'er_y near neighborhood of the natural 
frequency of the fundamental sloshing mode. 
The first restriction can be lifted by using the 
more complete mechanical models presented 
in section 6.3, and the second restriction can be 
relaxed by including appropriate damping 
factors in the model, as will be done in section 
6.4. In some cases, provision must be made 



Figure 6.8. — Simple mechanical model for 45® conical 
tanka. 


Table 6.3 . — Model Parameters for 45° Conical 
Tank 

[mr=/ip’T^*; fo not available] 

U = h 

mi = 0.75mr 
m«=0.25m7' 
l, = 0.6h 
k=0.2h 
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for rotary sloshing. This is discussed in the 
following paragraphs. 

Pendulum Analogy for Rotary Sloshing 

It is an experimental fact that when a 
cylindrical tank is translated periodically at a 
frequency very near the natural frequency of 
sloshing in the fundamental mode, the liquid 
wave motion ceases to oscillate about a single 
nodal diameter. Instead, a rotational wave is 
observed to wash around the tank boundary; 
that is, the nodal diameter rotates. (This 
phenomenon is discussed in greater detail in 
ch. 3.) It is known also that if the point of 
support of a conical pendulum is oscillated hear 
its natural frequency, the pendiUum motion 
departs from the plane of excitation, and the 
plane of the to-and-fro motion of the pendulum 
rotates (refs. 6.19 and 6.20). Since the fluid 
motion away from resonance is represented 
adequately by a pendulum, it seems possible, 
therefore, that the rotary motion of the fluid 
may also be represented by a pendulum. A 
model of this type has been analyzed and, 
indeed, it is a fair representation of the essential 
characteristics of rotary sloshing (refs. 6.21 and 
6.22). 

The rotary motion of both the liquid and the 
pendulum analog are caused by nonlinear 
effects in which energy is transferred between 
various modes (or degrees of freedom). An 
analysis shows that in both cases there are 
three regimes of motion : 

(1) Stable planar motion except in a narrow 
frequency band centered approximately around 
the natural frequency. 

(2) Stable nonplanar motion in a narrow 
frequency band immediately above the natural 
frequency. 

(3) Nonstable motion (swirling in which the 
rotation of the nodal diameter changes con- 
stantly) in a narrow frequency band immedi- 
ately below the frequencies for which motions 
of type (2) occur. 

The proof of these statements follows directly 
from an analysis of the conical pendulum 
shown in figure 6.9. The mass of the pendulum 
bob, wii, and the length, L^, are the same as for 
the corresponding mechanical model for ordi- 
nary sloshing (fig. 6.4). The equations of 



Figure 6.9. — Conical-pendulum model for rotary sloshing. 


motion for the pendulum, correct to third order 
in the direction cosines (7r/2— a, 7 t/ 2— /3, 7), are 





(6.17) 


The angle 7 has been eliminated in these two 
equations by the relation sin* 7= sin* a 4- sin* /3. 
The stability of the various types of solution of 
equations (6.17) has been studied by Freed 
(ref. 6.19) and Miles (ref. 6.20). The main 
results are given in terms of a dimensionless 


frequency, v, defined by v—t *^ 



where 


they are: 

(1) Simple harmonic, planar motions are 
stable for j<<!— 0.945 or j»>0.757. 

(2) Simple harmonic nonplanar motions are 
stable for i'>0.154. 

(3) Simple harmonic motions, either planar 
or nonplanar, are unstable for— 0.945<Cv<C0.154. 


It can be seen that for i')>0.757, both stable 
planar and nonplanar motions are possible. 
Which one is obtained depends on the initial 
conditions; that is, if there is some initial ro- 
tation present, a rotational motion is obtained, 
but, if not, a nonrotational motion is obtained. 
The stability properties of the differential 
equations (6.17) also have been examined with 
the aid of analog computers, with essentially 
the same conclusions. 
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Figure 6.10. — Comparisons of experimental and conical- 
pendulum model regions of rotary sloshing (ref. 6.22). 


Figure 6.10 shows a comparison between the 
stability boundaries of a conical pendulum and 
those of sloshing in a cylindrical tank. More 
recent e-xperimental evidence (ref. 6.23) has shown 
that the right-hand stability boundary for 
sloshing is a strong function of slight imper- 
fections in the tank geometry or excitation. 
For more and more exactly lateral translation, 
roundness of tank, etc., the stability bound- 
aries for sloshing and for the conical pendulum 
approach each other more and more closely. 
Thus, a conical pendulum appears to be a 
good mechanical model for rotary sloshing. 

Another formulation of a model that includes 
pitching as well as translation of the tank has 
been developed recently by Bauer (ref. 6.24) 
for this type of sloshing. 

6.3 COMPLEX MECHANICAL MODELS 


in this section are all derived from analytical 
results, since it is usually not practical to 
determine the size of more than one sloshing 
mass from experimental measurements alone. 
Although such analytical theories are in general 
only applicable to clean, unbaffled tanks, it is 
permissible, in the light of many experimental 
verifications, to use the same inertial param- 
eters to simulate sloshing in baffled tanks if 
a dampening mechanism is included in the 
model. 

Cylindrical Tanks (refs. 6.25 through 6.33) 

The method used to compute the model 
parameters from analytical results for sloshing 
will now be described in detail for the case of 
a rigid circular cylindrical tank, with the anal- 
ysis following closely that given in references 
6.25, 6.29, and 6.30. The mechanical model is 
shown in figure 6.11; the sloshing action is 
represented by a set of spring masses, but a 
similar analysis is valid for a pendulum model. 
tpf, is the rotation of the tank about an axis 
through the center of gravity of the liquid; j/o 
is the lateral displacement of the tank; and 
j/n is the displacement of the mass, m„, with 
respect to the tank walls. 

Each of the spring constants, K„, are chosen 
such that their ratio to the oscillating mass is 
equal to the square of the natural frequency of 
that mode; that is, 




d 


(6.18) 


are the zeroes of t7((i„)=0. In order to 
preserve the static equilibrium of the liquid, 
the sum of all the modal masses and the fixed 
mass must equal the total liquid mass 


As indicated in .sections 6.1 and 6.2, a com- 
plete mechanical model must include a pendu- 
lum or spring mass for each of the infinitely 
man}’ sloshing modes of the liquid. Physically, 
each mass in the mechanical system corresponds 
to the effective mass of liquid that oscillates in 
each particular slosh mode, and, from its size, 
it is possible to assess how significant that mode 
is. The complex mechanical models described 


CP 

mo-hS w„=mr (6.19) 

n— 1 

To keep the vertical location of the center of 
gravity unchanged as it should be for small 
liquid motions, must satisfy the relation 

2 Km, ( 6 . 20 ) 

7«o n»l 
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Figure 6.11. — Complex mechanical model for cylindrical 
tanks. 


However, a dynamic analysis must be used 
to calculate the remaining unknown parameters: 
m„, hn, and /q. To begin with, the equation of 
motion for each of the oscillating masses can be 
written as 

0-\-yn-\-hn<Po)-\-K„yn—'m„g(po = 0 ( 6 . 21 ) 

The reaction force of each of these masses on 
the tank is simply —KnVn, so that the total 
force acting on the tank can be expressed as 

^0(2/0 — ^ 0 (Po)+S ^n{y — 

n=l 

( 6 . 22 ) 

In this equation, the factor arising 

from the sum of equation (6.21) for all modes 
has been canceled by a factor rriogipo; that is, 
the potential energy change due to gravity 
alone is zero for a pure pitching motion about 
the center of gravity. 

Equations (6.21) and (6.22) must be put in 
a form suitable for comparison with the cor- 


responding equations for sloshing. For this 
purpose, it is assumed that the pitching and 
translational motions are both simple harmonic 
in time; that is, proportional to, say, cos ut. 
Then equation (6.21) can be solved for y„; 
the results are 


Vo ^K+g!^^\ ■■ ,a r,n\ 

Vn 2 2 { 2 2 ) i’O (6.-3) 

CO \ CO„ — CO / 


y«= ,,2_,,2 + 7,2i:7;2 ~ 

CO, — CO CO, — CO 


(6.24) 


By using these relations, the total force on the 
tank can be written as 

F=-m2./l+±^rp^l|yo 

-mripo f: — (6.25) 

"mrL 1 — J 

Now from the results of chapter 2, the actual 
force due to sloshing is * 

(co/coJ2 tanh 2|„ J 1 

F= — -< 1+S ~i f 


„ tanh2f„^ 
~mT<Po S — A 


(6.26) 


A direct comparison of equations (6.25) and 
(6.26) results in the following equations for 
m„ and h„: 


tanh 2?„ ^ 
mn_ ^ 

fn-T f ^ ;-t2_1 
^ vsn -/ 


(6.27) 




* Terms due to the increase in static fluid pressure 
with depth have been neglected in the equations 
developed in this chapter. 
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value of h„ for n=l and 2 is shown in figure 
6.13; it can be seen that for small liquid depths, 
the sloshing mass, m^, is below the center of 
gravity. 

The magnitude of 7o can be determined by 
writing down the equation for the pitching 
moment of the mechanical model. It is 

a ee 

+ S + <7 S wi«2/n (6.29) 

n-l n -1 

The factor — arises because of the 

unbalanced gravity moments when the tank is 
moved a distance, j/o, and the masses displaced 
an additional y„ at the same time. By sub- 
stituting equations (6.21) into (6.29), the 
moment can be expressed as 


Figure 6.12. — Ratio of modal masses to liquid mass for 
cylindrical tanks (ref. 6.29). 

For 71=1, these results are the same as those of 
the simple model described in section 6.2. 

The size of m„ rapidly decreases for n>l 
because of the term in the denom- 

inator of equation (6.27) ; this is shown graph- 
ically in figure 6.12 which shows mj and m 2 in 
comparison to mr, as a function of hid. The 


M=-v 




Io+mJio+'^ mjil 


n»l 


. „ ?¥+-ft+«(-) 


-mry, ± ^ (6.30) 


The actual pitching moment caused by the sloshing (cf. ch. 2) is 

tanh2{,^ ^-V[l-ptanh{„^j 




where 


n«l 


f ^(^2_l) 4wS[l— (to/w„)^] 

„ tanh 2 f„^ (g/uy+ gh^l-^ t&nh 
S , «Sll-(W«„)*] 

d ^ 

. tanh2{„^ i7K-h|MW«n)=[l-Stanh{„^] 
mryo^l T i 7 I . \2 ~ (6.31) 

n-l . A 




i—{u/u„y 


7.= 7nrdM^f^)+A-2S 


12 \dj ^ 16 ^1 i*(a-l) 


(6.32) 
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Figure 6.14. — Ratio of effective liquid to rigid liquid 
moment of inertia for cylindrical tanks (ref. 6.26). 


Figure 6.13. — Location and magnitude of modal masses 
for cylindrical tanks (ref. 6.29). 


A direct comparison of equations (6.30) and 
(6.31) gives the same e.xpressions for m„ and hn 
as before, and in addition it shows that 

/o+moAo+2 mnK=h (6.33) 


Now rriTd? Wd)^+^ in equation (6.32) is 

the moment of inertia of a solidified mass of 
liquid equal in we^ht to the actual weight of 
liquid. Hence /#■ is the actual moment of 
inertia of the inviscid fluid about its center of 
gravity. A plot of this moment of inertia in 
terms of the moment of inertia of the solidified 
liquid is shown in figure 6.14. As can be seen, 
the moment of inertia of the liquid can be quite 


small in 


comparison to mrd? 



because not all of the liquid participates in a 
pitching motion of the tank about the liquid 
center of gravity; part of it is completely at 
rest, or nearly so. 

The foregoing mechanical model is a nearly 
exact duplication (it is exact for linear motions 
of an inviscid fluid) of fuel sloshing in a cylin- 
drical tank as long as the excitation frequency 
is not almost equal to one of the natural fre- 
quencies of sloshing. If this is the case, then 
damping devices must be added to the model 
so that the force and moment response do not 
become infinitely large for Thus, ex- 


perimental proof of the model’s validity will 
necessarily be delayed until section 6.4, when 
damping is introduced (refs. 6.25, 6.30, and 
6.33). For convenience the formulae for the 
various parameters are collected in table 6.4. 

Table 6.4. — Model Parameters for Cylindrical 
Tank 

[See ch. 2, table 2.4, for values of f„; mj-=KirpcPA] 


eo 

mo=mr— """ 

7» = 1 

tauh 


1 ® 

Ao=— 2 
mo 


n*l 


OB 

/c + W»0+2 6.14 

n*l 


A limited number of results for other types 
of cylindrical tanks, such as annular cross- 
section and quarter-section geometries, are 
available in scattered references; see especially 
references 6.27 through 6.32. 

Rectangular Tank (refs. 6.1 2 and 6.1 3} 

The parameters of an equivalent mechanical 
model for fuel sloshing in a rectangular tank 
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Free surface 



motion is supposed to be in the plane of the 
figure, but a similar model is valid for motion at 
right angles to this plane. The formulae for 
the various parameters are given in table 6.5 
and shown graphically in figures 6.16 through 
6.18. 


Table 6.5. — Model Parameters for Rectangular 
Tank 


[mr=p«’^=fluid mass per unit width] 




mo=W7'— 




Ao — ^ I rrin An 

wojnri 


Figure 6.15. — Complex mechanical models for rectan' 
gular tanks. 



0 as 1.0 1.5 ZO 2.5 3.0 

Tank aspect ratio, h/w 

Figure 6.16. — Ratio of sloshing masses to fuel mass versus 
tank aspect ratio for rectangular tanks (ref. 6.13). 

may be determined in a manner similar to that 
used for cylindrical tanks. A model employing 
spring masses is shown in figure 6.15. The 


h + niJil+y^. mnA]i=fig. 6.18 

n“l 



h u 

0 as 1.0 L5 2.0 2.5 3.0 


Tank aspect ratio, h/w 

Figure 6.17. — Ratios of location of sloshing masses to 
liquid depth versus tank aspect ratio for rectangular 
tanks (ref. 6.13). 
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0 0.5 LO L5 2.0 2.5 10 


Tank aspect ratio, h/w 

Ficube 6.18. — Ratio of effective liquid to rigid liquid 
moment of inertia for rectangular tanka (ref. 6.13). 



Figure 6.10. — Equivalent mechanical model for ellinaoidal 
tank (ref. 6.34). 

Axisymmetric Ellipsoidal Tonics (Ref. 6.34) 

Sloshing in a rigid axisymmetric ellipsoidal 
tank is represented by the mechanical model 
shown in figure 6.19. The magnitudes of the 
various model parameters were determined by 


Rayleigh-Ritz methods. Since some of the 
resulting equations are too lengthy to be 
reproduced in a convenient form, these results 
are given here only graphically; for example, 
figure 6.20 shows the variation of liquid natural 
frequency, w„, in the form of the dimensionless 
parameter, \„=oi^Rlg, as functions of the 
liquid depth ratio, h/L, and height-to-width 
ratio, a=L!R (a=1.0 corresponds to a spherical 
shape). Likewise, the size of the first two 
sloshing masses is shown in figure 6.21; the 
magnitude of the fixed mass is equal iomr— Sm„. 



0 a 4 as 1.2 1.6 2.0 

h/L 

Figure 6.20. — Variation of sloshing frequencies with 
liquid depth for ellipsoidal tanks (ref. 6.34). 
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Figure 6.21. — Variation of modal masses with liquid 
depth for ellipsoidal tanks (ref. 6.34). 



Figure 6.22. — Parameter a„ for slosh mass location versus 
liquid depth for ellipsoidal tanks (ref. 6.34). 


The location of the oscillating masses, h„ 
above the geometric center of the tank, can be 
obtained from 

h„=Lan—S-^ (6.34) 


where a„ is given in figure 6.22 for n=l and 2. 
The location of the fixed mass may be computed 
from ® 

ho=ht+— S (hn+hct)m„ (6.35) 

Too n-l 

where the center of gravity location in reference 
to the geometric center of the tank is 

Exact methods of calculating the moment of 
inertia of the liquid are extremely laborious, but 
an approximate method has been described in 
reference 6.34. The centroidal moment of inertia 
of a rigid body having the same shape and mass 
as the liquid is 

+5G-4V2&]} 

Since the fiuid is not rigid, equation (6.37) 
overestimates the moment of inertia of the 
fiuid. The proposed method to obtain the 
actual moment of inertia is to determine the 
ratio of the actual liquid to rigid liquid moment 
of inertia for a cylindrical tank having an 
identical fiuid height and fiuid mass, say from 
figure 6.14. Then this same ratio is assumed to 
hold for the ellipsoidal tank; that is 

rn^iji^ ^n(^n "b /icg)^”X/rlg!d 

(6.38) 

where x is the ratio (a pure number) obtained 
from figure 6.14. Note that this approximate 
method introduces an error only in /o', thus, the 
moment due to pitching will not be greatly 
influenced by the errors involved in the ap- 
proximate procedure. 

Spherical Tonics 

There are no readily available treatments of 
complete mechanical models for spherical tanks. 
The general study of reference 6.15 contains an 
analysis of such a model, but it contains no 

‘This is not the method proposed in ref. 6.34; how- 
ever, it is a valid method, since it leaves the center of 
gravity of the liquid unchanged. 




ANALYTICAL REPRESENTATION OF LATERAL SLOSHING 


215 


Free surfKe 



Figure 6.23. — Equivalent mechanical model with damp- 
ing included. 


numerical values or charts giving the size of the 
inertial parameters. Of course, the mechanical 
model for ellipsoidal tanks (ref. 6.34) for the 
case of a height-to-width ratio, a=1.0, corre- 
sponds to spherical tanks so these results may 
be used, provided it is recalled that the total 
moment of inertia of the model is effectively 
zero for such a tank. 


Conical Tanks 


There are no analyses of complete models for 
conical tanks; the only available model is the 
single sloshing mass model of a 45° conical tank 
described in section 6.2. 

T f — t a oe^ 

XXaiS pXCOClltCVi. U ^CXlCXOrXA4«Ci\X 


analysis in which the equations of motion for a 
tank of arbitrary shape are developed. The 
equations include six degrees of freedom, and 
the parameters from the hydrodynamic solution 
are matched with the parameters of both an 
equivalent pendulum system and an equivalent 
spring-mass system. Digital procedures for 
evaluating the parameters of the mechanical 
models are given in reference 6.36. 


It should be remembered that all of the 
preceding models are for ideal liquids with no 
energy dissipation. The models yield good 
results as long as the excitation frequency is not 
too close to any liquid resonance. Near reso- 
nance, the sloshing forces and moments are 
limited solely by the energy dissipation so that 
damping mechanisms must necessarily be 
included in a valid model. This subject is 
treated in the next section. 

6.4 INTRODUCTION OF DAMPING EFFECTS 


Except for liquid helium at temperatures 
close to absolute zero, all fluids exhibit a certain 
amount of resistance to motion; that is, they 
are viscous. Consequently, because of viscous 
friction, a small portion of the energy of a 
sloshing liquid is dissipated during each cycle 
of the motion, and energy must be supplied to 
the fluid to maintain a constant slosh amplitude. 
However, even considering the energy dissipa- 
tion due to free surface effects, the total 
dissipation or damping is so small in a clean 
tank (unbaffled with smooth walls) that prac- 
tically no limit is placed on the slosh amplitude 
at resonance. Thus, the damping is usually 
increased artificially by introducing baffles or 
other flow obstructions in the tank, as discussed 
in chapter 3. Although the damping in such 
cases may still be quite small, an equivalent 
mechanical model must account for it through 
some sort of energy dissipation mechanism. 

The exact form of the damping of a sloshing 
liquid in a moving tank is extremely difficult to 
determine, but, because the damping is small, 
it seems reasonable to assume that it can be 
represented adequately by equivalent linear 
viscous damping. The damping coefficient is 
then determined experimentally, or obtained 
from the extensive data presented in chapter 4. 
Figure 6.23 shows one proposed model for 
sloshing in a cylindrical tank in which this type 
of damping has been included (ref. 6.25) . 

The equation of motion for the nth sloshing 
mass is now 

?Wn(yo+yn+A„(ffo) + 27„m„w„y, 

-\-Knyn—mg<p=0 (6.39) 


229-648 0—67 


•15 
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The force exerted on the tank by the nth mass is 
—KnUn—Cniln, SO that the total lateral reaction 
force can be expressed exactly as before 

ee 

— — ^o)+S «l«(yn+yo + An<Po) 

n»l 

(6.40) 

Then by canying through the analysis as before, 
one finds that 


For these calculations, it was assumed that 
from figure 6.24. Since the correla- 
tion is very good, one can conclude that the 
mechanical model adequately duplicates the 
sloshing forces. 

It can be seen from equation (6.41) that for 
very large damping, the slosh force predicted 
by the model is equal to 

F=—mTyo (6.42) 


F=—mryo 


m r 1 — (w/"n) *+ 2n«w/w„. 


.. m, K{uKY+glo>l 
mr l-(toK)*+2n„«K 


(6.41) 


where j/o and <pa are both of the-form It is 
now assumed that m„ and /i„ are the same for 
the damped liquid as they were for the un- 
damped liquid. This leaves only to be 
evaluated, and this must be done experi- 
mentally. It should be noted that the same 
7 „ is used in both the translational part of the 
force and the pitching part, but this assumption 
has been verified experimentally (ref. 6.25). 

Figure 6.24 shows a tj’pical plot of an 
experimentally determined damping factor. 
Using this damping factor, the calculated force 
using only the first two sloshing masses is 
shown and compared to actual slosh forces in 
figure 6.25; the phase angle of the force with 
respect to the displacement is also shown. 



Figure 6.24. — Comparison of damping factors in pitching 
and translation in a cylindrical tank With conical-ring 
hafiSes (ref. 6.25). 


That is, the free surface motion is damped out 
entirely, and the fiuid behaves as a rigid body; 
this is the expected result for a very viscous 
liquid. 
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Figure 6.25. — Comparison of measured and calculated 
force response in a cylindrical tank with conical-ring 
bafiSes (ref. 6.25). (a) Translation force response; (b) 

pitching force response. 
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By following the same procedure as before, It is now specified that the moment of inertia of 
the pitching moment can be written for this ■ a rigid body of fluid equal in mass and shape to 
model as the actual fluid is ® 




/o+m(AS+S fnnhl 

n»l 




+ mT S l—{ul<a„y+2iy„ulu„ 


-A ^ KiulunY+glf^l 

niT 1— («/wn)*+2n„w/«» 

(6.43) 


Tflgld — li +/o+wioA?+2 m„A* (6.45) 

n»l 

The pitching moment acting on the tank is now 
— M=i9o"^7o+ Wlo^+2 +/tf(^»0+V^) 

+S m„Ky„—g S (6.46) 

n-l n-1 

and the equation of motion of the disk is 

7i(^»o+^)+Crf^=0 (6.47) 


As 7 „-»oo in this equation, the moment reduces 
to 

M=— i?o-^7o+«ioAo+S (6.44) 

But from equations (6.31) and (6.33), this is 
the same as the moment due to an ideal in viscid 
liquid in a capped container. However, it 
seems that the moment should be the same as 
that of an equal mass of rigid fluid, since the 
fluid’s resistance to shearing motion has theo- 
retically approached infinity. In other words, 
lo should be modified somehow to account for 
the damping. This is a relatively minor point, 
since the damping is actually quite small (not 
infinite) and, furthermore, the moment about 
the center of gravity usually contributes only 
slightly to the total moment when the center 
of rotation is more than 1 diameter from the 
center of gravity of the liquid. But to be 
complete, the model is now modified so that it 
approaches the right asymptotic limit. 

The proposed modification, shown in figure 
6.26, was originally developed by Bauer (refs. 
6.29 and 6.30). As before, yo is the tank dis- 
placement and <po the pitching angle about the 
center of gravity. A weightless disk with 
moment of inertia /g is attached at the center 
of gravity by means of the dashpot arrangement 
as shown. The angle of rotation of the disk 
relative to the tank is The force response 
of this model is the same as that of the one 
shown in figure 6.23, since the disk is weightless. 


Now by assuming yo, yn, ‘pot and ^ all vary as 
e*"‘, equations (6.39), (6.45), (6.46), and (6.47) 
can be combined to yield 



2gh, 




l-(a./«J*+2i7,a,/a,„ 


-Ca 


( 



— mr 


m. 




n»l 


niT 1— (co/w»)*+2i7„w/w„ 


(6.48) 


where /rigid is defined in equation (6.45) ; it is 
also 

/,„-m,^[ii(^)’+i] (6.49) 

The effective decrease in the moment of inertia 
because the fluid is not actually rigid is then 


/d 


/ «^/| 
\co='/l+c5 


) 


Thus, as the damping goes to infinity, the 
moment of inertia of the liquid approaches the 


' I'o is not necessarily equal to the previous Jo. 


218 


Free surface 


THE DYNAMIC BEHAVIOR OF LIQUIDS 


(6.51) 



Figure 6.26. — Equivalent mechanical model with mo- 
ment of inertia damping. 


value of a similar rigid body, as it should ; that is, 

For zero damping, the moment of inertia of 
the fluid is 

Tp^/rlgld la (6.50) 

and If is given in figure 6.14. Thus, the value 
of la may be computed. The value of Ca must 
be determined experimentally; it is approxi- 
mately equal to the damping of the liquid when 
it completely fills a closed tank pitching about 
the center of gravity of the liquid. Ca and la 
have been determined in this way in the tests 
reported in reference 6.33. The results show 
that even in a tank with baffles distributed 
throughout the liquid depth, the coupling of 
the disk la to the tank is so small as to be 
negligible (i.e., Ci»0). Thus the inertia of the 
disk does not enter in any of the calculations. 
Taking this into account in equations (6.45) 
and (6.50) shows that 


If=I'o-\- m.oh^ 

Consequently, the model shown in figure 6.26 
has no real advantage over the one shown in 
figure 6.23. It should be pointed out, however, 
that the results given in reference 6.33 show 
that If for a baffled tank is significantly larger 
than If in an unbaffled tank; this is caused 
primarily by the additional liquid motion near 
the baffles and not by the small increase in 
damping. 

A study of mechanical model representation 
of force response in a baffled spherical tank has 
been given in reference 6.15, as indicated 
previously. (For descriptions and discussions 
of the baffle configurations, see ch. 4 (fig. 4.17).) 
Figure 6.27 compares measured and calculated 
force response curves in a spherical tank with 
vertical baffles (data are also shown for the 
horizontal baffle configuration). Two values of 
damping coefficient (the larger of which corre- 
sponds to measured data) were employed in the 
mechanical model calculations for the half-full 
tank and one for the three-quarter-full tank. 
The agreement is not nearly so good as that 
obtained in the cylindrical tank, no doubt as 
a result of the strong nonlinear effects present 
in spherical tanks. 

The mechanical models for other types of 
tanks can be modified in a similar way to in- 
clude damping. Likewise, the simple, one 
sloshing mass models presented in section 6.2 
may also be modified by including an appropri- 
ate damping factor; in this way, they can be 
made to give a very good approximation to 
sloshing in the fundamental mode (refs. 6.5, 
6.10, and 6.11). 

6.5 MECHANICAL MODELS FOR TANKS WITH 
FLEXIBLE WALLS 

All of the mechanical models described so 
far have been for rigid tanks. When tank 
elasticity is included, the problem of determin- 
ing an equivalent model is greatly complicated 
because of the coupling between wall motion 
and fluid motion. (See ch. 9.) Certain exact 
solutions to the flexible-wall problem exist in 
the literature, but their application is by no 
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Figure 6.27.- 
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■Comparison of measured and calculated force' response in a spherical tank with vertically oriented baffles 
(ref. 6.15). (a) Half-full tank; (b) three-quarter-full tank. 
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means direct. Hence, it appears to be reason- 
able to try to adapt the rigid-wall models to the 
flexible-wall problem in an approximate fashion. 
This can be accomplished by the method out- 
lined by Lukens, Schmitt, and Broucek (ref. 
6.4). 

At low liquid levels, some of the mechanical 
elements in the rigid-wall models are located 
above the liquid surface. (See, for example, 
li in table 6.1 for small h/d.) This presents no 
problem so long as the walls are rigid, but if 
the force distribution on a flexible wall is to be 
calculated more accurately, the forces due to 
the mechanical elements should act at the cor- 
rect location. In the flexible- wall analogy, the 
pitching moment caused by the sloshing is 
broken up into two components: one due to the 
pressure distribution on the walls and one due 
to the pressure distribution on the tank bottom. 
A pure couple is applied at the tank bottom to 
simulate the pressure distribution on the 
bottom. Thus, the pitching moment which 
the mechanical elements actually should simu- 
late is reduced to its correct value, and the 
spring masses or pendulums and rigid mass are 
lowered from their rigid wall locations. Such 
a mechanical model is shown in figure 6.28; 
only one sloshing mass is shown, but the same 
method could be used with a complete set of 
sloshing masses, Furthermore, the damping is 
not included for reasons of simplicity. The 
bottom couple, Mb, acts as shown. 

Carrying out the details of the analysis gives 
the model parameters shown in table 6.6. 
The bottom couple, Mb, is specified in terms of 
the displacement of mj relative to the tank 
walls, 1 /], but since this term usually enters 
onl 3 ’^ in a stability analysis, where Laplace 
transforms are customarilj' employed anywaj', 
it should present no unusual difficulties. The 
parameters are also shown graphicallj’ in figures 
6.29 and 6.30. 

examining the actual sloshing force and 
moment equations (or experimental results) and 
breaking the moment into two parts as discussed 
above, flexible-wall models for other kinds of 
tanks can be derived. However, such models 
should be viewed only as first approximations 
to the actual sloshing in flexible tanks, and not 
as being exact duplications of these processes. 



Figure 6.28. — Equivalent mechanical model for cylin- 
drical tank with flexible walls. 


Table 6.6. — Model Parameters for Flexible-Wall 
Cylindrical Tank 

[mr=!'4xpd*^l 

(rfc) s)’ 

jn, = niT tanh 3.68 ^ 






ANALYTICAL HEPBESENTATION OF LATERAL SLOSHING 


221 



0 as LO LS 2.0 2,5 

h/d 



0 as LO 1.5 

h 
d 

Ficitre 6.30. — Moment of inertia of rigid mass for flexible 
tank (ref. 6.4). 


Figure 6.29. — Parameters for spring mass elements for 
flexible tank (ref. 6.4). 
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PRINCIPAL NOTATIONS 


Ctf=dampin" coefficient for disk 1 ^ 
c„=damping coefficient for nth slosh mode 
t/= cylindrical tank diameter 
/'"= transverse sloshing force 

acceleration due to gravity, or equiv- 
alent longitudinal acceleration 
A = total liquid depth 

location of nth slosh mass relative to 
liquid center of gravity, except see 
equation (6.34) 

Ao=location of fixed mass relative to 
liquid center of gravity 
7d= moment of inertia of disk, see figure 
6.20 


/jr= moment of inertia of liquid about 
transverse axis through center of 
gravity 

7c= moment of inertia of fixed mass 
7ri«id=moment of inertia of solidified liquid 
about transverse axis through center 
of gravity 

7C„= spring constant for nth spring-mass 
system of model 

/n= location of nth slosh mass relative to 
the free surface 

4= location of fixed mass relative to the 
free surface 
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i„=pendulum arm length for nth slosh 
mode 

slosh mass of nth mode 
nio= fixed mass 
m 7 -= total mass of liquid 
M= sloshing moment about liquid center 
of gravity 
t=time 

i/o= amplitude of lateral excitation 
y„=lateral displacement of nth mass rela- 
tive to tank wall 

a, |3, 7 = directional angles for pendulum model 
of rotary sloshing, see figure 6.9 
a dimensionless parameter, see equation 
(6.34) 


7 „= damping factor of nth slosh mode 
V^=Laplacian operator 
X„= dimensionless frequency parameter, see 
figure 6.20 

1 '= dimensionless frequency for rotary 
sloshing 

zeroes of J'($„)=0 
<i>= velocity potential 
^ 0 = amplitude of pitching oscillation 
x=see equation (6.38) 

pendulum angle, or rotational angle 
of disk relative to tank 
CO = frequency of excitation 
co„= natural frequency of nth slosh mode 



Chapter 7 


Vehicle Stability and Control 

Helmut F. Bauer 


7.1 INTRODUCTION 

In order to analyze properly the performance 
of rockets and space vehicles, it is necessary 
to consider the general problem of dynamics 
and stability of the vehicle under thrust. 
Since, with the increasing size of space vehicles 
and their correspondingly larger tank diameters, 
the liquid propellant frequencies come closer 
to the control frequency of the vehicle, there- 
fore the influence of the sloshing propellant 
can no longer be neglected. Also, with this 
increase in the diameter of the propellant 
containers, the amount of propellant partici- 
pating in sloshmg and the corresponding 
liquid forces become rather pronounced and 
can influence the stability of the vehicle con- 
siderably. Since the largest portion of the 
total weight of the space vehicle is in form of 
liquid propellant, the problem of interaction 
of the sloshing propellant with the motion of 
the space vehicle remains an important con- 
sideration throughout the entire powered flight. 

The general problem we are concerned with 
here is the motion of the center of mass, the 
vehicle attitude, the motion of the propellants 
in the tanks, and the lateral bending of the 
vehicle structure under the action of a control 
system. For the purpose of the following 
investigations, the rate of mass, the moment 
of inertia, and acceleration variations were 
considered small enough to be negligible.* 

The questions to be answered therefore are 
how to decrease the influence of propellant 
sloshing upon the stability of the vehicle by 
proper container geometry and location, proper 

‘ The equations of motion derived in this chapter 
are quite simple and are only adequate to illustrate 
gross effects of the interaction of propellant sloshing, 
structure, and control. 


choice of the control system and its gain values, 
and how to obtain the requirements for addi- 
tional baffles to provide damping of the liquid 
in the containers. To simplify the analysis, 
aerodjmamic effects and the inertia of the swivel 
engines, as well as their compliances, are 
neglected. The control moments ^viIl be pro- 
duced by the swivel engines. The main energy 
is fed into the system by the feedback loops 
between the structure of the space vehicle 
and its control system. 

The coordinate system has its origin at the 
center of mass of the undisturbed vehicle. 
The accelerated coordinate system is sub- 
stituted by an iuertial system such that the 
space vehicle is subjected to an equivalent 
field of acceleration (fig. 7.1). Centrifugal 
and Coriolis forces, which result from a rota- 



Figure 7.1. — Coordinate system of space vehicle. 
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tion, are considered negligible and the accelera- 
tion is in the direction of the trajectory.^ 

7.2 SIMPLIFIED EQUATIONS OF MOTION 


y„=the displacement of the sloshing masses 
relative to the container wall 
ij„=the elastic deflection of the normalized 
bending mode shape 


In order to outline the problem at hand, we 
wiU consider the motion of a flexible body in 
the plane perpendicular to the trajectory. We 
define a set of bod}’^ fixed coordinates, x, y, z, 
with the origin coinciding with the center of 
mass. The translatory motion, y, of the 
vehicle, the rotational motion, <t>, about the 
center of mass, as well as the propellant motion, 
y„, and the bending vibrations, 7j„, are restricted 
to the X-, y-plane. We follow the conventional 
method of deriving the equations of motion 
from Lagrange’s equation. It is assumed that 
the motion of the space vehicle can be described 
by a superposition of a finite number of pre- 
assigned bending mode shapes with a transla- 
tory and rotational motion of the vehicle. The 
elastic mode shapes are introduced as normal 
modes of vibration of the vehicle structure. 

Lasrange's Equation 

For the derivation of the equations of motion, 
we employ Lagrange’s equation in the form 


KintUc Energy 

The kinetic energy is composed of parts 
arising from motions of the empty structure of 
the space vehicle and the liquid propellant. 
The influence of the swivel engines can be 
neglected. The kinetic energy, Tj, of the emptj^ 
structure is obtained by summation of the 
translational and rotational kinetic energy of 
each segment. The translational velocity, v, 
resulting from translation, rotation and bending 
displacements and the angular velocity, o>, are 

v=y—xrt)-\-'^ n,Yy, w=<^)— X j 'OyYv 

V— 1 

where x is the distance of the considered ele- 
ment from the center of mass of the space 
vehicle, and Y, is the normalized bending de- 
flection of the I'th lateral bending mode. (The 
dot indicates differentiation with respect to 
time, while the prime stands for differentiation 
with respect to x.) The kinetic energy, Tj. is 
then 


£ 

dt 





( 7 . 1 ) 


where T is the kinetic energy of the system, D 
the dissipation function, and V the potential 
energj-. The generalized forces. Qi, correspond 
to those external forces whicli cannot be de- 
rived from a potential. The generalized co- 
ordinates, g,, are independent of each other 
and specify the configuration of the system at 
any time, their number representing the number 
of degrees of freedom of the system. These 
coordinates are: 


7/=the lateral translation of the center of 
mass, or centerline of the undeformed 
space vehicle 

<^> = the rotational motion of the centerline of 
the undeformed vehicle about the center 
of mass, relative to the r-coordinate 

- See refs. 7.1 and 7.2. Other papers on the subject 
of dynamics of missiles are given in refs. 7.3 through 
7.6. 


j m', (y—x4>+'^ ri,Yy^ dx 

fT:(4>-±v.Y:ydx ( 7 . 2 ) 

Here, m, is the mass of the structure per unit 
length and I', is the mass moment of inertia 
per unit length about the center of mass of the 
elemental segment. The integration is per- 
formed over the total vehicle length and the 
bending mode deflection curves, Y„ are normal- 
ized (to unity) at the swivel point of the engines. 

The kinetic energy, Tp, of the liquid pro- 
pellant can be obtained from an equivalent 
mechanical model. (See ch. 6.) Such a model 
describes the linearized liquid motion and may 
consist of a fixed mass, mo, and an infinite set 
of oscillating masses, m„, which are attached 
to the propellant container wall by means of 
springs of stiffness k„- With this mechanical 
analogy, the kinetic energy of the propellant 
can be written as 
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^ i WXox-^ y ^ » ?7»yjc(Xox) 

^ X»1 1» = 1 

+2 S 7ox-^<^— 2 !j 

^ °° C , 03 ^ ^ 

~I~Q ^Xb *S y ^XB0"f" ^l»J^I'(3JxB)"l~yBX ( 

^ X = 1 7l=-l ^ >. = 1 J 

(7.3) 

where ^ indicates the number of propellant 
containers, mox the fixed (nonsloshing) mass in 
the Xth propellant tank, m„x the mass of the 
nth sloshing mode in the Xth container, Xox 
the distance of the nonsloshing mass in the 
Xth container to the center of mass of the ve- 
hicle, and x\n the distance of the nth sloshing 
mass in the Xth container to the center of mess 
of the vehicle. The value /qx is the moment of 
inertia of the nonsloshing mass in the Xth 
container about its own center of mass. The 
displacement of the mass of the nth sloshing 
mode in the Xth container relative to the tank 
wall is denoted by y„\. 



Potential Entrgy 

The potential energy is also composed of two 
main parts; namely, that of the structure and 
that of the propellant. The potential energy 
of the structure is again made up of two parts, 
one of which represents the elastic energy of 
deformation 

and the other represents the work performed 
in raising the center of mass of the empty 
vehicle in the gravitational field as the result 
of rotation. This part becomes, in linearized 
form 

^2 

V„=m,gx,^ (7.5) 

Equation (7.4) can also be expressed as 

S ^Wy~^ J ^’,Yl dx 

-h J r.Y? dx I ± Ms^.yl (7.6) 


Here, M, represents the bending moment and 
Q, the shear force acting on an elemental cross 
section. The flexural stiffness is El, G is the 
shear modulus, and A, represents the shear 
area of the cross section. The bending fre- 
quency of the I'th lateral bending mode is 
w,, and Mg, represents the generalized mass of 
the space vehicle. It may be mentioned here 
that the values Mg,, Y„ are obtained from 
a lateral bending analysis. 

The potential energy of the propellant is 
obtained also by using the mechanical analogy 
and is composed of the energy stored in springs 
and the raising of the model masses in the 
gravitational field. The complete expression 
is: 

Yp=h S S *x«2/^x+^ moxXox 

Z X = 1 71 = 1 ^ ^X = l 

00 « ^ 00 2 

+2 2 m„xX„x k -fif 2 2 m^nVnX 

X «1 71 = 1 J 71 = 1 X = 1 

x|«-2 7,„f;(xxj| (7.7) 


Dissipation Function 

The dissipation function of the structure 
arises from its structural damping, which is 
considered proportional to the amplitude of the 
elastic system and in phase with its velocity. 
This, unfortunately, would lead to complex 
elements which would complicate the analysis 
considerably. To avoid this computational 
complication, a dissipation function is employed 
which is based on an equivalent linear viscous 
damping. This is justified as long as the 
damping forces are small and only of importance 
in the neighborhood of the bending frequencies. 

The dissipation function of the structure is 
therefore given by 



'MsrOrV- 


(7.8) 


where g, is the dimensionless structural damping 
coefficient of the rth lateral bending vibration 
mode, and ranges in the neighborhood of 
0.001 0.05. 

The dissipation function of the liquid pro- 
pellant arises from the equivalent linear viscous 
damping as it was introduced by linear dashpots 
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in the mechanical model. (See ch. 6.) This 
takes the form, with 

J^P = \ S 2 C„xyxn = S S fr.X«nx7W„x2/xn (7.9) 

^ X-1 n-1 X-=l n=l 


where f„x is the damping factor and £d„x is the 
circular natural frequency of the nth sloshing 
mode in the Xth container. 


Gtneraliitd Mast 

The equations of motion are to be obtained 
b}' performing differentiations for each general- 
ized coordinate in the Lagrange equation, 
where the following relations have to be ob- 
served. 

The total mass, m, of the vehicle is given by 
(engine mass neglected) 


m 


= r m,' dx+'^ Wox+2 S "inx (7.10) 

./ X-l X-l n-1 


The origin of the coordinate system is at the 
equilibrium position of the center of mass of 
the total space vehicle, which is expressed by 
the equation 

C I la. 

mix 2 wiox^ox+S S wi„x2nx=0 (7.11) 

J X-l X-l n-1 

Furthermore, the linear momentum for the 
normal modes of vibration is conserved and 
expressed by 

{mlYydx+'22 wioxF,(xox)+2 2 m„xF,(x„x)=0 

(7.12) 

where the integrations are to be performed 
along the total vehicle length. 


and propellant flow forces in the pipelines, the 
only force we shall be concerned with will be 
that of the vehicle thrust, F. If only a part, 
Fi, of the thrust F—F 1 +F 2 is employed for 
control purposes, that is, if only this part of 
the total thrust can be gimbaled, while the 
remainder. Ft, of the thrust is stationaiy, then 
the derivation of the generalized forces with 
respect to the thrust is as follows. 

The generalized force of the lateral transla- 
tion resulting from the thrust vector of the 
vehicle is given bj^ the thrust component in the 
2 /-direction. The virtual work is (see fig. 7.2) 

from which the generalized force, Q„, is obtained 
as 

Qv=Y 

where /3 is the engine deflection as measured 
from the centerline of the vehicle. The gen- 
eralized force of rotation is presented by the 
moment of the thrust force about the center of 
mass of the vehicle, and with 


'} 


i: v.ruxs) y+F2i3 (7.13) 


ySy+Fs^Sj/ 


6W,=f/ X* S tj.F^Xk) 

— VyY ,(Xs) ^ — FjXB^bd) 

»-l J 


• gives the expression 



77,F^(xje)— 2D mY,{xB) 

v-l 


} 


— FiZsfi 
(7.14) 


Generalized Thrust Forces 

Before proceeding to the derivation of the 
equations of motion, the generalized forces that 
cannot be represented from a potential are 
derived. These are obtained by calculating the 
virtual work done by the external forces through 
virtual increments, ig,. of the generalized 
coordinates, g,. Thus, 

where IF is the work and Q, are the generalized 
forces. Since we neglect aerodynamic forces 
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Finally, the generalized force of the thrust with 
respect to the generalized coordinates arising 
from the lateral bending of the space vehicle are 
obtained in a similar way by observing that the 
thrust force is always perpendicular to the 
lateral bending motion and that the virtual 
work through a virtual displacement of the 
generalized coordinate, t?,, is 

&W„^=F2^Y ,{xb)8ti. 

The generalized force is therefore 

Q,,=F20Y,(xb) (7.15) 

The generalized forces of the thrust with 
respect to the sloshing displacement are zero; 
i.e., Qti^—0. 

Translational Equation of Motion 

The equation of motion for translation, y, of 
the vehicle is obtained from equation (7.1), 
with equations (7.2) and (7.3), by employing 
the results equations (7.10) through (7.13), thus 

2 mn^ynx=F<t>+F20~F^ V.YUxs) 

X*»l fi»l 

(7.16) 

Pitching Equation of Motion 

The equation of motion of the vehicle in 
pitching, 4>, is obtained from equation (7.1) 
with and employing equations (7.2) 

through (7.14), thus 

CD f 00 I 

^nX^nxVnX Q ^ i Wnx2/nx~l” 

X»1 n-1 X«l 

S V.Y'Xxb)-'^^ r,,r,(a:J j- (7.17) 

where the effective moment of inertia of the 
space vehicle is given by 

/ = m1^ = J' m'.x^dx + 

+S 4x+s 2 (7.18) 

X-l n-1 X=1 

and the equation for the conservation of the 
angular moment has been observed as 


Jm'z r, (a:) dx 4- J*4 F' (x) da: + S "ioxa:ox r, (Xox) 

4xF'(xox)+S S m„xx„xF,(x„x) = 0 

X-1 n=l X-1 

(7.19) 

The value Xe is the distance of the swivel 
point of the engines from the origin and k is 
the radius of gyration of the vehicle. The 
right-hand side of equation (7.17) represents 
the generalized force of the thrust with respect 
to lateral bending. The values F,(x^) and 
Y[{xb) are the lateral displacement and slope 
of the i<th bending mode at the location of the 
swivel point, respectively. 

Propellant Equation of Motion 

The equation of motion of the moving pro- 
pellant in the containers of the vehicle is based 
on the mechanical model and is obtained by 
applying the Lagrange equation to the gen- 
eralized coordinate i/nx observing that the 
generalized force, vanishes. This yields 

the equation of the modal sloshing mass 
(refs. 7.7 and 7.8) 

2/nX + 2fnXWnx2/nX+«nX2/nX 

= 7»Fv(Xbx)^ 

+ S VyY',{x„\) ^ 

\=1, 2, . . . f; n=l, 2 . . . (7.20) 

The subscript n indicates the number of the 
propellant mode under consideration, while X 
indicates the container number. f„x is the 
damping factor of the propellant and w„x is 
the undamped circular natural frequency. 
F,(x,x) and Fi(x„x) are displacement and 
slope, respectively, of the vth lateral bending 
mode at the location of the nth sloshing mass 
in the Xth container. 

Lateral Bending Equation of Motion 

As vehicles increase in size, the lateral funda- 
mental bending frequency approaches more 
and more closely to the control frequency and 
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the lower natural frequencies of the propellant. 
This indicates that in many cases the bending 
vibrations of the vehicle cannot be neglected 
in a dynamic analysis of the vehicle that also 
includes propellant sloshing and the control 
system. (See ch. 9.) 

The equation of motion of the vth bending 
mode is obtained from equation (7.1) together 
with equations (7.2) through (7.7) and by 
noting the results of equations (7.12), (7.19), 
and the orthogonality relations between normal 
modes, as expressed by 


Control System Equation of Motion 

Actually, the control equation cannot be 
expressed as a linear equation; however, 
translational and rotational motions of the 
space vehicle usually occur at sufficiently small 
frequencies so that the control elements can 
be considered as essentially linear. Non- 
linearities usuallj’^ occur at higher frequencies 
in the form of saturation of amplifiers, limited 
output of velocities, and so forth. The con- 
trol equation is vTitten, therefore, in the form 

Af) 


m',Y,{x) F„(x)cZx-f J/.'F((x)F((x)rfx 
+2 moxF,(xox)F„(xox) + S 4xF((xox)FUa:ox) 

X-l X=1 

+S S w„xF,(x„x)F„(x„x) = 0 (7.21) 

77*1 X=1 


thus 

Y,{Xb)^ 

IV-lBy 


AlBi’ n»l X«1 

m„^y„>,Y,(Xn\) (7.22) 

IMbv rj-1 X»1 


Here, u, represents the natural circular fre- 
quency of the rth lateral bending mode and g, 
is the corresponding structural damping. The 
generalized mass of the rth lateral bending 
mode, Mb,, is given by the expression 

m, Yl (x)dx+j /; Y?(x)dx 
+i: moxFj(xoO+i: /oxf:=(xox) 

X »1 x-l 

+2 i w-.xF=(a;„x) (7.23) 

71-1 X-l 

The values l',(x„x) and 1 '((xqx) represent nothing 
but the displacement and slope of the Kth 
lateral bending mode at the location of the 
nonsloshing mass in the Xth propellant tank. 


where the operators /i and/j are functions that 
depend on the character of the system. At is 
the indicated acceleration, as measured by an 
accelerometer normal to the longitudinal axis 
of the vehicle. In linear form one can express 
this as 




d^<t>i 


d‘Ai 




(7.24) 


Here, the p, are the so-called phase-lag co- 
efficients, and 4>t is the indicated angular 
deviation from the trajectory as indicated by 
the gyroscope 

= ‘ti,Y',{Xa) (7.25) 

►-1 


where F( (xo) is the derivative of the 
vtli lateral bending mode at the location 
of the gyroscope. If the fundamental lateral 
bending frequencj^ is well above the control 
and propellant sloshing frequencies, of which 
the corresponding sloshing masses create pro- 
nounced dynamic effects, the flexibility of the 
space vehicle can be neglected and the control 
equation can be written in the simplified form 
(i'=0;i = l, 2, K=0, and po=l) 

^=ao<j)-{-ai^-\-g2Ai (7.26) 

Here, time derivatives in which produce 
increasing phase lags with increasing frequency, 
have been neglected. In order to include the 
effect of the flexible structure, the phase-lag 
coefficients are of importance and have to be 
considered. A still simplified control equation 
for these cases would be of the form 


P2^+Pi^+fi=ao<t>i+ai<t>i+(hAi (7.27) 
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which only approximately describes the com- 
plexity of an actual control system. By proper 
choice of the phase-lag coefficients, pi and 
and by proper choices of the attitude value, a^, 
and the rate value, ai, the control system can be 
approximated. A simple system is preferred for 
this type of analysis in order to keep the analysis 
and the interpretation lucid, and still render 
good results. If no accelerometer is employed 
for control purposes, the gain value, g^, vanishes. 
This term, gz, is a measure of the strength with 
which the control accelerometer influences the 
control of the space vehicle. 

The attitude gyroscope is a free gyroscope 
that measures the position of the vehicle, the 
main function of the gyroscope being to main- 
tain a space-fixed angular reference. Since we 
restrict our motion to one plane only (pitching), 
we consider only the appropriate gyroscope of 
the stable platform. The essential property of 
a gyroscope is used, which represents an angular 
velocity about an orthogonal axis (output axis), 
if a torque is applied about an input axis. If 
the platform on which the gyroscope is mounted 
is perfectly balanced and the bearings are 
frictionless, no torque will be experienced by 
the platform, thus maintaining its orientation 
regardless of the motion of the space vehicle 
(ref. 7.9). The pickoffs of the gyroscope must 
be very light in weight and should not introduce 
any torques; this can be achieved by various 
forms of capacitive, inductive, or optical pick- 
offs. Because of unbalances and friction, which 
cannot be eliminated completely, a disturbance 
torque is exerted on the stable platform ; a servo- 
system counteracts this disturbing torque and 
produces essentially a torque-free system. For 
the purposes of this chapter, we consider a 
properly designed gyroscope which exhibits a 
transfer function of unity for a very large 
bandpass. This means that the indicated 
attitude angle will be the same as the input 
angle and is described by equation (7.25). 

Accelerometer Equation of Motion 

A vehicle moving in the pitch plane possesses 
two rigid body degrees of freedom, one trans- 
lational degree of freedom in the y-direction and 
one rotational degree of freedom denoted by <t>. 
While the gyroscope detects rotational motion. 


the accelerometer is required to provide a 
reference for translational motion. An acceler- 
ometer and a gyroscope are therefore capable of 
supplying information about the motion of a 
rigid space vehicle in the pitch plane (x, y 
plane). In addition to the gyroscope, an accel- 
erometer provided for control purposes can, by 
proper choice of the gain value and its vibra- 
tional characteristics, also diminish loads and 
reduce engine angle requirements of the swivel 
engines. Mounting an accelerometer to the 
structure of the vehicle such that its sensitive 
direction is perpendicular to the longitudinal 
axis of the vehicle, this instrument is then 
capable of sensing the accelerations due to 
translation, pitching, and bending motions. 

The equation of motion of an accelerometer 
(shown schematically in fig. 7.3) can be obtained 
from Lagrange's equation. The kinetic energy 
is given by 

T=-^ y — a:o<^ + ya + S VvYy{Xa)^ 

where ya is the relative deflection of the acceler- 
ometer mass, wia, with respect to the space 
vehicle, and (— Xa) is the location of the accel- 
erometer measured from the mass center of the 
vehicle. The dissipation function correspond- 
ing to linear damping can be represented by 



where Ca is the damping coefficient. The poten- 
tial energy is 

— J?,r;(Xa) j- 



229-648 0—67 16 



232 


THE DYNAMIC BEHAVIOR OF LIQUIDS 


The first term is the energy stored in the spring, 
while the second term is the potential energy 
decrease resulting from the change of location 
of the mass, in the equivalent acceleration 
field, g. With these results, the equation of 
motion of the accelerometer is obtained by 
applying Lagrange’s equation to yield 


m, 


:-^j/-Xa0+ya+S VyY,(Xa)y +Caj/a+kaya 


With kalma=o)l as the square of the natural 
circular frequency of the accelerometer, and 
CaMa=2faO)a, one obtains 



Figure 7.4. — Schematic of rate gyroscope mounting. 


ya + 2^a<>laya + ‘^lya = — y + Xa^ 

— S VyYy(Xa) + gf<t> — '^ »7»F'(a:a)l 

where fa is the damping factor of the 
accelerometer. 

By scaling the output in such a manner 
that it is equal to the input, for frequencies 
small in comparison with the natural frequency 
of the accelerometer, one has to transform with 



where At represents the indicated acceleration. 
The response characteristic of the accelerometer 
is therefore determined by the differential 
equation 

— H Ai+Ai=y~Xa^—g<t> 

COa Wo 

+ S(’i>'F,(Za) + .<7’;i'F^Xa) } (7.28) 

Rate Gyro Equation oF Motion 

In some space vehicles, the rate of the 
attitude angle, <^,, in the control equation is 
not obtained by a differentiating network oper- 
ating on the angle, but rather by the output 
signal of a rate gyroscope. The function of a 
rate gyroscope is to give an output signal which 
is proportional to the angular velocity about a 
perpendicular axis. Figure 7.4 represents the 


mounting of such a rate gyroscope. In con- 
trast to the free gyroscope, the outer frame of 
the rate g 3 Toscope is rigidly fastened to the 
structure of the vehicle. The inner gimbal 
support is restrained by a spring and damper 
which permit a limited rotation about the 
outer frame. The 2 -axis about which the ve- 
hicle turns is called the input axis, and the 
axis of rotation of the inner gimbal frame is 
called the output axis. Any rotation of the 
vehicle frame at a rate iptR will act as a forced 
precession of the spin axis and will induce a 
gyroscopic reaction torque. This torque is 
given by 

Mr = I RUB<i>R 

where Ir is the moment of inertia of the rotor 
and (j>R its angular velocity, ^r represents the 
angular velocity of the structure of the vehicle 
at the location of the rate gyroscope. The 
torque, Mr, is balanced by the inertial, damp- 
ing, and restoring moments of the gyroscope 
about its output axis. Damping has been 
introduced to prevent the undesirable condition 
of excessive overshoot and oscillations about 
the steady-state angle. The behavior of the 
rate g 3 ’roscope can therefore be established 
from the differential equation 

la d I^ad = I Rh^ R 

where Iq represents the moment of inertia of 
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the rotor and the inner gimbal frame with 
respect to the output axis. Co is the coefficient 
of viscous damping and Kg is the restoring 
moment per unit angle. By defining 

d = </ Io<^o 

the angle 6 is scaled in such a fashion that the 
indicated value, dt, for frequencies small in 
comparison with the natural frequency, ua, 
of the rate gyroscope {o3a= Kollo), represents 
the angular velocity of the vehicle at the loca- 
tion of the gyroscope. The response char- 
acteristic of a rate gyroscope of natural circular 
frequency, «<?, a damping factor, fc, and an 
angular velocity, ojs, of the rotor is therefore 
described by the differential equation 

-^“1 — — — S (a:«) (7.29) 

COo Uo = l 

where di represents the indicated angular 
velocity of the airframe of the vehicle at the 
location of the rate gyroscope. The control 
equation, in which the rate is governed by 
the output of a rate gyroscope, and with 
additional accelerometer control, is then (see 
eq. (7.27)) 

(7.30) 

where 

— S VrY',(Xo) (7.31) 

7.3 INFLUENCE OF PROPELLANT LATERAL 

SLOSHING 

The dynamics of space vehicles are best 
described by the two essential investigations of 
stability and response. Stability expresses the 
ability of a system to achieve a state of motion 
and how rapidly this can be done. In the 
analysis of space vehicle performance, one 
usually is satisfied to determine just the roots 
(boundaries) of stability, rather than solving 
the total system of equations. The shifting of 
roots to more optimal positions, if possible, is 
a major part of the analysis. If this is accom- 
plished, however, the response of the vehicle 
is then required to determine whether or not 
the design of the system is appropriate for 
certain given inputs. In a space vehicle, these 
design values are the available engine deflection. 


its rate, maximum bending moments, wave 
height of the oscillating propellants, etc., as a 
consequence of a given wind increase and gust 
through which the vehicle may have to pass 
during the ascent phase of its flight. The 
dynamic characteristics of the vehicle differ 
in complexity depending, of course, upon the 
complexity of the system itself; they are reduced 
here to a less complex system by truncating 
the equations of motion in such a fashion that 
a more lucid presentation can be provided 
without loss of the more general featimes of the 
system. 

Stability Techniques and Stability Boundaries 

Since the response of a system depends on 
its stability, the roots of the system are the 
most basic parameters of the system dynamics. 
These describe the response resulting from any 
excitation and depend only on the physical 
parameters of the system. We shall therefore 
discuss, in this section, the basic techniques for 
obtaining the characteristic roots of a dynamic 
system and shall study the variation of these 
stability roots with changes in the physical 
characteristics of the vehicle. 

The optimization of the response behavior 
of the vehicle is based upon the possibility of 
shifting the stability roots of the system. 
(See fig. 7.5.) This means that if the location 
of the roots can be changed in the complex 
plane (root locus plane) (fig. 7.5) in such a 
fashion that they exhibit a larger negative real 
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Unstable region 

i 
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stable root 
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^ Unstable root 














Arrow indicates increasing stability by changing 
physical parameters of the system (root migration) 


Figure 7.5. — Root locus plane. 
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part, by changing the physical properties of 
the system, the system will show enhanced 
stability and will more efficiently achieve a 
steady-state condition and absorb a disturbance 
more rapidly. A very convenient way to study 
the migration of stability roots is by plotting 
them as continuous functions in the complex 
plane; this is called a root locus plot and 
represents a curve of all (or those which we are 
most interested in) root locations in the complex 
plane corresponding to the change of 

some of the physical parameters of the space 
vehicle. The effect of the change of any other 
parameter can also be obtained. One can 
therefore investigate the necessary changes that 
should be introduced into the system to yield 
enhanced stability and response features. 

In space vehicles, the characteristic equation 
is of higher order and a direct analytical solu- 
tion is laborious and sometimes even unneces- 
sary for design purposes. Although the solution 
of such a polynomial can be performed by the 
method of Sturm and Graeffe (ref. 7.10), or its 
modification by Brodetsky and Smeal (ref. 
7.11) withovit any difficulties, in many cases it 
is sufficient to know whether or not the real 
parts of tlie roots are negative, thus indicat- 
ing a decaying motion with increasing time 
(stable motion) or whether the}" are positive 
and represent an unstable motion with increas- 
ing amplitude as time increases. When a 
design parameter is to be considered as a 
variable, it is especially important to have 
available criteria for the stability in terms of 
the roots. Criteria of this type are given by 
Routh (ref. 7.12) and Hurwitz (ref. 7.13). 
Another method for the determination of the 
location of the roots is the root locus method 
b}- Nyquist (ref. 7.14). In the following, we 
shall use only the Hurwitz criteria. 

A necessary and sufficient condition that the 
equation 


H,=a, - Hi= 


d\ \ CL^ \ fl-5 

07 

...j 

Q/q Q>2 ' fl'4 
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0 Ol ffl3 
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0 . . . 
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da 
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0/2 



a, 

da 

05 


= Oo 

02 

04 


0 

0 , 

da 



Oi 

da 
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do 

0/2 

04 . 

Hn-l = 

0 

Oi 

da . 


0 

Oo 

dj • 


(7.33) 


(7.34) 


2 d\S^=0 
x-o 


(7.32) 


For a quadratic equation in s, these conditions 
are satisfied if the coefficients Oo, <ii, and 02 are 
positive. For a cubic equation, the Hurwitz 
conditions are 


Hi — 0 )^ 0 , H 2 — 


(t\ 0 

H3= tto tt 2 di ^0 ( 7 . 35 ) 


dl 

da 

do 

0.2 


with real and positive coefficients, a„, have 
only roots with negative real parts, is that the 
fflx and the values of the determinants, H„ all 
be positive. The determinant H, is of the 
form: 


1 0 Oi 03 I 

To obtain some insight into the degree of 
stability, that is, the rapidity of decay of the 
motion, it is sometimes of interest to determine 
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the magnitude of the smallest negative real 
part. For this reason, one shifts the imaginary- 
axis toward the left by 

s=s — a 

where ff>0 and real. If the transformed 
polynomial is just still stable, that is, the 
smallest root is very close to the shifted imagi- 
nary axis, we obtain a measure of the magni- 
tude of stability. 

The stability boundaries are characterized 
by the roots, of which at least one has a zero 
real part while the others are stable roots. 
For an nth-degree polynomial the stability 
boundaries are presented by 

a„=0 and Hn-i = 0 

To determine which side of the stability 
boundary represents the stable region, one 
point (not located on the boundary) is chosen, 
and its stability is investigated with the pre- 
vious Hurwitz determinants, f/,>0 (eq. (7.35) ). 
For a quadratic equation, the stability bound- 
aries are given by a 2=0 and ai=0. For a 
cubic equation, the conditions are 

^3^=0 and H 2 — UjU 2 — 
and for a quartic equation they are 

a <=0 and Hz=0, i.e., aia 2 <i 3 =a?a 4 -f 00^3 

Another method for deter m ining the stability 
would .be that of the locus curve. The poly- 
nomial of the complex variable, s, represents a 
complex value, w 

w=P(s) 

If all roots, s, are stable roots, they must be 
located in the left half plane of s, that is, the 
imaginary axis, s=ioi, separates the left stable 
from the right unstable region of the 
«=o-r4u;-plane. Introducing s~iia into the 
polynomial w=P(s) and investigating the map- 
ping of this imaginary axis in the w-plane 
should yield some criteria for the stability of 
the roots of the polynomial. With 

s='iw 

and 

P(s)=S 

x-o 


we have 



[n/2] 

+i S (-l)^ajx+.a,^^+' = Z(a>)4-ir(a,) 
x-o 

where [n/2] means the smaller integer closest 
to n/2, or equal n/2, if n is even. This in- 
dicates that for even n the expression X(w) 
will be an even polynomial of nth degree 
while F(oo) is an odd polynomial of (n— l)st 
degree. For an odd value n, the X{oi) is an 
even function of (n— l)st degree and F(co) is 
an odd polynomial of nth degree. Therefore, 
X{u)=X(-oi) and F(co) = - F( - w) . The 
function 'uj(u) is represented in the w-plane 
locus curve as w assumes the values from 
— CO to -foo. All roots of the polynomial 
w=P(s)=0 are mapped into the origin w=0 
of the w-plane. The location of this point, 
therefore, with respect to the locus curve will 
be characteristic for the root, s,, with respect 
to the imaginary axis. The fact that X{u) 
is even and F(w) is odd reveals that only 
o)>0 has to be considered. The locus curve 
starts out for w=0 on the X-axis and the 
w-plane at w=ao and represents, with w^oo, 
a curve such as shown in figure 7.6. In order 
to answer now the question of stability of the 
roots, s„ we imagine a point, s=iu, on the 
imaginary axis of the s-plane and consider 
the connecting lines of the rth roots, to 


Y 



Ficube 7.6. — Locus-curve method. 



236 


THE DYNAMIC BEHAVIOR OF LIQUIDS 


that point. This is, however, a factor of the 
product representation of the polynomial 

n 

w=P(s)=a„ n (s-s,)=a„(" n r,) e = Re'^ 

^=1 \..=i / 

where 

w=X+iY 
X=R cos <t> 

Y=R sin <t> 

From this, one obtains 

n 

R=a„ n Ty 
</>>■ 

v-l 

If none of the roots, s„, is located on the 
imaginary axis, i.e., r„?^0, and if a„>0, it follows 
that 7?>0, which means that X and Y have 
the same zeros as cos (p and sin (p, respectively. 
If all roots, Sy, are in the left-hand plane 
(stable roots), then <py can cover onl}’ the 
angular region from — ■7 t/ 2 to -\-irl2 for 
s = ?w moving on the imaginary axis. The 
angle, <p, therefore, can only cover the angular 
region — ?J7 t/ 2 to -t-nir/2; or, for o)=0 to », 
it will cover the angular region 0 to n7r/2. 
The angle, <p, is the angle of the complex value 
w=Rc'* of the locus curve, and one now obtains 
the criterion: 

The equation P(s)=0 has only roots 
with negative real part, if the locus curve 
w=P(s)='w{u) (for s=iw) circles the 
origin «’=0 in such a fashion, that the 
angle, <p, covers the angular region from 
0 to n7r/2 as o> changes from 0 to <» (count- 
ing positive toward the left). 

If one root is in the positive half plane, say 
on the real axis, then the angle covers the 
region from x to x/2, in rotating by x/2 in the 
negative sense. For X stable and m unstable 
roots, the angle, </>, yields a rotation of 
(X — M)x/2 = 7n,x/2 in the positive sense, if w 
ranges from 0 to . With n as the total 
number of roots 

X-|- M=n 
X— M=m 

one concludes: 


The polynomial of wth degree P(s)=0 has 
stable roots 

and 

- -- unstable roots 

A 

if the locus curve for o)=0 to “ covers the 
angular region from 0 to {\—n)v/2 in the 
positive sense. 

This method is particularly useful for in- 
vestigating the effects of changes in physical 
parameters on the behavior of a dynamic 
system, especially if high-speed computing 
machines are available. 

General Criteria for Stability of Vehicle With No 
Propellant Sloshing 

After the equations of motion have been 
formulated, as indicated in the preceding 
sections, a dynamic analysis of the vehicle in 
flight must be performed. The interaction of 
the bending of the flexible vehicle with the 
rigid body motion, the sloshing of the pro- 
pellants, the reaction of the swivel engines and 
their compliance, the excitations provided by 
aerodynamic forces and wind gusts, and the 
coupling of the control system providing the 
stability of the space vehicle, must all be taken 
into account. The equations of motion have 
been linearized and can be solved on a high- 
speed computer. It is evident that a detailed 
formulation and dynamic analysis is beyond 
the scope of this monograph; however, it is 
possible to discuss more or less simplifled 
sets of equations of motion which shall serve 
to illustrate gross effects and yet be of funda- 
mental importance in the preliminary design 
of a space vehicle. 

In order to maintain stable conditions 
throughout powered flight, it is necessary to 
avoid adverse feedback conditions arising from 
inherent phase lags of the sensing element and 
erroneous signals from bending vibrations. 
Especially for aerodynamically unstable vehi- 
cles, which are particularly sensitive to atmos- 
pheric disturbances, artificial stabilization 
through the control system (with accelerometer) 
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can alleviate the required control deflections of 
the gimbal engines, and reduce the loads which 
can be a potential hazard to the flight per- 
formance of the vehicle. We will consider 
here the problem of rigid and flexible vehicles, 
where the propellant is treated as rigid mass, 
and determine some of the basic requirements 
for the location of the sensors and their vibra- 
tional characteristics. Some criteria can be 
developed which yield enhanced stability of the 
vehicle without resorting to electrical filter 
networks, as is performed in a complete root 
locus analysis of the dynamic system. The 
sensors treated here comprise accelerometers 
and rate gyroscopes. With these assumptions, 
the equations of motion, considering only one 
bending mode, reduce to the following form; 

Translational motion: Equation (7.16) 

my=F<t>+F20—FriY'{xB) (7.36) 

where Y is the first bending mode. 

Pitching motion: Equation (7.17) 

Ii^-\-FiXB&—F{ XbvY'{xb) — vY{xe) } (7.37) 

Lateral bending vibration: Equation (7.22) 

E(a:,)/3 (7.38) 

The dynamic characteristics of the control 
sensors are represented by the following 
equations: 


Accelerometer: Equation (7.28) 

^-h— Ai+Ai^y—xJ^—g<t>+vY (xa)+rigY'{xa) 

0>a Wo 

(7.39) 

Rate gyro: Equation (7.29) 

^ di-\-Si=4> — yY' (xb) (7 .40) 

W(J 

The control equation is used in its simplified 
form 

p2^-f Pi^-t-|3=ao<><+(ii (7.41) 

For a given configuration, the control require- 
ments are strongly dependent on the mutual 
settings of the control system . 

In the following discussion, numerical results 
have been presented for a Saturn I-type vehicle 
for which half of the thrust is available for 
control purposes (refs. 7.9 and 7.15). 

Criteria hr Position Gyroscope 

This investigation presents the stability 
boundaries in the (Yg, ga) plane, indicating at 
what location a gyroscope should be mounted 
to maintain stability for a certain structural 
damping ga and for various gain values and lag 
coefficients. 

The control equation, equation {121), was 
employed with an accelerometer gain value of 
^ 2 = 0 , that is, no additional accelerometer 
control. Neglecting the effect of translational 
motion and combining the equations for pitch- 
ing motion, equation (7.37), and bending 
oscillations, equation (7.38), with the control 
equation, equation (7.41), leads to the condition 
that for this system of three homogeneous 
algebraic equations the coefficient determinant 



FtXs 

FY{xb)-FxbY'{xb) 

0 

FiY (xb) 
Ma 


— (Uo-f-UlSWc) 

P2^<4APlSO}c+l 

(oo4-disWc)F'(X(j) 


must vanish. The stability polynomial is of 
sixth degree. For ^32=0.0084 and i?i=0.05, it 
was found that for a gyroscope location close 
to the antinode, the degree of structural 


damping usually provided is sufficient to 
maintain stability. For low bending frequen- 
cies the location behind the antinode seems 
reasonable, but for larger bending frequencies 
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a location in front of the antinode also yields 
stability; this is due to the lag terms in the 
control equation. 

If only the bending equation, equation (7.38), 
is combined udth the simple control equation 


where 




4>i= — riY'(xc!) 


by setting the coefficient determinant equal to 
zero. Thus 




0 

F 2 XB 

— SUc 

2 ~ 

s-bl 
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Ug 

0>g 


do 


— Ol 

1 


the stability polynomial is of second order and 
exhibits stability if the coefficients are positive, 
and is of the form 




_ , F,Y(x^)Y'(x„) . 

9b<^b-\ ^ Ui 




Mb 


I 


F,Y(x^)Y'(xg) 

Mb 


ffloJ=0 


Since all of the values in these coefficients are 
positive by their very nature except for Y'(xa), 
which can be either positive or negative, the 
system definitely exhibits stability for Y'(xg) 
>0, that is, for a positive bending mode slope 
at the location of the gyroscope. This means 
that the gyroscope should be located behind 
the antinode in the aft section of the vehicle. 
The stability boundary is at 


Y'{xo) = 


Mb9^b 

F2Y{xe)cLi 


that is, slightly forward of the antinode. 

Criteria for Rate Gyrotcope 

We shall consider the stability criteria for a 
rate gyroscope by dividing our investigation 
into two parts: one in which the vehicle is 
considered as a rigid body, and the other in 
which the flexibility of the vehicle is described 
by the fundamental bending mode. 

Rigid Body Stability 

Treating the equation for pitching motion, 
equation (7.37), together with the rate gyro- 
scope equation, equation (7.40), together with 
the simple control equation in its ideal form 




and assuming again time dependency of the 
form the stability polynomial is obtained 


which yields a fourth-order stability polynomial: 


x-o 

with the coefficients 

„ , T> I 0,oFiXB, r> OoFiXeUa . 

„ 2 ^gCi>G rt F2XBdlUio I 2^gUa<l6XBF2 


with 

2 gxstoo 

and 

gxBdie Ok .. 

where 

F2 F 


tq — — ’ g~— 
^ m ^ m 


is the longitudinal acceleration of the vehicle 
and k'^=Ijm is the square of the radius of 
gyration. This yields 



The stability boundarj’^ is obtained by setting 
BiB 2 B 3 =BoBi+BiB\ which leads to 


\0)g/ \fc/ 


0 


representing a hyperbola in the 



plane. Only the branch in the first quadrant 
of the coordinate sj’^stem is of physical signifi- 
cance and is shown in figure 7.7. The cross- 
hatched area represents the stable area. From 
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this we can conclude that rigid body stability 
can be accomplished by choosing the natural 
frequency of the rate gyroscope larger than the 
control frequency and adjust its damping factor 
to an appropriate value. For a ratio of the 
damping factors of unity, a frequency ratio 


range of 0<^< (^) 


would maintain sta- 


bility of the rigid vehicle. 


Btnding Mode Stability 

Taking, in this case, the bending equation, 
equation (7.38), and rate gyroscope equation, 
equation (7.40), together with the control equa- 
tion, equation (7.41), while omitting all terms 
corresponding to rigid body motion, yields the 
coefficient determinant 



Figure 7.7. — Stability boundary for rigid vehicle with 
rate gyroscope. 


sWc+ gBSUcUB+ 
SUcY'{Xb) 

<ioY'{xa) 


-F, 

Mb 


Y{Xb) 
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0 


Wo Wgr 


=0 


P2S^Wc-|-piSWc+ 1 — ®1 


The stability polynomial, which is of sixth de- 
gree, is reduced to a quartic by setting the 
phase through making the coefficients pi=pi 
=0, which yields finally the stability boundary 


<<?+ 




where 


' - Y{xb)Y'{xq) , I 
® ~ Mb ' 


and 


, _F(a;g)r'(zg) 


«R = 


Mb 


m 




The value (xe,Rl represents the distance be- 
tween the center of instantaneous rotation and 
the mass center of the vehicle. 

In the (e*, «c)-plane, as shown in figure 


7.8, this represents a family of straight lines. 
The distance of the intersection point with the 
axis from the origin is decreased by increasing 
the frequency ratio (wr/wc), that is, by de- 
creasing the rate gyroscope frequency toward 
the bending frequency. The slope of the sta- 
bility boundary line decreases with decreasing 
damping ratio (f«/rc) and increasing frequency 
ratio (cOf/wo). Since the frequency ratio is 
limited to a small value because of the rigid 
body stability, the slope is most effectively 
changed by the damping ratio. This indicates 
that a supercritical damping of the rate gyro- 


-rv r\ 

AO AA.C'OXA 




can be drawn from figure 7.8 with regard to the 
proper location of the rate gyroscope is that 
positive slope Y'(xb) minimizes stability. 

Therefore, it can be concluded that the 
natural frequency for the rate gyroscope should 
be quite large compared with the control 
frequency and the highest to-be-controUed 
bending frequency under consideration. The 
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«; 



Figure 7.8. — Stability boundary’ for flexible vehicle with 
rate gyroscope. 

damping should preferably be supercritical, 
or large in comparison with the control damp- 
ing. Furthermore, the rate gyroscope should 


ms^w? —F 

0 


— S^(4 (xaS^ul + g) 

0 — (tto“f"Sw„ai) 

The stability polynomial is of fourth degree 
with the coefficients 


if4=l 

Uc <^c L 







be located behind the last antinode of the 
to-be-controlled bending modes. 

Criteria for Accelerometer 

In many vehicles, an accelerometer is used 
as an additional control element. By proper 
choice of its gain value in the control equation 
and its vibrational characteristics, such an 
element can help to diminish loads on the space 
vehicle and to reduce deflection requirements 
of the swivel engines. In this section, there- 
fore, we shall investigate the effect of the 
vibrational characteristics and the gain value 
Qi of an accelerometer and shall try to determine 
simple criteria for the preliminary determina- 
tion of those values (ref. 7.16). 


Rigid Body Stability 

Since the translational motion of the vehicle 
is sensed by an accelerometer, this has to be 
considered in a simplified stability analysis. 
Therefore, for rigid body stability, we treat 
the translational motion, equation (7.36), 
together with the pitching motion, equation 
(7.37), the accelerometer equation, equation 
(7.39), and the control equation, equation 
(7.41), together with the usual assumption 
for the solution. The coefficient determi- 
nant that has to vanish yields, with v=0, 
and the phase coefficients pi—p 2 = 0 , 
the expression 

0 
0 

COb 

—92 M 

The stability condition, with 

BiB\ and 1 icir1=^/xe, is then given by 


-F2 

F iXe 
0 


= 0 


+4M.-2 (0-.JS,(l+.) (0} 

+(0[l-*f7<72(l+«)]>O 
This is a polynomial of fourth degree in We/wo- 
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A case of special interest is the ideal ac- 
celerometer for which o)a>>Wc. With a = 
^a/laJcial, the result of the above equation with 
f 992 =^i yields the simple expression (Ixciai is 
the distance of the center of instantaneous 
rotation from the mass center) 



which is shown in figure 7.9. From this it can 
be concluded that an accelerometer should be 
located forward of the center of instantaneous 
rotation to allow all possible gain values 
X(>0). With decreasing gain values X, the 
location of the accelerometer becomes less 
important for rigid body stability. Figures 7.10 
and 7.11 show the influence of .the natural fre- 
quency, o)a, of the accelerometer and of the 
damping factor, fa. The influence of the 
change of these parameters is not very pro- 
nounced and does not exhibit a large difference 
from the results for an ideal accelerometer. If 
the natural frequency of the accelerometer, 
however, is small (which should be avoided in 
many respects), the stability boundary curves 
spread a little more. One can conclude from 
the above results that a location forward of the 
mass center will insure stability of the rigid 
body. With decreasing gain values, the loca- 
tion of the accelerometer becomes less impor- 



Ficure 7.9. Stability boundary for rigid vehicle with 
ideal accelerometer control. 




Figure 7.10. — Stability boundaries for rigid vehicle with 
accelerometer control of various natural frequency. 



Figure 7.11. — Stability boundaries for rigid vehicle with 
accelerometer control of various damping factor, f g. 


tant, indicating that a location aft of the mass 
center also becomes permissible. 

It should be mentioned that the expression 

2 tgxBOiQ 

represents the undamped natural frequency of 
the rigid body (referred to as the control fre- 
quency) without accelerometer control. The 
actual control frequency with accelerometer 
control depends upon the gain value and loca- 
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tion of the accelerometer and is given by the 
expression 

"'““FCl-X-Xa) 


control accelerometer would therefore not result 
in an abrupt change of the control frequency 
and would not drastically influence the stability 
behavior of the vehicle. 


From this it can be seen that a location, Xa, of 
the accelerometer near the center of instan- 
taneous rotation, that is, « = — 1, makes the 
control frequency nearly independent of the 
gain value, X. For this value, Xa, failure of the 


Bending Mode 5f ability 

Considering only the vehicle, equation (7.38), 
and its interaction with the accelerometer, 
equation (7.39), and the control equation, 
equation (7.41), yields the stability determinant 


+ S’BWBSWe-f- COB 

— [sV,F(a:„)-(-j?F'(za)] 



0 


0 


COa COfl 


=0 


(ao+aiSuc)Y' (zg) piOi^+piUcS+l 


-£>2 


The stability polynomial is of sixth degree. 
Assuming, for reasons of simplification as before, 
that the phase-lag coefficients vanish, that is, 
Pi= 2 > 2 = 0 , the stability polynomial reduces to 
one of fourth degree. The coefficients are 
given by 


B4=1 

B3 = 2fa 

<Oc 


52=^!^^-Xta 4 + i'o (l+4f,fa 

COc COf V 0>c/ 

Uc L<^c J Wc 


p _ cobco; 
■t>0 — V" 
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/X Wa , , COa 

-e„X 


COcflo* 
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where 


and 


F(xb)F(2:„) 

Ml 

m 

' ^ (Xg)l (Za) 1 I 

Mb ' 
m 


For an even more simple criterion, let us assume 
that the position gyroscope is mounted at the 
antinode of the bending mode, that is, at the 
location where the slope of the bending mode 
vanishes (t^^Q). With this assumption, the 
coefficients of the stability polynomial yield 
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The static stability limit is established from the 
coefficient Bq, which yields 
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toafflo* 
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where the equal sign expresses the boundary. 
In the («a, 6a)-plane, this represents a line 
parallel to the «a-axis and with a distance from 
the Co-axis which increases with the increase of 
the frequency ratio cob/co^, the bending frequency 
over the control frequency (without accelerom- 
eter). With increasing attitude gain value, Uo. 
this boundary shifts farther away from the 
Ca-axis. Increasing the accelerometer gain, that 
is, providing more influence of the accelerometer 
on the control of the vehicle, decreases the 
distance of the static stability boundary from 
the Ca-axis. The dynamic stability is expressed 
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where the equal sign represents the stability 
boundary (fig. 7.12). In the (ea— e')-plane the 
stability boundary represents a straight line of 

slope ao« through the origin. Stability is 

therefore provided below the parallel line to the 
6a-axis (static stability boundary) and to the 
left of the straight line (dynamic stability 
boundary). With increasing attitude control 
gain, Uo, the dynamic stability boundary rotates 
toward the e^-axis, providing a large part of 
the left half plane for stability; in addition, the 
static stability boundary moves upward. This 
e.xpresses that a limited range for the location 
along the vehicle can be provided for the 
mounting of a control accelerometer. If is 
negative, that is. the accelerometer is mounted 
at a location where the bending mode exhibits 
negative values (vehicle normalized to unity at 
the gimbal station Xb), then positive and nega- 
tive values for the slope of the bending mode 
are available for the location of the acceler- 
ometer. With increasing frequency ratio of 
bending to control frequency, the same trend 
occurs. For an increase of the availability of 
thrust for control purposes, the static stability 
boundary remains at its position, while the 
dynamic stability boundary rotates again 
toward the vertical. For increasing acceler- 
ometer gain, X, the static stability boundary 
moves toward the Ca-axis while the dynamic 
stability boundary remains fixed, which indi- 



Figuhe 7.12. — Stability boundaries for flexible vehicle 
with accelerometer control. 


cates that a more restricted range of locations 
for the mounting of a control accelerometer is 
available. 

Propellant Sloshing in One Container of a Vehicle 
With Simple Control System 

In order to obtain some of the basic effects 
of the influence of propellant sloshing upon 
vehicle stability without expending any great 
numerical effort, the equations of motion of the 
vehicle will be treated with the propellant as 
free to oscillate in one container only. The 
vehicle will be considered as rigid (r;,=0) and 
only the most pronounced modal sloshing mass 
(see ch. 6) will be retained in the analysis; 
that is, X=1 and n = l. Introducing and 
7i,=X=l into equations (7.16), (7.17), (7.20), 
(7.26), and (7.28), one obtains the equations of 
motion for the rigid vehicle with propellant 
sloshing in one container and additional 
accelerometer control (refs. 7.17 and 7.18). 

my+miiyn — F<l>—Fi0=O (7.42) 

U—mnXuyn—9muyn+PiXEfi=0 (7.43) 

yn+‘2^noinyn + uhyn + y—Xu<p-g<t>==0 (7.44) 

/3— <io0— «i<^— £^2-4i=0 (7.45) 

4*+^A,+A,-y+Xaf^+g<p=0 (7.46) 

Ua Wa 

The first equation represents translational mo- 
tions and the second one represents pitching 
motion of the vehicle. Equation (7.44) is the 
sloshing equation describing the motion of the 
first modal sloshing mass. The fourth equation 
represents the control, which indicates that a 
position gyroscope and additional accelerometer 
are employed for the control of the vehicle. 
Finally, the last equation represents the dy- 
namics of the control accelerometer. If an 
ideal accelerometer were employed, that is, 
the first and second terms of equation 
(7.46) would be neglected. A control system 
employing no accelerometer control would lead 
to the omission of the last equation and a 
vanishing gain value g 2 in equation (7.45) . The 
stability of the solutions of Such a system is 
again obtained by assuming a solution of the 
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form where s is the complex frequency, 
s=o-+iw. This assumption for the solution 
transforms the differential equations into a 
homogeneous algebraic system, which exhibits 
nontrivial solutions only if the determinants of 

(y) (0) 

— ^(1+eao+ajeueS) 

0 (Oo+aiswc) 

sWc —{xuuW+g) 

— (KflUjs'+p) 


coefficients vanish. With only the part F 2 =tF 
available for control purposes, Fi = (l—f)F and 
the longitudinal acceleration of the vehicle is 
g=Flm. The coefficient determinant is there- 
fore 
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XXf€ 
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0 

s‘uc . 
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Here, \=gg 2 and is the ratio of the 

sloshing mass in the container to the total mass 
of the vehicle. The coefficient determinant 
yields then the characteristic polynomial in s 

S BtS*=0 

i»0 

where the coefficients, Bi, are represented as 
polynomials of and Yj 

5e=i'i7+i'i8l> 

Br.—ki3+2kuy,+kii^,+kitil 

Bi=k%-\-2kiay,+ku^s-\-ki2il 

B3=ki-\-2kTy,-^kiis 

B2=ks+2kty,+ki^, 

Bi=ki-\-2k2ys 

B,=ko (7.48) 

The location of the modal mass, $ii=Xu/A: = {s 
(with respect to the mass center), and the 
damping factor, fn— 7», are extracted, since 
they are the ones by which the stability of the 
vehicle can be influenced most readily; the 
representation of the stability boundaries will 
be in these coordinates. This therefore yields 
not only the magnitude of the damping re- 
quired in the tanks but also its location. The 
abbreviations k){j=Q, 1,2... 18) depend on 
the frequency and damping factors, and the 
gain values of the control system, as well as 


on the mass ratio, mh = m, and the vibrational 
characteristics of the accelerometer. With the 
notations fc as the damping factor of the control 
system, oic as the circular frequency of the con- 
trol system, w’ = o)co/(l — Xe— XxsXa«/F) and ueo 
as the circular frequency of the control system 
without accelerometer (wjo=yx^eOo/F), and fj; 
=Xslk, ta—^ttlk as the distance with respect to 
the radius of g 3 nration, and v,=o>,lwe, Va=o)eluc 
as the ratios of the eigenfrequencies of sloshing 
and accelerometer («n = w,) as well as the value 
A = l — eX(l-f{sfa), and with 

Oj — ^ , jp — 2faO!c(l Xe XeXsXa) 


the coefficients kj are given by the expressions: 
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The various parameters are as follows: 

/i=7n,/ni=ratio of modal mass of liquid to 
total mass of space vehicles 
fc= control damping factor 
i<j=wj/«e= frequency ratio of undamped pro- 
pellant frequency to undamped control 
frequency 


7 ,=damping factor of propellant 
j'a=wa/«i=frequency ratio of undamped ac- 
celerometer frequency to undamped con- 
trol frequency 

fa= damping factor of the accelerometer 
X=fffif 2 = product of longitudinal acceleration 
of the vehicle and gain value of the 
accelerometer 

^a=Xalk=YSitio of the coordinate of the ac- 
celerometer location to radius of gyration 
of the space vehicle 

^,=Xsik=v&t\o of the coordinate of the location 
of the modal mass of the propellant to 
radius of gyration of the space vehicle 
ao=gain value of the attitude control system 

The stability boundaries are characterized 
by the roots, s, one of which at least will have 
a zero real part, while the others are stable 
roots. The theorem of Hurwitz for a stability 
polynomial of the nth degree (ref. 7.13) 

where H„_i represents the Hurwitz determinant 
of the form 
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Representing the stability boundaries in the 
7 /)-plane, the Hurwitz determinant ^ 5=0 
results in a polynomial 

i: c,{^,)yi=o 

;-0 

where the functions are polynomia's in 

The stability boundary for the undamped 
liquid is Co(|,)=0, and represents the inter- 
section points with the $,-axis. For aU points 
ikt, 7») above the stability boundary, one 
obtains stability. Because of the 

stability is interrupted at the left and at the 


right so that only within these boundaries is 
stability guaranteed. The stability boundaries 
of B„=0 to the right and left are given in the 
form of straight lines perpendicular to the 
$,-axis as 



For most vehicles, however, these boundaries 
play no practical role. Substitution of 
7,=0 into the Hurwitz determinants deter- 
mines whether the origin is in the stable or 
unstable region. A necessary and sufficient 
condition for stability is (ref. 7.19) 
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(1) The coefficients: 

Bn, Bn-I, Bn-% ^0 

Bi, 5o>0 for even n 
5o>0 for odd n 

(2) The Hurwitz determinants: 

Hn-\, Hn-3 >0 

fl' 3>0 if n is even 
i? 2>0 if n is odd 


Rigid Spaet Vthid* Without Aeeeltremetor Control 

Using a simple control system without an 
accelerometer (X=0) results in a stability poly- 
nomial of fourth degree. The coefficients Bj 
would be obtained from equations (7.48) and 
(7.49) if one introduces ua=°> and X=0, which 
yields Bt=Bs= 0 . The stability boundaries 
due to B „—0 are again straight lines given by 

$,= ± The stability boundary, from 

the Hurwitz determinant Hn-i=0 (here H 3 —O 
or BiBiB 3 —B(JBi-\-ElBi), is then given by the 
expression 

K.Kx + Kii,+ Ksif) + 2y,(Ki-l- jKsSi+ ) 

+ 4'/, (JCr + 1 4" ? ) + ^7? = 0 

where 

Ki = kikik3—li^ik3—k(J{i 

Kt = kxkik(,-\- kikzki — 2koktki— k^ikio 

K 3 = kikiks—koki —k^iku 

Kt~kik4kQ~\~ kzk 3 kQ~{~ kik^k^ — ^kokgk-; — ^kjk^kg 

kikjci-^ kikski-}- kikiki-\- kik^kg — 2kokiks 
— 2k\kik\3 

K^—kikjks — 2kik3ku 

K7 = kiktk3+ kikikj+ ^ 2 ^ 3 ^? — k^ — kik\ 

K3=ktkjc:+ ktkiki— 

K9=kikn 

K]o=kikJcn 

The points of intersection of this stability 
boundary with the $,-axis are obtained by 
setting 7,=0 and solving the quadratic equation 

Ki~\- K 3 S—O 

Tlie roots of this quadratic equation yield 
^2= — n) la^’l 


and give a first estimate for the critical area. 
The value l/ao»f has been considered to be of 
small magnitude. This assumption is satisfied 
in some cases if the control frequency is far 
enough away from the first natural frequency 
of the liquid. Therefore, the result expresses 
that the stability boundary for small values 
of intersects the {j-axis in the vicinity of 
the center of mass (origin) and the instantane- 
ous center of rotation ^i=Xalk. 

One can see that the second point of inter- 
section, ^ 2 , becomes sensitive to changes of 
l/aoij, which indicates that for decreasing gain 
values, ffio, the intersection point shifts toward 
the tail of the vehicle. The same behavior 
occurs if Vs=u>slu>c decreases. This means that, 
for a decreasing eigenfrequency of the liquid (or 
increasing control frequency), damping of the 
propellant must be provided in a container in 
the aft section of the vehicle in order to main- 
tain stability. Figure 7.13 indicates that the 
danger zone for instability of the vehicle is 
located approximately between the center of 
gra\uty and the center of instantaneous rota- 
tion. In this zone, the propellant must be 
more or less damped, depending on the magni- 
tude of the modal mass of the liquid. For 




Figure 7.13. — Stability boundaries of rigid vehicle with 
simple control system. 
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increasing modal mass, more damping is needed 
in the danger zone. This is most unfavorable 
if the control frequency is below the natural fre- 
quency of the propellant; that is, if v,<1.0. 
For the wall friction (7j=0.01) alone is 

sufficient to guarantee stability. 

The change of the control damping, 
indicates that, for increasing subcritical damp- 
ing, fc<l, the stability in the danger zone 
will be diminished while, for increased super- 
critical damping, ?e>l, the stability is en- 
hanced. This means that less damping is 
necessary in the container to maintain stability 
in the case ^<>1. No additional baffles, are 
required in the danger zone if (for a mass ratio 
M=0.1) the control damping fc<0.5, or fc>2.0. 
This indicates that, for these values and the 
parameters Vs=2.5 and ao=3.5, the wall friction 
in the container is sufficient to maintain 
stability. 

Another important question in the design of 
a large space vehicle is the choice of the form of 
the propellant containers. We observed in 
chapter 2 that tank geometry plays an im- 
portant role in governing the modal masses and 
the natural frequencies of the propellant. 
Containers with large diameters exhibit small 
natural frequencies, which often are too close 
to the control frequency. Of course, the 
magnitude of the modal mass considerably 
emphasizes this unfavorable effect upon the 
stability. Clustering of numerous smaller con- 
tainers not only increases the natural fre- 
quencies of the propellant (because of the 
smaller diameters) but also reduces the modal 
masses, which is a much more important effect. 
In addition to weight saving and the slight 
increase of the natirral frequencies, subdivision 


of tanks by sector walls has the advantage of 
distributing the modal masses to different 
vibration modes of the liquid. To summarize 
then, we note that with increasing mass, the 
stability naturally decreases. The influence of 
the eigenfrequency change of the propellant 
with fixed modal mass is such that a decrease of 
the natural frequency increases the danger zone 
toward the end of the vehicle and requires more 
local damping in the propellant. With increas- 
ing natural frequency of the liquid, the influence 
of the propellant sloshing on the stability of the 
vehicle diminishes more and more. Wall 
friction alone is then already sufficient to 
maintain stability. 

The gain value, a^, of the attitude contro 
system shows, for decreasing magnitude, a 
decrease of stability in addition to a small 
enlargement of the danger zone toward the end 
of the vehicle. 

For these numerical results, a Saturn I-type 
space vehicle of a length of about 170 feet was 
employed, as before. 

Rigid Space Vehicle With Ideal Accelerometer Control 
(ref. 7.16) 

By introducing an additional control element 
into the control system in the form of an ideal 
accelerometer (ua>>Wc), and properly choosing 
the gain value, g^, which determines the in- 
fluence of the accelerometer in the control 
system, the danger zone can be minimized con- 
siderably. Because of the coefficients 

of the stability polynomial are Bs—Bs= 0 , and 
one obtains again a stability polynomial of 
fourth degree. The same formulas as in the 
previous case are valid, except that in the 
values kj the appropriate terms with X have 
to be considered. The boundaries Bi =0 are 
again straight lines, given by the equation 


c>= 


1 ) ±V4/i’XV(Je+{«)^— 16ai(X«— 1)[1 — ji— X«— X<(1 — 

~ 16m^(«X— 1)^ {2pX«(|*+5a) ± V4M*XV({*-f-{o)’ — 16 m(X6— 1)[1 — m— Xe— X«(l — 


and are parallel to the 7,-axis. For values of 
^=Pfif2<l, the danger zone is located approxi- 
mately behind the center of instantaneous 
rotation and shifts with decreasing gain value 
02 toward a zone between the mass center and 


the center of instantaneous rotation. The 
stability decreases, which means more damping 
in the tank is necessary for increasing X>1. 
This indicates that, for a greater influence of 
the accelerometer in the control system, the 
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danger zone shifts fonvard of the center of 
instantaneous rotation and increases with in- 
creasing gain value toward the nose of the 
vehicle (fig. 7.14). For propellant containers 
in this location, strong damping must be em- 
ployed to obtain stability. For values of 
X=1.5, the vehicle is unstable if the tank, even 
with only a 10-percent slosh mass, is located in 
front of the center of instantaneous rotation, 
unl ess additional baffles are provided. For 
containers behind the center of instantaneous 
rotation, the vehicle is stable. Furthermore, 
one recognizes that X « 1 .0 represents the most 
favorable gain value. In this case, the danger 
zone shrinks to a small region around the 
center of instantaneous rotation, in which case 
the wall friction of the propellant is usually 
sufficient to provide a stable flight situation. 

Changes in the other parameters, such as 
the slosh mass ratio, y., the frequency ratio, 
v,= u,l Uc, the control system damping, fc, as 
well as the gain value, Oo, of the attitude system, 
exhibit the same influences as in the previous 
case. An enlargement of the danger zone 
toward the end of the vehicle occurs for large 
control frequencies and also for small propellant 
frequencies («',<!), even in the most favorable 
case in which X=1.0. 

The addition of an accelerometer introduces 
another important parameter: its location 
For X=l, the most favorable case for an ideal 
accelerometer, the influence of its location upon 
stability of the vehicle is unimportant. For 
other values of the location of the acceler- 
ometer has considerable influence upon stability. 
A stronger effect of the accelerometer (say X> 
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Figure 7.14. — Stability boundariee of rigid vehicle with 
additional ideal accelerometer control (influence of gain 
value of the accelerometer). 


1.5) in the control system and a location in 
front of the center of mass yields large insta- 
bility if the container is located behind the 
center of instantaneous rotation with the ac- 
celerometer being in front of the center of mass. 
Propellant sloshing in those tanks located for- 
ward of the center of instantaneous rotation 
will make the vehicle unstable if the acceler- 
ometer is forward of the center of mass. For 
decreasing values 1 jg, the stability behavior 
of the vehicle approaches that of a rigid vehicle 
without additional accelerometer control. It 
should, however, be mentioned here that these 
results are too optimistic, since every acceler- 
ometer has its own vibrational characteristics 
which must be considered. 


Rigid Space VthieleWifh Accelerometer Control of Nonideal 
Characteristic 

The dynamic behavior of an accelerometer, 
its natural frequency, and damping factor, 
fa, have a nonnegligible influence upon the 
overall stability of the vehicle. From the 
results of equations (7.47), (7.48), and (7.49), 
it is recognized that the stability polynomial 
is of shcth degree; therefore, the stability 
boundaries are given by Hs = 0, and Bt=0. 

The main influence arises from the natural 
frequency of the accelerometer. In the numer- 
ical evaluation, two circular frequencies (wo=55 
and 12 rad/sec) were considered for the accel- 
erometer. For decreasing accelerometer fre- 
quency, with a damping factor, f„=-v/2/2, the 
danger zone increases from the center of 
instantaneous rotation toward the end of the 
vehicle (fig. 7.15). The influence of increasing 
liquid mass has the same effect as previously, 
with the exception that it is very much ampli- 
fied for small eigenfrequencies of the accelerom- 
eter; a large amount of damping is required in 
the container in order to obtain stability of the 
vehicle. For a natural frequency of the 
accelerometer of Wa=55 rad/sec, wall friction is 
in most cases sufficient to maintain stability. 
For small natural frequencies of the accelerom- 
eter, propellant sloshing is excited. This indi- 
cates that the situation is more unfavorable 
with a “bad” accelerometer than in the case 
without one. The damping required in such a 
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Figure 7.15. — Stability boundaries of rigid vehicle with 
additional accelerometer control of various eigen&e- 
quencies. 


case would be about three to four times as much 
as in the case without additional accelerometer 
control. The residts of the preceding section, 
and those presented here, indicate that the 
natural frequency of the accelerometer should 
be chosen as large as possible. In order to 
emphasize the influence of the accelerometer 
characteristics, we consider the effect of the 
changes of the undamped natural frequency, 
the damping factor, fa. and the coordinate of 
location, Xa, upon the stability of the vehicle. 
For increasing natural frequency of the accel- 
erometer Wo<w», an increase of the danger zone 
is obtained, and more damping is required in 
the container to maintain stability. Above the 
natural frequency of the propellant, a decrease 
of the danger zone and enhanced stability can 
be observed. This means that less damping is 
required to maintain stability. The larger the 
frequency ratio *'a/>',=«a/ai», the less damping is 
required in the then continuously decreasing 
danger zone. The influence of the frequency, 
o>a, and the damping factor, fa, of the accelerom- 
eter is exhibited in figure 7.16. The increase of 
fa enlarges the danger zone and requires more 


damping in the propellant container. This 
effect is more pronounced the smaller the eigen- 
frequency of the accelerometer. From a damp- 
ing factor, fa, which is about twice the critical 
damping or larger, one recognizes, in the case 
o)a=12 rad/sec, that a fm-ther increase of the 
damping factor decreases the danger zone 
slightly from the back and only slightly en- 
hances the stability. A very important param- 
eter in the design of a control system of a space 
vehicle is the location, fa, of an accelerometer 
for control purposes. The influence of this 
value can be seen in figure 7.17. An accelerom- 
eter location aft of the center of gravity of the 
vehicle must be avoided; shifting the accel- 
erometer toward the nose of the vehicle enhances 
the stability. An increase in the control 
frequency, Wc (fig. 7.18), below the natural 
frequency of the propellant (vj>l)-increases the 
danger zone toward the tail of the vehicle. For 
Wa=55 rad/sec (the larger natural frequency of 
the accelerometer), the required damping in the 
liquid for maintaining stability of the vehicle is 
relatively small (y,= 0.005 and less). The 
influence of the control damping, fe, is given by 





Figure 7.16. — Stability boundaries of a rigid vehicle with 
additional accelerometer control of various vibrational 
characteristics. 
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Figure 7.17. — Stability boundaries of a rigid vehicle with 
additional accelerometer control (influence of the loca- 
tion of the accelerometer). 
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Figure 7.18. — Stability boundaries of a rigid vehicle with 
additional accelerometer control (influence of the control 
frequency). 


the fact that, for increasing subcritical control 
damping, fc<l, the danger zone decreases and 
the stability increases, while for supercritical 
damping, fc>l, the stability becomes more 
unfavorable (fig. 7.19). The influence of the 
propellant frequency being below the control 
frequency indicates again the enlarged danger 
zone which stretches nearly from the center of 
instantaneous rotation toward the end of the 
vehicle. Increasing propellant frequency leads 




Figure 7.19. — Stability boundaries of a rigid vehicle with 
additional accelerometer control (influence of the control 
damping). 


to a decreasing danger zone and less required 
damping. Approaching the natural frequency, 
Wa, of the accelerometer makes the vehicle more 
unstable and increases the danger zone toward 
the end of the vehicle. The gain value, Uo, has 
only a small influence on the stability; its gain 
growth increases stability slightly and somewhat 
decreases the danger zone. Of important 
influence upon stability is the gain value gi of 
the accelerometer because it presents the 
strength of the accelerometer in the control 
system. Figure 7.20 exhibits this influence for 




Figure 7.20. — Stability boundaries of a rigid vehicle with 
additional accelerometer control (influence of the gain 
value of the accelerometer). 
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two accelerometer frequencies. For an eigen- 
frequency of the accelerometer of o)a=55 rad/ 
sec, one recognized similar behavior as in the 
case of the ideal accelerometer case, for a value 
of X«1.5. An increase of \=gg 2 exhibits an 
increase in stability and a decrease of the danger 
zone between the center of instantaneous 
rotation and the center of mass of the vehicle. 
For further increase of X, the danger zone shifts 
forward of the center of instantaneous rotation. 
With increasing X, more damping is required in 
the propellant container in this zone to maintain 
stability. For an accelerometer with a small 
eigenfrequency, the situation is quite different. 
For increasing gain value g 2 , the stability 
constantly decreases. Here, the influence of 
the accelerometer favors instability; it not only 
increases the danger zone toward the end of the 
vehicle but it also requires considerably more 
damping in the propellant tank. It even 
requires more damping than in the case without 
accelerometer control (X=0). From this, one 
can again conclude that large accelerometer 
frequency is required to stabilize the vehicle 
with respect to propellant sloshing. 

In conclusion, one can state that the danger 
zone is located between the center of instantane- 
ous rotation and the center of mass, and that it 
can be diminished by an additional control 
element in the form of an accelerometer, 
recognizing that the natural frequency and 
location have to be properly chosen. These 
results are valid only for a rigid vehicle in which 
the sloshing propellant mass in one container 
is much larger than those in the other tanks. 
Furthermore, it has to be mentioned that the 
bending vibration of the vehicle has an effect 
on the propellant sloshing as well as on the 
choice of the accelerometer characteristics and 
its location. If the control frequency and the 
first bending frequency are sufficiently separated 
from each other, then the location of an ac- 
celerometer requires negative displacement of 
the bending modes (if the bending modes are 
normalized at the tail of the vehicle). This 
indicates that, for the control of the first two 
bending modes, an approximate location of the 
accelerometer forward of the center of gravity 


is appropriate. This location would also be 
favorable from the standpoint of propellant 
sloshing. 

Effects of Container Geometry and Tank 
Arrangements 

A question of great importance in the design 
of a large space vehicle is the choice of the form 
of the propellant containers. As was shown 
in chapter 2, tank geometry establishes the 
modal masses and the natural frequencies of 
the propellant. Containers with large diame- 
ters exhibit small natural frequencies that in 
many cases are too close to the control fre- 
quency. The magnitude of the modal mass 
considerably emphasizes this unfavorable effect 
upon the stability. Clustering of numerous 
smaller containers not only increases the natural 
frequencies of the propellant (because of the 
smaller diameters) but also reduces the modal 
masses, of which the latter is a much more 
important effect on the overall dynamics of the 
vehicle. In addition to the weight saving and 
the slight increase of the natural frequencies, 
subdivision of tanks by sector wall has the 
advantage of distributing the modal masses to 
different vibration modes of the liquid. 

To summarize the previous results, with in- 
creasing mass the stability decreases and the 
infiuence of the eigenfrequency change of the 
propellant of fixed modal mass is such that a 
decrease of the natural frequency increases the 
danger zone toward the end of the vehicle and 
requires more local damping in the propellant. 
With increasing natural frequency of the liquid, 
the influence of the propellant sloshing on the 
stability of the vehicle diminishes more and 
mors. Wall friction is in many cases sufficient 
to maintain stability. 

Cluttered Confaitters 

In the case of a cluster of tanks with smaller 
diameters, the results are very similar. The 
natural frequency is increased because of the 
smaller diameters. The natural frequency ratio 
of the propellants in a single circular cylindrical 
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tank of radius a, and p identical circular 
cylindrical tanks of the same total volume, is 


ycp,-(p)m- 


^ eh'' 

tanh — 
a 


tank - 

Q> 


1/2 


This shows that the frequency increase is pro- 
portional only to the slowly increasing value 
The total sloshing mass, however, 
decreases more rapidly with the inverse value 
of the square root of the number of containers. 
The ratio of the total sloshing mass of p tanks 
and the sloshing mass of the single container is 


1 


tanh €„(p)*/’ - 
tanh — 


This is of great advantage for the dynamics, 
but, from the design and overall performance 
standpoint, the clustering of tanks has struc- 
tural and weight disadvantages. 

The slosh damping required for p clustered 
tanks is therefore approximately that of a 


sloshing mass that is reduced by 1/p'^. There 
is, of course, also a small stability enhancing 
effect because of the increase of the natural 
frequency. 

Rigid V^hlelt With Prep*llpnf Sloshing in Two and Throa 
Tanks 

In some cases the influence of the propellant 
in other tanks cannot be neglected, making the 
determination of stability boundaries for vehi- 
cles with more sloshing masses mandatory 
(ref. 7.17). The equations of motion are 
obtained by treating equations (7.20), (7.42), 
(7.43), and (7.45) with ?j,=0, X=l, 2, 3 and/or 
n=l, 2. The propellant will be treated as 
being free to oscillate in three tanks. This 
seems to be sufficient, since usually, even in 
large vehicles, only three of the tanks will 
exhibit large sloshing masses. The sloshing 
propellant masses of tanks with light propel- 
lants and tanks of smaller diameter can be 
neglected. With the usual assumption regard- 
ing solutions of the form «*"*', where s is the 
complex frequency, s=o-t-iw, the differential 
equations are transformed into homogeneous 
algebraic equations, with, the characteristic 
determinant 
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(7.50) 

Here, 

n,=m,lm is the ratio 

of the sloshing 

ing the last column and line from the above 

mass 

in the vth container to 

the total mass 

determinant, equation (7.50). 



of the vehicle. For nontrivial solutions, the 
coefficient determinant, equation (7.50), must 
vanish, from which one obtains the charac- 
teristic polynomial in s 


=0 




and for which the coefficients depend on the 
previously mentioned parameters. A similar 
result is obtained for two containers by remov- 


The stability boundaries for fom' important 
propellant tank configurations are discussed 
below; 

(1) Two concentric containers . — It may be 
possible to remedy the influence of propellant 
sloshing by choosing a concentric tank arrange- 
ment consisting of an inner tank with circular 
cross section (radius r=b) and an outer tank of 
annular cross section with an outer radius 
r=a. By proper choice of the diameter ratio 
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k=bfa, the liquid masses in the inside container 
and outside container can be brought into such 
a phase relation that the forces and moments 
of these individual tanks cancel each other. 
Figures 7.21, 7.22, and 7.23 show the results 
of this study for diameter ratios k=bla=0.3, 
0.5, and 0.7. The results are very similar to 
those of the case of a single container, since 
the difference in the location of the sloshing 


masses is very small. The danger zone is 
increased somewhat . toward the rear of the 
vehicle. For increasing control damping, 
the stability is decreased. A decrease in the 
control frequency enhances the stability, as in 
the preceding section. For a sloshing frequency 
of the center tank below the control frequency, 
more baffling has to be employed over the 
enlarged danger zone. For increasing sloshing 



h Vary 
a, -3.5 ^^‘0.7 
u, ' 2.2 U( * 4.3 

tt » e " 2.0 4 *0 



Figure 7.21. — Stability boundaries for sloshing in concen- 
tric tanks (k=0.3). 


Figure 7.22. — ^Stability boundaries for sloshing in concen- 
tric tanks (k=:0.5). 
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Figure 7.23. — Stability boundaries for sloshing in concen- 
tric tanks (k=0.1). 


frequency, the stability increases. To obtain 
maximum cancellation effects, the sloshing 
masses of the center and outer container should 
be equal and should oscillate in antiphase. 
Equal sloshing masses can be obtained for a 
diameter ratio of about k=0.77 for which, 
unfortunately, the phases are not favorable. 
If the phases are chosen favorably, as in the 
case of a diameter ratio yt=0.5, the sloshing 
masses exhibit a ratio of 1:5. This shows that 
no pronounced benefit can be obtained by a 
concentric tank arrangement. For the di- 
ameter ratios k=0.i, 0.5, and 0.7, the damping 
required for stability in the container is in the 
ratio 12:9:8. 


(2) Sector tank arrangement . — As shown in 
reference 7.7, compartmentation of containers 
by radial walls exhibits considerably decreased 
sloshing masses. In the case of a quarter-tank 
arrangement, the first modal mass is only about 
a third of the value of a cylindrical container 
with circular cross section. But other vibra- 
tion modes are still important, such as the 
succeeding sloshing mode of which the mass 
still represents 43 percent of that of the first 
one. This indicates that, in stability investi- 
gations, this second mode can no longer be 
neglected. This tank arrangement has, in 
addition to the reduced modal mass, the 
advantage that the fundamental frequency is 
slightly larger than that of a container of 
circular cross section. (See ch. 2.) Also, the 
total sloshing mass is distributed to various 
modes; thus, it is not all excited at the same 
frequency as in clustered tanks. 

Two slosh masses are again considered in the 
equations of motion, representing the first 
and second sloshing mode of the quarter-tank 
arrangement; the results are very similar to 
the previous ones. Again, the danger zone is 
located between the center of instantaneous 
rotation and the center of mass. The increase 
of the control damping, fo in the subcritical 
region decreases the stability, while an increase 
in the supercritical region increases the stability 
region. For increasing control frequency, the 
danger zone is enlarged toward the base of the 
vehicle and requires larger damping in the tank 
in order to maintain stability. The influence 
of the simultaneous change of the sloshing 
frequencies shows that for sloshing frequencies 
below the control frequency, more baffling in 
an enlarged danger zone (toward the rear) is 
required. Increasing sloshing frequencies re- 
sult in a decrease of the danger zone toward 
the one between the center of mass and the 
center of instantaneous rotation and requires 
less damping in the tanks to maintain 
stabilitj" of the vehicle. Low gain values 
(<Xo=l) require more baffling along a larger 
danger zone, while an increase of the' 
gain, Oo, reduces the danger zone and the 
requirement of damping in the tanks (fig. 7.24). 

(3) Tandem arrangement oj two tanks . — For 
a tandem-tank arrangement, the results can 
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Figure 7.24. — Stability boundaries for sloshing in quarter- 
tank arrangement. 


be seen in figure 7 .25 . Tank No . 1 is designated 
as the rear tank, and No. 2 is the forward tank. 
The distance between the two sloshing masses 
is called l(^,=l/k). The sloshing frequency of 
the liquid in these two tanks is the same. In 
the numerical evaluation, the diameter was 
taken to be approximately 100 meters (256 
inches). It can be seen that for increasing 
sloshing mass, a loss in stability region is en- 
countered; furthermore, the danger zone is 
shifted slightly toward the rear of the vehicle. 
Increasing control damping, increases the 
stability area. An increase of the control 
frequency, co,, results in an increased baffling 
requirement over an enlarged danger zone 
toward the aft of the space vehicle. 

For sloshing frequencies below the control 
frequency, a large amount of damping is 



-3.2 -2.4 -1.6 -as 0 as 



Figure 7.25. — StabiUty boundaries for sloshing in two 
tanks in tandem arrangement. 

required in the enlarged danger zone in order 
to maintain stability. Increasing the sloshing 
frequency decreases the danger zone and the 
amount of damping required. 

Changing the gain value, a^, has an effect 
similar to that for a single tank. Small gain 
values require strong baffling over an enlarged 
danger zone. An increase in the gain value 
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enlarges the stability region and shifts the 
danger zone slightly toward the center of 
instantaneous rotation. 

The influence of the difference, in 

the tank location exhibits, for increasing dis- 
tance between tanks, a shifting of the danger 
zone aft on the vehicle, with slightly less 
damping requirements. This indicates that, 
in a vehicle in which one sloshing mass is 
stationary during flight and in which the other 
liquid mass shifts aft on the vehicle, the entire 
rear part of the vehicle has to be provided 
with appropriate damping to maintain stability 
(fig. 7.26). 
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Figure 7.26. — Stability boundaries for rigid vehicle with 
simple control system and two tandem tanks (distance 
between tanks varying). 


(4) Tandem arrangement of three tanks . — 
In almost all space vehicles, the consideration 
of sloshing in three propellant containers is 
sufficient for simplified stability boundary 
determinations. The liquid propellants in any 
remaining tanks exhibit either small sloshing 
masses (because of their low density or different 
tank geometry) or larger natmal frequencies 
of the propellants. For this case the total 
determinant, equation (7.50), must be treated. 
The results are similar as in the tandem 
arrangement of two tanks. Figure 7.27 exhibits 
the shifting (fj) of the two booster slosh masses 
toward the rear of the space vehicle (as it 
takes place during the draining of the first- 



Ficurb 7.27. — Stability boundaries for sloshing in three 
tanks in tandem arrangement. 


stage containers during first-stage flight) . The 
danger zone shifts aft on the vehicle with in- 
creasing slosh mass difference; this again 
indicates that the booster must be provided 
with appropriate baffles to maintain stability. 

For elastic vehicles, the situation changes 
more or less, depending on the elastic properties 
of the vehicle (refs. 7.20 and 7.21). This 
will be discussed further in chapter 9. 

7.4 RESPONSE OF A VEHICLE TO ATMOSPHERIC 
DISTURBANCES 

For satisfactory flight performance of a 
space vehicle, its stability is essential. This 
is usually obtained by proper design of the 
vehicle and proper choice of the control system 
by which the thrust vector will be controlled. 
In addition to the stability, the response of 
the system to winds must be well within the 
limits of the control deflections, gimbal rates, 
and maximum permissible structural loads 
on the airframe. It is therefore essential to 
investigate the response of the space vehicle 
to atmospheric disturbances. The reduction 
of these responses can be accomplished by 
proper airframe design, such that the structure 
can withstand the loads, and by designing the 
shape of the vehicle in such a fashion that 
aerodynamic forces and moments are mini- 
mized, as well as by a properly selected con- 
trol system. 

Wind buildup and gusts may require large 
engine deflections and engine rates, and may 
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induce bending vibrations and propellant slosh- 
ing. In order to study the response of a vehicle, 
we limit ourselves again to investigations in 
only one plane. This does not seem to be a 
significant restriction, since the interactions 
between pitch, yaw, and roll motions are very 
small for this type of vehicle. The equations 
of motion have been linearized and can be 
solved for variable coeflScients by use of the 
Runge-Kutta method (ref. 7.22). 

In the following, the numerical results are 
presented for a particularly large space vehicle. 
The complexity of the problem does not allow 
a detailed analytical evaluation of the equations 
of motion. The presentation of the results for 
this particular vehicle, however, should exhibit 
the basic idea and the valuable conclusions 
that can be drawn from such an investigation. 

Stability 

Before one can talk about the response of a 
vehicle, the stability of such a system has to be 
established. For this reason, a root locus phase 
study of the vehicle, with the inclusion of two 
bending modes and three sloshing masses (one 
for each of the heavy propellant tanks) is first 
performed. For control damping, a rate gyro- 
scope at the engine gimbal station (a very 
favorable position) with a damping factor, 
{■<?=0.7, and a natural frequency, /o= 16 cps, 
is employed. The control frequency is con- 
sidered to be 0.2 cps and the structural damping 
is chosen to be 1 percent. It can be shown 
that Avith a (conservative) 5-percent damping 
for the sloshing propellant, the vehicle is stable 
with respect to the propellant motion. With 
the bending frequencies during flight time vary- 
ing from 0.8 to 1.2 cps in the first bending mode 
and from 1.9 to 2.5 cps in the second bending 
mode, the system was found to be stable. In 
this particular case, the second of the bending 
modes exhibited the smallest stability. 

Wind Response 

After the stability of all generalized coordi- 
nates has been established, the response of the 
space vehicle resulting from some atmospheric 
disturbance can be investigated. In order to 
determine the influence of the vehicle flexibility 


and propellant sloshing in the tanks, four 
different cases are studied: 

(1) Rigid vehicle with no sloshing in the pro- 
pellant tanks. 

(2) Rigid vehicle with propellant sloshing in 
the three heavy tanks (No. 1: LOX tank of the 
booster stage; No. 2: Fuel tank of the booster 
stage; No. 3: LOX tank of the second stage). 

(3) Elastic vehicle with no sloshing in the 
propellant tanks. 

(4) Elastic vehicle with propellant sloshing 
in the three heavy tanks. 

The input used is a 95-percent probability wind 
building up in about 11 )^ seconds to a value of 
75 m/sec. To this wind, starting at 58.5- 
seconds flight time, a 9-m/sec gust is added 
which starts at 70-seconds flight time, remains 
at 84 m/sec for about 1 second (an altitude 
band of about 250 naeters) and then drops 
down to 75 m/sec (fig. 7.28). This occurs at a 
flight time of 70 seconds where the product of 
angle of attack and dynamic pressure assumes 
its maximum value. At that flight time, the 
sloshing frequencies in the tanks were: 

Fundamental sloshing frequency in tank 1 : 
/u=0.44 cps 

Fundamental sloshing frequency in tank 2: 
jf2,=0.445 cps 

Fundamental sloshing frequency in tank 3: 
/3,=0.45 cps 



Figure 7.28. — Wind buildup and gust. 


The bending frequencies were: 

First bending: /ib= 1.15 cps 
Second bending: /jb= 1.92 cps 
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Figure 7.29. — Response analysis: Engine command signal. 

In figures 7.29 through 7.40, the response of 
each of the various generalized coordinates is 
compared to that of the rigid vehicle without 
and with liquid sloshing and the elastic vehicle 
without sloshing. Here, the influence of slosh- 
ing in a rigid vehicle as well as the elastic 
influence can be obtained. Figure 7.29 shows 
the engine deflection /S^, reaching an angle of 
about 1.2° after the gust hits the vehicle. The 
value for a rigid vehicle without sloshing 
exhibits a slightlj’’ larger magnitude. After the 
gust has been applied, the sloshing liquid 
requires a little more than 0.1 ° engine deflection; 
the engine follows the propellant motion with 
a frequency of about 0.45 cps. This oscillation 
exhibits a damping value of about 6 percent. 
The elastic vehicle shows a slightly smaller 
maximum peak value; it requires, however, a 
little larger engine deflection in the transient 
than does the rigid vehicle. The oscillation of 
the engine deflection is at a frequency of about 
2 cps and has an amplitude of about 0.015°, 
showing that the less stable second mode has 
been excited. 

A similar, behavior can be detected in figure 
7.30 for the rate of the engine deflection, with 
the exception that /3c reaches its stop of 5°/sec. 
The three cases show no appreciable diflPerence 
in the attitude angle (fig. 7.31). It reaches its 
peak of about 4° shortly after the gust has 
disappeared. The elasticity of the vehicle 
increases the angle slightly by a value of about 
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Figure 7.30. — Response analysis: Engine command rate. 

0.1°. Figure 7.32 shows the result for ^ in 
deg/sec*. The angle of attack, a, is exhibited 
in figure 7.33 and presents a maximum value 
of about 10° at the time the gust is applied. 
Sloshing and elasticity of the vehicle result 
only in very small differences compared with 
the rigid vehicle. The same is true for the 
translational displacement, j/, of the vehicle 
(fig. 7.34). The translational acceleration of 
the vehicle exhibits the fact that translational 
sloshing results in a larger disturbance than 
does sloshing resulting from pitching (fig. 7.35). 
The vehicle performs translational oscillations 
with a frequency of 0.45 cps as a result of the 
propellant oscillations in the tanks. Elastic 
oscillations have only a minor effect. After 
the gust has hit the rigid vehicle, the propellant 
in the first tank (LOX tank of the booster 
stage) reaches a maximum amplitude of 21 
centimeters and performs a damped oscillation 
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Figure 7.31. — Vehicle rotation. 
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Figurb 7.33. — Angle of attack. 



Ficcrb 7.34. — Vehicle translation. 

with about 5 percent damping (fig. 7.36). The 
propellant in the second tank (fuel tank of the 
booster stage) reaches a maximum of 13 centi- 
meters (fig. 7.37). The amplitude of the pro- 
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Figure 7.35. — Vehicle translatory acceleration. 




FiGtmE 7.37. — Second-slosh amplitude. 
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pellant in the third tank (LOX tank of the S-II 
stage) is 4 centimeters (fig. 7.38), and remains 
constant for a larger time period. For the 
elastic vehicle without propellant sloshing, the 
first bending mode has a maximum displace- 
ment of the generalized coordinate, iji, of 1.7 
centimeters right after the gust has hit the 
vehicle (fig. 7.39). The second mode exhibits 
only 4K millimeters, but shows sustained 
^’ibrations of one-tenth of a millimeter in the 
transient, indicating that this has a frequency 
content to which the second bending mode is 
susceptible (fig. 7.40). 
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Figure 7.38. — Third-slosh amplitude. 
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Figure 7.39. — First bending deflection. 


Figures 7.41 through 7.52 compare the 
response of the elastic vehicle with propellant 
sloshing in its tanks with that of the elastic 
vehicle without sloshing and with that of the 
rigid vehicle with sloshing. In figure 7.41, it 
can be seen that the engine deflection at about 
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Figure 7.40. — Second bending deflection. 


the time the gust is applied is about 1.2° and 
slightly less for the elastic vehicle. Then the 
engine performs a damped oscillation which is 
always forced to react to the sloshing of the 
propellant and exhibits a slightly larger value 
for the elastic vehicle. If propellant sloshing 
is suppressed, the engine performs small oscil- 
lations at the frequency of the second bending 
mode. As can be seen in figure 7.42, the stop 
of 5°/sec for fie kas again been reached. There 
is not much difference indicated in the attitude 
angle, <^>(«4°), as shown in figure 7.43. Figure 
7.44 shows ij>. The angle of attack, a, reaches 
a maximum of 10°, but the difference between 
the rigid and elastic vehicle is only minor 
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Figure 7.41. — Engine command signal. 
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Figure 7.42. — Engine command rate. 
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Figure 7.43, — Vehicle rotation. 

(fig. 7.45). The translation of the vehicle is 
given in figure 7.46 and exhibits only very 
slight differences between the various cases. 
The translational acceleration, however, in- 
dicates immediately the effect of propellant 
sloshing. The maximum acceleration is 17 
cm/sec* (fig. 7.47). The propellant exhibits a 
maximum amplitude of 21 centimeters in con- 
tainer No. 1. Elastic and rigid vehicles show 
nearly the same value, except that in the elastic 
case the peaks come at a slightly later flight 
time (fig. 7.48). In the second tank (fig. 7.49), 
the maximum is 13 centimeters for a rigid 
vehicle and about 1 K centimeters higher for the 
elastic vehicle. This is because the bending 
mode at this tank location exhibits a larger 
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Figure 7.44. — Vehicle angular acceleration. 
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Figure 7.45. — Angle of attack. 



Figure 7.46. — Vehicle translation. 


deflection. This effect is increased for the third 
tank, which is even closer to the antinode of the 
bending mode and is also located in the danger 
zone between center of mass and the center of 
instantaneous rotation where more baffling is 
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Figure 7.47. — Vehicle translatory acceleration. 



Figure 7.50. — 'ITiird-elosh amplitude. 
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required. In figure 7.50, the maximum slosh- 
ing amplitude of a rigid vehicle is 4 centimeters, 
while for an elastic vehicle the amplitude 
reaches 5 centimeters. The propellant motion 
exhibits very little damping. The first bending 
mode is represented in figure 7.51, and reaches 
its peak of 1 .7 centimeters right after the gust 
has hit the vehicle (the sloshing influences the 
transient). The second bending mode, shown 
in figure 7.52, has a maximum value of 4.5 
mm and exhibits larger but (because of the 
low frequency sloshing) smoother values in the 
transient. In both bending modes, the pres- 
ence of sloshing propellant influences the decay 
of the bending motion of the space vehicle. 


Figure 7.48. — First -slosh amplitude. 
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Figure 7.49. — Second-slosh amplitude. 


Figure 7.51. — First bending deflection. 
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Figure 7.52. — Second bending deflection. 


7.5 EXAMPLE 

The following is a simple example which 
employs the previous results. A Saturn I- 
type vehicle for which half of the thrust 
(«=K) is available for control purposes is used. 
The Saturn I booster is powered by a cluster of 
eight engines, each of which will produce 
188000 pounds of thrust to give a total of 

1.5 million pounds. The booster is about 
6.55 meters in diameter and 25 meters in length. 
The total length of the vehicle is about 51.8 
meters. The eight engines are arranged in 
two square patterns, of which the inner ones are 
rigidly attached, while the outer engines are 
mounted on gimbals which permit them to be 
turned through angles of about 10° to provide 
control of the vehicle during first-stage powered 
flight. Nine separate tanks feed the eight 
engines. Clustered in a circle about a center 
tank of 267 centimeters in diameter are eight 
small tanks of 178 centimeters each in diameter. 
The center tank (noted as tank No. 1) and four 
outer containers (noted as tank No. 2) contain 
liquid oxygen, while the remaining four outer 
containers (noted as No. 3) contain fuel (RP-1). 
The S-IV, which is the second stage, is powered 
by six 15,000-pound-thrust liquid hydrogen/ 
liquid oxygen engines. This stage has a 
diameter of about 5.5 meters and is about 12.2 
meters long. A look at the frequency spectrum 
versus flight time (fig. 7.53) reveals that the 



Figure 7.53. — Frequency spectrum versus flight time. 


control feedback stability problem is a quite 
involved one. The purpose of such an exercise 
is to decide early enough in the planning stage 
as to how the vehicle should be efficiently 
designed. 

The sloshing frequencies range from about 
0.5 cps to 1.5 cps. At 140-seconds flight time, 
the four inboard engines are shut down, which 
decreases the longitudinal accelerations and 
is exhibited in the graph by the abrupt drop 
of the propellant frequencies. The smaller 
natural frequencies in the 267-centimeter- 
diameter containers compared to the 178- 
centimeter container are the result of its 
larger tank diameter. The same effect, and 
the smaller liquid height, contributes to the 
small sloshing frequency in the S-IV LOX 
tank. The control frequency is in the neigh- 
borhood of 0.2-0.3 cps, while the first lateral 
bending frequency ranges from about 2 to 2.4 
cps during booster flight. The location of the 
mass center and the center of instantaneous 
rotation of the vehicle, as well as the location 
of the sloshing masses, for booster flight is 
shown in figure 7.54. Since the sloshing pro- 
pellant masses are of great importance upon 
the dynamics of the vehicle, their magnitude 
is presented in figure 7.55 as the ratio of the 
mass of the sloshing propellant in a container 
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time. 

to the total vehicle mass, versus booster flight 
time. Immediately, it can be seen that the 
LOX tank of the S-IV stage which exhibits 
(because of the mass change of the vehicle 
with booster flight time) large values will 
have a very pronounced effect upon the sta- 
bility of the vehicle. 

In the following, we shall apply the results of 
this chapter. The frequency ratios, v,= 
u,/uc, are always larger than unity, thus in- 
dicating a favorable situation. The gain 
value is Oo=1.5 and changes, at a flight time 
of 110 seconds, to the magnitude ao=l- If 
only one mass were sloshing, say that of the 
S-IV LOX container, the conclusions we coiild 
draw at a flight time of 70 seconds, where 
>j=0.03, fe=0.7, and from 

figure 7.13 would be the following; for this 
flight time no damping would be needed in 
this container since it is located outside the 
danger zone, i.e., outside the zone between 
center of mass and center of instantaneous 
rotation; at a flight time of 140 seconds, where 



Figure 7.55. — Slosh mass ratio for SA-I booster flight. 


m=0.09, v,=4, and $,'='—0.9, a little damping 
in the amount of about 7, » 0.005 would be 
needed to maintain stability. 

Combining all sloshing masses of the booster 
in one mass and considering the effect of the 
S-IV stage sloshing masses as negligible yields 
the following: first of all, at a flight time of 70 
seconds, the combined slosh mass ratio would 
be of the magnitude of about ii=0.09; the fre- 
quency ratio, v„ is about v,«3, and the location 
fr^O. For this particular case, a damping of 
about 1 percent should be provided. At a 
flight time of 140 seconds, /i=0.18, *',=4, and 
{,=0.8, no damping is needed since the sloshing 
mass is located outside of the danger zone. 
From this simple consideration, one can con- 
clude that a stationary baffle arrangement in 
the upper part of the booster tanks is sufficient 
to maintain flight stability during the boost 
phase. 

To obtain, however, a more realistic require- 
ment, we have to look at the sloshing in several 
containers. Considering the S-IV LOX slosh- 
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ing mass together with the combined booster 
sloshing mass, one can use the results presented 
in figures 7.25 and 7.26. At 70-seconds flight 
time, the sloshing masses are given by ^i=0.09 
and pi2=0.03, while The distance I 

of the combined booster sloshing mass, jiti, to 
the fixed sloshing mass, ^ 2 , of the second stage 
is Z«— 16.25 meters; that is, 1.3. The 

value and we conclude that a damping of 
7 , w 0.01 3 is needed to have a stable flight con- 
dition. At a flight time of 140 seconds, 
Mi=0.18, m2=0.09, kj»j/2«4, ^,=0.8, and 
— 1.8, and a damping of about 1 percent is 
needed. It furthermore can be seen that damp- 
ing is needed in the lower part of the booster 
containers. Since the fundamental bending 
frequency is close to the sloshing frequencies. 


the effects of vehicle elasticity (ch. 9) must 
also be considered. Furthermore, some wind 
response studies will show the adequacy of the 
baffles. (See sec. 7.4.) 

The actual feedback analysis of the flexible 
vehicle with all its slosh masses included 
indicated that with smooth container walls 
a slight instability occurred in the 178-centi- 
meter containers between 40- and 60-seconds 
flight time, and in the 267-centimeter-diameter 
container an instability occurs between 60- and 
90-seconds flight time (ref. 7.23). By em- 
ploying proper baffles, these instabilities could 
be removed. The same procedure can now 
be performed for the second-stage flight, but 
has been omitted here for reasons of limited 
space. 
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PRINCIPAL NOTATIONS 


ao=gain factor of attitude channel 
ai= coefficient of control damping 
output signal of accelerometer 
A,= shear area of airframe cross section 
Ca=damping coefficient of acceler- 
ometer 

Co = damping coefficient of rate gyro- 
scope 

c„x= damping coefficient of nth sloshing 
mode in Xth propellant container 
Z?= dissipation function 

dissipation function of propellant 
Z),= dissipation function of vehicle 
structure 

£■/= flexural stiffness of airframe 
F= Fi-\-Fi = thrust 
F: = stationary thrust 
Fi>=gimbal thrust 
F 

=longitudinal vehicle accelera- 
tion 

0 , structural damping factor of the 
i»th bending mode 

^ 2 = gain factor of accelerometer chan- 
nel 

G— shear modulus 
H^=Hurwitz determinant 
7= mass moment of inertia of total 
vehicle about mass center of 
vehicle 

/o= moment of inertia of rate gyro- 
scope about its output axis 
/ox = moment of inertia of nonsloshing 
liquid mass in Xth propellant 
container (about its center of 
mass) 

/r= moment of inertia of rotor of rate 
gyroscope about spin axis 
/,'= moment of inertia of structure 
per unit length 

radius of gyration of vehicle about 
its mass center 

ta= spring constant of accelerometer 


^jf= spring constant of swivel com- 
pliance 

/:nx= spring constant of nth mode of 
slosh model in Xth tank 
iiLo= restoring moment of rate gyro- 
scope per unit angle 
m=mass of vehicle 
7na=mass of accelerometer 
?n„x(7n,) =mass of nth sloshing mode in 
Xth tank 

mox=mass of nonsloshing liquid in 
Xth tank 

m.'=mass of structure per unit length 
Msk= generalized mass of vth bending 
mode 

Mr = gyroscopic reaction torque of rate 
gyroscope 

M,= bending moment of vth bending 
mode 

i>P /•»= phase-lag coefficients of control 
system 

g(= generalized coordinates 
$ 1 = generalized forces 
$,= shear force of vth bending mode 
s=(T-t-iw=complex frequency 
t=time 

7’= kinetic energy 
7\,= kinetic energy of propellant 
7,= kinetic energy of structure 
z)= cross- velocity 
F=potential energy of vehicle 
potential energy of propellant 
potential energy of elastic deforma- 
tion of structure 

F„= potential energy of raising center 
of mass in equivalent gravita- 
tional fleld 

V»= potential energy of bending vibra- 
tion 

x= abscissa, distance from mass center 
a5a= coordinate of accelerometer 
la^ciE I = distance of center of instantaneous 
rotation to mass center of vehicle 
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Xg= coordinate of swivel point 
x<j= coordinate of gyroscope 
(a;#) = coordinate of sloshing mass of nth 
mode in Xth tank 

Xox= coordinate of nonsloshing mass in 
Xth tank 

Xs= coordinate of rate gyroscope 

lateral translation of rigid vehicle 
displacement of accelerometer 
mass relative to vehicle 
t/nx= displacement of nth sloshing mass 
in xth container relative to 
vehicle 

Fv= normalized bending deflection 
curve of vth bending mode 

X 

. =location parameter of ac- 
celerometer 

/3= engine deflection angle against 
vehicle center axis 
control deflection 
7 , = slosh damping factor 
F 

e=^=ratio of thrust available for 
control purpose to total thrust 
of vehicle 

fa = abbreviation for accelerometer de- 
fined on page 242 

6 a = abbreviation for accelerometer de- 
fined on page 242 

e'o= abbreviation for gyroscope defined 
on page 239 

«'b= abbreviation for rate gyroscope de- 
fined on page 239 

fa= damping factor of accelerometer 
damping factor of control system 
fo= damping factor of rate gyroscope 
f„x= damping factor of nth sloshing 
mode in Xth tank 

77 ,= generalized coordinate of vth bend- 
ing mode 


indicated angular velocity of air- 
frame at the location of the rate 
gyroscope 

X=«<i^ 2 l_“gain parameter” of accel- 
X=jfsr!|~ erometer 


A‘nx=-^=slosh mass ratio of nth 

Tfi 

sloshing mode in Xth container 
to total vehicle mass 
>'a=wa/“e= frequency ratio of acceler- 
ometer to control frequency 
(',=w,/wc= frequency ratio of propel- 
lant to control frequency 








5 * 

k 


<A= rotation angle of rigid vehicle rel- 
ative to space 

it> <= output signal of attitude gyroscope 
(^B= angular velocity of airframe at the 
location of the rate gyroscope 
Wa= natural circular frequency of ac- 
celerometer 

coe= natural circular control frequency 
0 ) 0 = natural circular frequency of rate 
gyroscope 

«nx(w»)= natural circular frequency of nth 
propellant mode in Xth con- 
tainer 

a>ie= angular velocity of rotor in rate 


gyroscope 

w,= natural circular frequency of vth 
bending mode 



Chapter 8 


Vertical Excitation of Propellant Tanks 

Franklin T. Dodge 


8.1 INTRODUCTION 

The dynamic response of liquids is discussed 
in this chapter for the case when the containing 
tank is vibrated vertically. Vertical and lon- 
gitudinal vibrations in actual rockets can arise 
from several sources. One cause of such 
vibrations is a dynamic coupling between the 
rocket structiu'e and engine thrust during 
flight. Several large liquid fuel boosters, in- 
cluding Thor-Agena, Atlas-Agena, Titan I, and 
Titan II, have been subject to this kind of 
vibration, with the frequency usually corre- 
sponding to the first longitudinal structural 
mode, typical values being between 10 and 
30 cps. Another type of longitudinal vibration, 
apparently originating through a coupling of 
the vehicle structure and the pneumatic tank 
pressure regulation system, also has been 
observed during the early part of the flight of 
some missiles; as one example, the frequency 
of such vibrations is about 5 cps for Atlas-D 
boosters. Some of these types of longitudinal 
vibrations encoimtered in flight have been 
called “pogo oscillations,” and are discussed 
more fuUy in chapter 10. 

Vertical vibrations may also occur during 
the time preceding actual launch when the 
vehicle is held down and its engines brought 
up to fuU thrust, which, for large boosters, may 
be on the order of several seconds. The 
vibrations occurring then are very complex 
because of such factors as the rough burning 
of the fuel, the interaction of the exhaust and 
the exhaust deflection structure, etc. 

A complete analysis of the origin of the 
various types of vertical vibration is beyond 
the scope of this chapter; however, regardless 
of the origin, the effect of the vibration on the 
liquid fuel depends primarily on its frequency 


and amplitude. At low frequencies ^ the liquid 
surface may respond in a large amplitude 
standing wave; as an example, the first sym- 
metrical mode in a 14.5-centimeter-diameter 
tank model, for an excitation of approximately 
7.5 cps, is shown in figure 8.1. The wave 
motion frequency for a response of this type is 
exactly one-half that of the excitation; conse- 
quently, such motions are called one-half sub- 
harmonic responses. 



Figure 8.1. — Typical liquid motion for m=0, n — 1 mode 
Jl-siibharmonic (ref. 8.20). 


At higher frequencies, the amplitude of the 
liquid motion is usually quite small. But for 
certain combinations of excitation frequency 
and amplitude, these small capillary waves 
may disintegrate, form a dense spray, and 

I Precisely what is meant by “high” and “low” 
frequencies will be clarified in later sections of this 
chapter. 
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Figure 8.2. — Second-mode surface wave maintained by 
spray (ref. 8.18). 



Figure 8.3. — Bubbles entering <lrain line in vertically 
excited tank (ref. 8.35). 


thereby generate a large amplitude, much 
lower frequency standing wave. This phenom- 
enon is illustrated in figure 8.2, which shows a 
typical spray-formed wave in a small rec- 
tangular test tank. 

The free surface motion sometimes becomes 
very violent at larger input levels of vibration, 
and small vapor bubbles are entrained in the 
liquid. The bubbles can become negatively 
buoyant and thus sink to the tank bottom; 
such bubble motions are, of course, contrary 
to the usual state of affairs. Once these sinking 
bubbles reach the tank bottom they can either 
form a large aggregate bubble, or, as in the 
model tank shown in figure 8.3, they can surge 
continuously into the drain pipe. Both of 
these situations may pose serious problems for 
liquid fuel rockets, although it must be em- 
phasized that such occurrences have not yet 
been evidenced in any way other than in 
laboratory experiments. 

All of the foregoing types of liquid responses 
will be examined in greater detail in the 
following sections. 

8.2 LIQUID SURFACE RESPONSE TO LOW-FRE- 
QUENCY EXCITATION 

Historical Survey 

When a tank containing a heavy liquid is 
forced to vibrate vertically, at a frequency not 
too large in comparison with one of the first few 
natural frequencies of free sloshing discussed 
in chapter 2, a pattern of standing waves can 
be observed on the free surface. Contrary to 
one’s intuition, it has been observed that the 
wave frequency, that is, the frequency of the 
surface oscillations, usually occius at exactly 
one-half that of the container motion, although 
in some cases the liquid frequency is equal to 
the forcing frequency, and in other cases, 
greater. The frequencj* of the free surface 
vibrations for transverse excitation, of course, 
corresponds precisely to the forcing frequency, 
as discussed in chapter 2. 

This apparently anomalous behavior for 
vertical excitation was first noticed by Faraday 
during a series of investigations of vibrating 
plates covered by a thin layer of water (ref. 8.1). 
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In his experiments, it appeared that the free 
surface waves vibrated with a frequency which 
was only half that of the plate. About 40 
years later, a similar series of tests was con- 
ducted by Mathiessen (refs. 8.2 and 8.3), and 
on one very important point he recorded an 
opinion in opposition to that of Faraday: 
in his experiments, Mathiessen found that the 
liquid vibrations were synchronous. Since the 
theory of gravity waves had not been developed 
to a point at which this contradiction could be 
resolved analytically. Lord Rayleigh repeated 
Faraday's original experiments with improved 
equipment. Rayleigh observed, in support of 
Faraday’s view, that the liquid oscillations 
were a one-half subharmonic of the forcing 
motion; that is, they occurred at a frequency 
equal to half that of the excitation (ref. 8.4). 
In addition, by generalizing his theory of forced 
vibrations which he had originally restricted 
to systems having only one degree of freedom, 
he developed a tentative theory to explain the 
liquid oscillations (refs. 8.5 and 8.6). His 
analysis led to a single Mathieii equation; 
using this analysis, Rayleigh was able to show 
the existence of subharmonic sm-face waves. 

It is now known, as will be shown in the 
following sections, that vertical vibration causes 
a quiescent liquid free surface to become 
unstable for much the same reasons as those 
discussed by Taylor (ref. 8.7) in his treatment 
of the weU-known Rayleigh-Taylor instabilities. 
The theory of such liquid motions leads to a 
system of Mathieu equations. Because of the 
more complete development of the theory of 
Mathieu functions since Rayleigh’s time, it is 
now possible to show that Faraday, Mathiessen, 
and Rayleigh might all have been correct; also, 
the actual dynamics of the liquid motion, which 
are important in missile stability analyses, may 
now be calculated. 

Linearized Theory 

As in most dynamical systems, the equations 
of motion for the liquid contained in a vertically 
vibrating tank can be developed either from an 
integral equation (energy) approach, or from a 
differential equation approach. The energy 
method, which is especially suitable for approxi- 
mate calculations or for tank shapes which do 


not correspond to any standard coordinate 
system, has been developed extensively by 
Moiseyev (refs. 8.8 and 8.9) and Bolotin (ref. 
8.10). However, the more elementary differen- 
tial equation approach is sufficient for a large 
number of practical cases, and it is the method 
employed in this chapter. 

The linearized theory developed here follows 
closely the analysis of Benjamin and Ursell 
(ref. 8.11) and is given with as much generality 
as possible. The results are then specialized 
in later sections when particular e.xamples are 
discussed. In nearly all of this section, the 
elasticity of the liquid container is neglected; 
this subject is discussed in detail in chapter 9. 

Suppose that a rigid cylindrical tank of 
arbitrary cross section, but having a flat bottom, 
is filled to a depth, h, with an incompressible, 
inviscid liquid. The tank is vibrated vertically 
with an amplitude, Xq, and a frequency, Noi, 
where iV is a positive number. The frequency 
of the liquid motion is assumed to be w, so that 
specifying N determines, in effect, whether the 
liquid response is subharmonic, harmonic, or 
superharmonic. 

Cartesian axes (x, y, z) are fixed to the tank, 
with the 3-axis pointing upward along the 
tank axis. The undisturbed free surface corre- 
sponds to 3—0 and the tank bottom to z——h. 
Thus, the axes move with a vertical accelera- 
tion cos N(j)t, and the motion relative to 

these axes is the same as if the tank were at 
rest and the gravitational acceleration were 
g—N^u^Xo cos Nwt. The fluid velocity relative 
to the moving axes may be derived from a 
potential, #, that satisfies Laplace’s equation 


I 


( 8 . 1 ) 


The Eulerian equations of motion can be 
integrated by using 4> to yield the unsteady form 
of Bernoulli’s equation 

-?+s-i[(gy+(i)’+(S)i 

— (gr— cos Nut)z=0 


where p is the fluid pressure measured relative 
to the ullage pressure and p the fluid density. 
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At the free surface there is an additional pres- 
sure restriction of the form 


_5r^ 


where v is the surface tension, and Ri, the 
principal radii of curvature of the surface. It 
is acceptable to consider only small motions 
and displacements in a linearized theory, so 
that 

Ri~^Rr^x^ ^ 

where z=ri{x, y, t) is the equation of the free 
surface. Consequently, the linearized form of 
Bernoulli’s equation that must be satisfied at 
the free surface is * 

L pW^c>2/V+df 

— (5— cos A 7 w()’)l =0 (8.2) 


on the same bounding curve. These conditions 
are typical of an eigenvalue problem, and con- 
sequently they show that $ and tj can each be 
expanded in terms of a complete orthogonal set 
of functions Sm{x, y). Hence, from equation 
(8.1) it can be seen that 

in the fluid interior, and 


on the bounding curves or surfaces. Xm are the 
eigenvalues. It then follows (ref. 8.11) that the 
required expansions are 

OD 

•n{x,y, 0 = s am{t)S„ix,y) 

m-O 


It must also be required that the velocity of 
the free surface normal to itself must equal the 
fluid velocity normal to the surface. When 
linearized, as shown in chapter 2, this require- 
ment takes the form 




Tn-0 


^{x,y,z,t)-- 


■■ - 1, d„(t) s^ix, y) 

X« smh \mh 

(8.7) 


5?? 




(8.3) Substituting equations (8.7) into equation (8.2) 
shows that 


Tiie remaining boundary conditions are that 
the perpendicular velocities at the walls and 
bottom must be zero; that is 


at the walls, and 


^=0 

m 

(8.4) 

m 

II 

0 

(8.5) 


at the bottom, z= — h. 

By combining equations (8.3) and (8.4) it 
can be seen that br)/i>n=0 on the curve bound- 
ing the free surface; hence, from equation (8.2) 
one can show that 


’ This equation is strictly valid only if the liquid 
contact angle at the tank walls is 90°. 


d -I- X„ tanh X„h Qy + g —N^uho cos iVwf ^ c„ = 0 

( 8 . 8 ) 

for m=0, 1,2,.. ., and, of course, m specifies 
the particular mode under consideration. Using 
this equation, the unknown time varying liquid 
sloshing amplitude can be determined. 

It may be seen immediately that one solution 
of equation (8.8) is Om=0, identically. This 
solution corresponds to no sloshing motion at 
all; i.e., the liquid column acts as a rigid body 
and vibrates up and down as a slug. Under 
ideal conditions such a response may be possible, 
but if the free surface is disturbed in any way, 
one should expect that the disturbance would 
tend to grow into some more sizable liquid 
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motion. Consequently, the problem at hand 
is one of the stability of a quiescent free surface, 
and equation (8.8) actually determines the 
kinds of excitation for which the free surface is 
unstable; that is, it determines the conditions 
for which disturbances tend to grow. In order 
to find these conditions as simply as possible, 
it is best to let the frequency of the liquid 
motion be variable and the excitation frequency 
be fixed at «, instead of, as heretofore assumed, 
letting the liquid frequency be fixed and the 
excitation frequency vary through the pa- 
rameter N. (It will soon be seen that the 
original formulation, however, is more con- 
venient in a nonlinear analysis.) So, letting 
N—l, and introducing the parameters 


Pm- 


4Xnt tanh \mhf 




2m=2X„afo tanh \„h 



allows equation (8.8) to be written more simply 
as 

22m cos 2T)Om=0 (8.9) 

which may be recognized as the standard form 
of Mathieu’s equation. 

In the usual treatises on Mathieu functions 
it is shown that equation (8.9) can have stable 
or unstable solutions, depending on the values 
of and 2m- The regimes of stability and 
instability are usually shown in a plot such as 
figure 8.4. The shaded areas in this figure cor- 
respond to unstable solutions of equation (8.9), 
the solutions for which Om->“ as . Only 
the first three unstable regions are shown, and 
the predominant frec^uency of the liquid motion 
for each area is indicated on the plot. The 
unshaded regions correspond to stable solutions 
of equation (8.9). 

When Xo and w are given, a point on the 
stability chart may be determined for each of 
the sequence of eigenvalues To determine 
whether or not the free surface is unstable, 
and 2m must be calcidated for each mode and 
their position on the stability chart observed. 


14 


12 


10 



8 10 12 


Figure 8.4. — Stability chart for the solutions of Mathieu’s 
equation. 


It can be argued that at least one of the points 
(Pm. 2m) for some mode lies in an unstable 
region, whatever Xo and «. In practical cases, 
however, where the system is slightly dissi- 
pative, the higher order modes tend to be 
suppressed, and an appreciable disturbance of 
the free surface occurs only when one of the 
lower order modes is excited. 

A good deal more information about possible 
types of unstable liquid motion can be obtained 
by replotting figure 8.4 with dimensional 
parameters. Figure 8.5 illustrates such a sta- 
bility diagram for a 14.5-centimeter-diameter 
circular cylindrical tank model, with a liquid 
depth equal to the tank diameter; this tank is 
essentially rigid for the low frequency excitation 
considered here and, thus, the preceding results 
are applicable. Only a few of the unstable and 
stable regions corresponding to the mode of 
lowest natural frequency (smallest \„) are 
shown. One obvious point of difference be- 
tween figures 8.4 and 8.5 is that the instability 
regions are much narrower when plotted dimen- 
sionally. Since the effect of damping is to 
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Excitation frequency - cps 

Figure 8.5. — Partial Matbieu stability chart for m = l, n = l mode. 


make these regions even narrower, one can see 
that the one-half subharmonic would probably 
be the onlj’ large amplitude wave motion 
observed in experiments. 

In any given tank there are a large number 
of modes, each having its own stability dia- 
gram. Figure 8.6 shows some of the one- 
half subharmonic instability regions, and the 
location of several harmonic modes, for the 
same tank model as figure 8.5. From this 
chart, one can see that the unstable regions for 
various sloshing modes overlap one another; for 
example, the first symmetrical mode (m=0, 
7i = l, in this chart) and the second and third 
antisymmetrical modes (m=2, n=l, and m = 3, 
71 = 1) overlap considerablj’. In fact, for almost 
any combination of excitation frequencj" and 
amplitude, there is some overlapping of un- 
stable regions, and it is apparent that this 
overlapping is even more congested at higher 
frequencies. The low-order modes can be fairlj^ 
well isolated, however, so that they are con- 


venient modes to study both experimental!}’ 
and analytically. These modes are also the 
most important in practical applications. 

Larse Amplitude Subharmonic Motion 

As mentioned previously, the only sizable 
liquid motion that is usually observed in a 
v’ertically vibrated tank is the J^subharmonic 
response. In order to investigate this response 
more thoroughly, it is now assumed that the 
time dependence of the mth sloshing mode is 
adequately represented by 

am=A sin cos ut 

If N=2 in equation (8.8), then the steady-state 
motion given by this equation does indeed 
represent a ^i-subharmonic response. 

By substituting the above equation into 
equation (8.8), setting N=2, and collecting 
terms, one finds that 
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1^— tanh ^ sin wt 

+[. . .] sin 3w<+|j— w*+x„ tanhx,nA 

.)]fl cos wt+t- • .] cos 3«t=0 

Hence, to the first approximation either B=0 
and A^O, with the additional requirement that 


tanhX„A)=X„ tanh^ft 

or else ^=0, B^^O, and 
w*(l+2xoX„ tanhX„A)==X„ tanhX„A 


(t+^) 


These two relations can be combined into a 
more convenient form by introducing the 
natural frequency of the mth mode, which is 
given by 

Um—K tanh \„h (~+9^ 


and by letting «=XoXm tanh X,„A be a dimension- 
less excitation amplitude. Then according to 
the general theory of Mathieu’s equation, small 
liquid motions will tend to increase without 
limit in the frequency range given by ’ 

Equation (8.10) is valid only for the first few 
modes (small values of m) because the higher 
order modes are damped quite severely. 

Figure 8.7 shows an experimentally de- 
termined stability boundary for the first 
antisymmetrical sloshing mode in a 14.5-centi- 
raeter-diameter, rigid cylindrical tank. As can 
be seen from this figure, the theoretical pre- 
dictions of equation (8.10) and experimental 
results are correlated very well except for a 
slight decrease in the width of the experimental 
boundary which is probably caused by viscous 
effects. 


* It should be recalled that the excitation frequency 
is 2u. 



Excitation frequency - cps 


Figitre 8.6. — General liquid behavior at low frequencies. 
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0.94 0.96 0.98 1.00 1.02 1.04 1.06 


Frequency parameter, o- ■ u/w„ 

Figure 8.7. — Theoretical correlation for m = l, n = l mode 
1/2-Bubharmonic etability boundary (ref. 8.20). 

Although the linearized theory predicts an 
infinitely large sloshing amplitude in the un- 
stable region, experience has shown that even 
in this range, only a finite amplitude is obtained, 
and if it or the fluid pressure is to be determined, 
a nonlinear analysis must be employed. Since 
the only mathematical source of nonlinearity 
for an in viscid liquid in a rigid container is in 
the free surface boundary conditions, equations 
(8.2) and (8.3) should not be linearized entirely. 

As mentioned ]3reviously, the theory de- 
veloped in this section can be justified only 
for the lower order sloshing modes. Thus, 
the effect of surface tension may be neglected 
for the relatively long wavelengths under con- 
sideration here.* The pressure boundary con- 
ditions may now be written as 

/ &€> 1 1 I 

\w“2L(w+(al/)+(wJ 

— (<7— 4w% COS 2wf)2 y =0 (8.11) 
J «-'i 


bri ^ I ^ ^_i_^ Si? *! 

bt~ bz~^ bx bx~^ by 


( 8 . 12 ) 


Even with these nonlinear boundary con- 
ditions, the potential, 4>, can still be expanded 
in a series of orthogonal eigenfunctions of 
equation (8.1); that is 


cosh \„(h+z) 
0 sinh KJi 


S„(x, y) 


(8.13) 


is still valid and still satisfies the boundary con- 
ditions (eqs. (8.4) and (8.5)), which, of course, 
always remain true as long as the tank flexibility 
is neglected. However, it is no longer legiti- 
mate to write r)=XamSm{x, y). Instead, the 
unknown Cm's in equation (8.13) must be 
determined somehow from the boundary con- 
ditions (eqs. (8.11) and (8.12)), and calculating 
these coefficients is the central problem in 
most of the remaining discussion. There are 
several methods that might be used to do this ; 
one way would be to eliminate r; from equations 
(8.11) and (8.12), thus getting one equation in 
<f only; another way is to extend the linear 
analysis by assuming 


f>mS„(x, y) (8.14) 

0 

and then determining the a„’s and 6„’s simul- 
taneously.® The latter method is convenient, 
and it is the method used here. 

The general way of attacking the solution is : 
Substitute the expansions, equations (8.13) 
and (8.14), into the boundary conditions, 
equations (8.11) and (8.12). Consider the 
resulting two equations as functions of x and y, 
and expand them in a series of the orthogonal 
eigenfunctions S„{x, y). In this way, two 
equations of the form 


It should be noted that equation (8.11) is 
evaluated at 2=ij instead of at 2=0, the position 
of the undisturbed free surface. 

By resolving the fluid velocity into com- 
ponents normal to the free surface, the kine- 
matic boundary condition may be written as 

‘ This conclusion is true only so long as p, or an 
equivalent steady longitudinal acceleration of the tank, 
is not too small. If p“0, the surface tension forces 
become predominant, as discussed in ch. 11. 


SI^«S„(z,y)=0 (8.15) 

m-O 

are obtained, where are, in general, functions 
of all the Om and b„. Since the Sm{x, y) are 
orthogonal, one can readily see that each 
F„=0 separately. Consequently, the problem 

® The dot over Om indicating time differentiation has 
been dropped in eq. (8.13), since dm is not a priori equal 
to bm, as was the case in eq. (8.7). 
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of solving equations (8.11) and (8.12) has been 
reduced to the problem of solving a set of 
equations /^m==0, m=0, 1, 2, . . ., which involve 
only a„ and b„. Now assume that the »th 
sloshing mode is the dominant one, so that a, 
and b„ are much larger than the other a„ and 
b„. By inspecting the equations, the orders of 
magnitude of all a„ and b„ can be determined 
in terms of a„ and bn. The equations are 
then solved for a„ and b„ to any degree of 
approximation by neglecting all terms above 
the specified degree. 

This procedure is well illustrated by the 
example of two-dimensional waves. Two- 
dimensional finite amplitude standing waves 
were considered first by Penney and Price 
(ref. 8.12) during a study designed to assist 
in the engineering design of the Mulberry 
harbors for the Normandy invasion of 
World War II. They worked out the wave 
form to the fifth power in the dominant 
amplitude. Among their residts was the fact 
that the frequency of finite amplitude standing 
waves in deep water was always less than that 
of an infinitesimal wave, and that the maximum 
possible amplitude wave made a sharp comer 
at its crest and enclosed an angle of 90® at 
that point. Taylor (ref. 8.13) later made an 
experimental study of standing waves, and 
confirmed Penney and Price’s main conclusions. 
In particular, he found that the wave of maxi- 
mum amplitude did come to a sharp point, as 
shown in figure 8.8. He also showed that the 
response curve was slightly nonlinear softening, 
which is a consequence of the decrease in fre- 


quency with amplitude. As might be ex- 
pected, the maximum amplitude waves tended 
to be unstable and break at the crest. Later, 
Tadjbaksh and Keller (ref. 8.14) carried out an 
analysis of standing waves in water of finite 
depth by a method entirely different from 
Penney and Price’s. They showed that for 
liquid depths less than about 0.17 times the 
wavelength, the frequency increases with ampli- 
tude; for greater depths, the frequency de- 
creases, as Penney and Price predicted. T his 
has been confirmed experimentally by Fultz 
(ref. 8.15). Three-dimensional standing waves 
also have been analyzed (refs. 8.16 and 8.17); 
in particular. Mack (ref. 8.17) has shown that 
the maximum amplitude axisymmetric wave 
has a crest enclosing an angle of approximately 
109.5°. 

Raetangular Tank 

Penney and Price’s general method was 
adopted by Yarymovj^ch and Skalak (refs. 8.18 
and 8.19) to study two-dimensional waves in a 
vertically vibrated tank. The salient points 
of the nonlinear analysis are easily identified 
in this, the simplest of all physically significant 
vertical sloshing problems, and for this reason 
their theorj' is given here even though there 
are very little experimental data available for 
comparison. Only the first symmetrical mode 
is considered in detail, although it is possible 
to produce antisymmetrical sloshing even in 
such a seemingly symmetrical situation as 
vertical vibration, since in reality neither the 
tank nor the vibration are perfectly vertical 



xlL 


Figure 8.8. — Form of largest amplitude standing wave (ref. 8.13). 
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and symmetrical. Symmetrical sloshing' does 
not cause any unbalanced forces or moments 
on the tank structures directly, as does anti- 
symmetrical sloshing, but it does influence the 
pressure at the tank bottom, and thereby could 
influence the pressure in the combustion 
chamber and the total rocket thrust. 

For a two-dimensional wave in an infinitely 
deep, thin rectangular tank described by 

A=®, the appropriate velocity 

potential for a wave composed only of sym- 
metric modes is 

$=ao+SflnC'^~'cos^x (8.16) 

This can be derived from equation (8.14) by 
noting that Sm{x, y)=cos \„x with x„=2irm/Z., 
by letting and by absorbing 1/X,., into 

the coefficient a„. 

In line with the general theory outlined 
previousl}’^, it is assumed that the equation of 
the free surface can be written in the form 

r;=i:6„cos?^i (8.17) 

7B-1 

The constant term 6o is necessarily zero, since 
the plane ij=0 locates the mean position of the 
surface. 

Before substituting equations (8.16) and 
(8.17) into (8.11) and (8.12), it is much more 
convenient to cast all the parameters into 
dimensionless form. Because the first mode is 
assumed to be predominant, the appropriate 
length for use in nondimensionalizing is I,/2ir 
and the appropriate time is {LI2irgy'^. (Com- 
pare this with the nondimensionalizing of 
eq. (8.11).) Let </> be the nondimensional 
form of 4>, { the nondimensional form of ri, 
the nondimensional form of Um, /5m the non- 
dimensional form of b„, T the nondimensional 
form of t, and c the nondimensional form of 
Xfl. The nondimensional form of the variables 
X and z will still be x and 2 , but the tank 
dimensions are now —r<x<v. The nondimen- 
sional surface wave frequency is denoted by 
a=(j:l{2vglLy'^, where {2vglLy- is the natural 
frequency of free small amplitude waves. 

The series expansion of the velocity potential 
becomes 


^=ao+S cos mz (8.18) 

Wl-1 

and the surface displacement is 

OP 

/5m cos mx (8.19) 

After substitution, equation (8.11) may be 
written as 

CP 

(1— 4o'*e cos 2oT)f— cos mx 

m*0 

^ CP 00 

+0 S cos (n— m)x=0 

* 771-1 n-1 

( 8 . 20 ) 

and equation (8.12) as 

OP , 

S 0m+ame'^”‘^) cos mx 

TO—1 

CD 00 

= 2 sin mx sin nx (8.21) 

771-1 7)-l 

Equations (8.20) and (8.21) can be solved 
by the method outlined previously (eq. (8.15) 
and the accompanying text). Penney and 
Price (ref. 8.12) used this method to solve a set 
of equations very similar to equations (8.20) and 
(8.21); details of their analysis are given in 
chapter 3. By using the same procedure here, 
and then examining the resulting equations to 
determine the orders of magnitude of the various 
terms, it follows that a„ or /3„ are of the order of 
magnitude (aO" or (/3j)"; that is, at and fit are 
second-order terms in comparison to ai and 
/3i ; 03 and are third-order terms in comparison 
to oi and /3i, and so on. Consequently, it is 
relatively straightforward to write down the 
governing equations to any order of approxima- 
tion. However, only a third-order theory is 
given here because the algebraic work becomes 
extremely laborious for higher order approxima- 
tions. But as will be seen, it is necessary to 
retain at least third-order terms, since a lower 
order approximation does not yield any quanti- 
tative information about the sloshing amplitude. 

Because the amplitude of the free surface 
motion, and not the velocity potential, is more 
easily correlated with experimental data, the 
a„ are eliminated from the approximate equa- 
tions. Hence, by modifying equations (3.58) 
and (3.59) of chapter 3 to conform to the 
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nomenclature of this chapter and by including the 
changes necessitated by the factor (1 — 4<r*e cos 2 ot), 
the first-order linear approximation to the 
sloshing amplitude is found to be 

— 4<r*e cos 2(TT)jSi=0 (8.22) 
The second-order approximation is found to be 
4ff*e cos 2(rr)j3i = 0 

ft+2(l-4(7*e cos 2<7r)^2=i3? (8.23) 

The third-order approximation is 

/3i-f (l-4ff*6 cos 2 (tt)|3i iS?) 

=1 + (I h~l 

/§2+2(1-4(7*« cos 2<7r)|32=|3? 

ft + 3(l-4(r»« cos 2<rr)/33-3^i^2-| ^ (8.24) 

The first-order equation is a Mathieu equa- 
tion, and is simply the nondimensional form of 
equation (8.8) for m=l and iV— 2. The 
second-order set consists of a Mathieu equation 
for j3i and an equation for ft which contams the 
solution of the first equation as a parameter. 
This set does not result in any improvement of 
the frequency-amplitude relation but only 
refines the surface wave shape. The third-order 
equations are nonlinear and describe large 
amplitude waves to a better approximation 
than the lower order equations. Furthermore, 


it is the lowest order approximation that 
predicts the sloshing amplitude as a function of 
frequency. 

It is now assumed that the solution of 
equations (8.24) can be written in the form of a 
Fourier series, either as 

■A=S sin TioT (8.25) 

n— 1 

or as 

01==S -Bn cos TlffT (8.26) 

7I»1 

These two steady-state solutions have been 
chosen by analogy with the linear solutions 
described previously. It is found that retaining 
only the first term in the series equations 

(8.25) or (8.26) gives satisfactory results. 
By assuming that the time variation of is of 
the form [0i (<)]", the third-order approximate 
solution corresponding to equation (8.25) may 
be written down as 

ffi=A sin <rr 

COS 2(tt 

ft=j4ai sin (tt—A^ sin 3ctt (8.27) 

where Aij is of order A. A similar set of 
equations may be written for the solution 

(8.26) . 

By substituting equations (8.27) into equa- 
tions (8.24) and collecting coefficients of 
sin <TT, sin 3 (tt, cos 2<rr, and constants, the An 
may be determined. The results are 


, H-2<r*-3<r*+8e*(l-2«)<7«-46(l+26)(r«-2*(r* 

^ 9 / 5 3 \ _2 1 4 o 2 6 

16 (l6 2 7*^ 2*^ 

A2 _ (I 2o^-|-2q^e) ^a2 ^ a2 


Ai>=- 


fl4-4<r*«') 


trA^—ChA" 


Al=- 


■4(l-2ff’-8<7V) 
il-3a^+2<Ae) 


AL= 




a^A^=ClA^ 


(l-| (T*-t-2(T**) (1-30-4(7*6 




(8.28) 


229-648 0—67 19 
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The coefficients Ctj are the combinations of <r 
and € as indicated. Once these /3m coefficients 
have been computed, the nondimensional sur- 
face displacement may be calculated to the 
third order in A 

f(x, t)=A sin trr cos x 

+ { 020 — 0^2 cos 2<n)A^ cos 2x 

-l-(6'si sin ar—C\i sin Sar)A^ cos 3x 

In this equation, A is calculated as a function 
of the frequency and amplitude of excitation 
from the first of equations (8.28). 

The maximum vertical distance from crest 
to trough, yo, may be determined from the 
previous equation as 

2/o=f (^ar=0, <rT=0— { (^x=0, 

^2{\ + Cl,A^+Cl2A‘)A (8.29) 

This equation is shown in figure 8.9 for the 
case «=0.05. A few experimental points are 
also shown. It may be seen that the agree- 
ment between theorj' and experiment is fairly 
good. 

The amplitude-frequency relation corre- 
sponding to the assumed solution equation 
(8.26) has been shown (ref. 8.18) to correspond 
to an unstable steady state so that the steady- 
state solution equation (8.26) will never be 
observed in actual experiments; however, the 
theoretical calculations for this solution are 
shown in figure 8.9 as the slightly curved 
vertical line originating at <r=0.95. 

Cylindrical Tank 

Although the two-dimensional theory outlined 
above is relatively straightforward, considerably 
more experimental and theoretical work has 
been done for the more practical case of waves 
in a circular cylindrical tank (refs. 8.20 through 
S.24). For that reason, a brief sketch of the 
main results is given here. 

For this situation, the tank geometry is 
described by 0<r<^, 0<e<2ir, and the water 
depth is again given by z=—h. The appro- 
priate velocity potential is 


«>=ao+S ±a„MK„r) cos 

m-On-l COshXmnA 

(8.30) 

«/m(Xmn^) is the With Order Bessel function of 
the first kind, and the eigenvalues, are 
determined by the transcendental equation 

JULnR)=0 

The corresponding free surface displacement is 
given by 

1 J=S S b„,„J„(K„r) cos me (8.31) 

n»l 

The first case considered here is the lowest 
frequency antisymmetrical (cos 0) sloshing 
mode, so that an and i»n are the predominant 
amplitudes in the expansions (8.30) and (8.31). 
The appropriate length for nondimensional 
purposes is (Xn tanh XuA)“’ and the appropriate 
time is (Xnff tanh Xn^)"*^. 

By substituting the dimensionless forms of 
equations (8.30) and (8.31) into the nonlinear 
boundary conditions, and then keeping terms up 
through the third order in an and 6n, as before. 



Figure 8.9. — Comparison of theory and experiment for 
1/2-subharmonic response (ref. 8.18). 
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it can be shown (ref. 8.20) that /3n, the non- 
dimensional equivalent of bn, is determined by 

j3i + (l— 4 <t*€ cos 2(TT)0n{l+Kn^n 

+Koi0oi-KM+OmmO\i^0nfil 

+Arn4?,/3ii+0.165118j8oii8ii-0.198686/3«ft, 

"h^oi^oi^ii — ^21021^11—0 (8.32) 

The rather lengthy constants Ktj and are 
given in the appendix to this chapter. 

The second-order terms are 0oi and and 
they correspond to the first symmetric mode 
and the first cos 26 mode. They may be 
calculated from the following equations, both 
correct to the third order 

^ot+Xoi tanh Xoi6(l— 4o-*« cos 2o-r)/3oi 

-fti/3ii(0.12148%, tanh Xoi6-0.263074X?,) 
+0U\n tanh Xoi6(0.070796X5i-0.060741) 

+0.263074X?il=0 (8.33) 

and 

/321+X21 tanh X2i6(l— 4ff*« cos 2ar)02i 

+ftifti(0.350807X2i tanh X2i6-0.482670Xf,) 
+/3 ?i[X 2 i tanh X2i6(0.175403-0.065931X?i) 

-0.482670X?i]=0 (8.34) 

A complete third-order theory would include 
a few other which are about of the magni- 
tude of 0li- However, these are not needed 
to calculate any of 0n, 0m, or 02i and hence are 
not given here. 

The assumed solution to equations (8.32), 
(8.33), and (8.34) is ® 

011= A sin <TT 
0ffi^A^ — A^ cos 2 ot 
02i=Am—Al2 cos 2(7 t (8.35) 

The Atj may be calculated as before by sub- 
stituting equations (8.35) into equations (8.32), 
(8.33), and (8.34), and collecting the coefficients 
of the various sines and cosines. The dimen- 

• The other jwssible solution, 0n= B cos <tt, . . ., 
can be shown to be an unstable steady state and con- 
sequently is not observed in practice (ref. 8.20). 
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sionless sloshing amplitude can then be written 
as 

|(r, 6 , t)=A sin ar cos &Ji{\nr) 

-f(Aio— A m cos 2trr) cos 2dJ2(\2ir) 

■4 " (A^ Ao 2 cos 2o'T)t/o(Xoir) 

The average wave amplitude 

r.-i[f (g-0.837, 9-0, »r=|) 

-{(^-0.837, 9=0, .,_!)] 

is shown plotted in figure 8.10, for hld=l.~ As 
can be seen, theory and experiment compare 
fairly well for the smaller values of Fq, but at 
lai^er amplitudes they deviate severely. Some 
idea of the reason for this can be obtained from 
figure 8.11, which shows the experimental 
liquid response over a wide frequency range in 
a 14.5-centimeter-diameter, rigid cylindrical 
tank. As the forcing frequency is gradually 
decreased from a point slightly to the right of 
the stability boundary (see fig. 8.7), the liquid 
amplitude continually increases as the unstable 
region is traversed. After a steady state is 
reached, the forcing frequency can be further 
decreased, even to points considerably to the 
left of the left-hand stability boundary, that is, 
into the stable region for small motions, and 
the steady-state amplitude increases still more. 
However, a point is finally reached at which the 
liquid motion quickly decays to zero, as in- 
dicated by the downward pointing dashed 
arrow for Xo=0.65. On the other hand, if the 
frequency is gradually increased from a point 
to the left of the unstable region, the liquid 
remains quiescent until the stability boundary 
is reached. At this point, the liquid amplitude 
quickly increases to a sizable magnitude, as 
indicated in the figure by the upward-pointing 
dashed arrow. Both of these types of response 
are similar to the well-known “jumps” in other 
nonlinear systems. A photograph of the large 
amplitude motion is shown in figure 8.12; it is 
quite complex, as can be seen, with breaking 

^ Neither the calculations nor the experimental 
measurements were taken exactly at the wall, r/R= 1.0, 
in order to minimize viscous and wall effects. 
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Figure 8.10. — Comparison of theory and experiment for 
m = l, n = l mode l/2>subharmonic response (ref. 8.20). 



Figure 8.11. — Experimentally determined liqtiid response 
form = l,n = l mode l/2*subbarmonic response for var- 
ious excitation amplitudes (ref. 8.20). 


waves being present. Of course, the idealized 
theoiT presented here does not take into account 
such phenomena as these. Neither does the 



Figure 8.12. — Large amplitude breaking M'ave (ref. 8.20). 


theory predict the point at which the liquid 
“jumps down” from a large to a practicallj’^ 
zero amplitude; in order to do this, a dissipa- 
tion mechanism would need to be included. 
(The upward jump is predicted, however.) 
Hence, it should not be expected that the 
theory- would remain valid for ver\" large 
amplitude liquid motions. 

S 5 ’mmetrical sloshing in a cylindrical tank 
can be studied by the same methods (ref. 8.20). 
For example, one finds that for h!R'>2, the 
predominant dimensionless amplitude /3oi for 
the first symmetric mode is given by 

^oi+(l— cos 2crr)i3oi(l-}-0.352202/3oi 
-h0.169000^,+0.359844/3o2) 
4-0.528303/3o,/3oi-f0.338000^oi/3?i 
-H0.266000i3oi'|3o2+0.119922|3o,/^, 
-1-0.088051^61 -0.022490ftife 

-0.086164|3oi/So2=0 (8.36) 


It should be noted that equation (8.36) con- 
tains second-order terms, in contrast to the 
previous analyses. Even so, the second- 
order terms alone do not predict the size of 
doi, and the third-order terms must be retained. 
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The second-order term, fio 2 , i e., the amplitude 
of the second-order symmetrical sloshing mode, 
is calucated from 

1.830937(1— 4(r*e cos 2 <tt)/3os 
-0.074207;8oi|3oi-0.661359^i=0 (8.37) 

The solution of equations (8.36) and (8.37), 
correct to the third order, is 

l3oi—A sin (TT+Alo—Ali cos 2ar 
jSo 2 — .^io — .^22 cos 2ffT 

with the Aij calculated as before. The approxi- 
mate sloshing amplitude may then be written as 

f=(.4 sin <TT+Alo—Aii cos 2<rT)Jo(^ir) 

+(Alo—Al, cos 2(rr)Jo{>^r) 

By using this equation the wave form at any 
time may be calculated. A typical shape, 
noiTnalized so that the maximum amplitude is 
unity, is shown in figure 8.13. Theory and 
experiment agree very well in this case; 
however, as before, the actual liquid response 
amplitude and the theoretically calculated 



a?4 a 96 0.9S LOO 1.02 1.04 

Frequency parameter a- = <u/w„ 

Figure 8.14. — Comparison of theory and experiment for 
m=0, n = l mode l/24ubharmonic response -(ref. 8.20). 



Lo as as a4 as o as a4 as as lo 

Nondimensional radial position - r/R 

Figure 8.13. — Comparison of theoretical and experimental 
wave shape for m=0, n=l mode l/2-8ubharmonic (ref. 
8 . 20 ). 


response do not agree quantitatively at lai^e 
amplitudes, as shown in figure 8.14. The 
reasons for this disagreement are similar to 
the ones pointed out previously for anti- 
symmetrical sloshing. 


90 Sector Cylindrical Tank 

Such tanks are of much practical interest, as 
has been discussed in earlier chapters, and 
therefore experimental studies of liquid surface 
subharmonic motion have been undertaken by 
Kana (ref. 8.25). The frequency of the funda- 
mental subharmonic mode corresponds to the 
sector 2-4 mode for lateral translation. (See 

Q ^ H" rvTTTOvrtxw 4-V»io r%ae<a +V»a 

ff f AU VAAV/ AA\^<.4AVA AXX 

every sector executes the same sort of free 
surface motion, although the phasing of the 
liquid motion relative to the excitation may 
vary from sector to sector. The second- 
mode frequency corresponds to the frequency of 
the fundamental axisymmetrical mode in a 
circular cylindrical tank, which is sector 1-3 
resonance for lateral excitation. The response 
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curv'es for both modes are quite similar in 
appearance to figure 8.11. 

Spherical Tank 

The behavior of liquids in spherical tanks 
under vertical excitation has also been investi- 
gated by Kana (refs. 8.25 and 8.26). Again, 
the liquid surface modes appear predominantly 
as one-half subharmonics of the excitation 
frequency and are qualitatively similar in 
shape to those occurring in a cylindrical tank. 
Of course, there is a variation of the liquid 
resonant frequencies with depth, but no new 
aspects of the subharmonic liquid response 
seem to arise. 

Summary of Subharmonic Results 

The types of subharmonic sloshing dis- 
cussed in this section are the only ones for 
which any substantial amount of laboratory 
data are available. Even in these cases, 
there are no data reported on fluid pressures 
and forces. 

Tlie available theories,® while probably not 
accurate enough to calculate large amplitude 
sloshing and fluid pressures, are sufficient to 
determine the freqviency range for which large 
amplitude motions should be expected; in 
some instances this information is all that is 
required. As an additional note, one should 
recall that the method of solving nonlinear 
problems outlined earlier is not the only feasible 
one. For example, one might attempt an 
expansion in powers of «, the nondimensional 
forcing amplitude, instead of an expansion in 
powers of ft (or fti or fti as the case may be). 
Or one might employ the method developed 
by Hutton (ref. 8.28) in which the two non- 
linear boundary conditions are combined to 
give one equation involving onl 3 ’^ $. Even 
with this procedure, however, the resulting 
equation is correct only to a certain preassigned 
degree in the velocitj^ potential. The essential 
points of this analysis, and other possibh' 
fruitful approaches, are given in chapter 3. 

* Only for rectangular or cylindrical tanks; no analysis 
has yet been completed for either the 90® sector com- 
partmented cylindrical tank or for the spherical tank. 
A general theory for tanks of arbitrary geometry has 
been formulated (ref. 8.27), but no computations have 
been made. 


Large Amplitude Harmonic and Superharmonic 
Motions 

Up to this point, the only liquid motion that 
has been discussed in detail is the large ampli- 
tude subharmonic response, chiefly because it is 
this response that would probably prove to be 
the most troublesome and the easiest to excite 
in actual tanks. However, other types of 
responses are possible since, according to 
figure 8.4 or 8.5, harmonic and superharmonic 
motions maj^ be excited for certain forcing 
frequency-amplitude combinations. In con- 
trast to the subharmonic motions, however, 
there appear to be two entirelj' different types 
of harmonic and superharmonic responses: 
small amplitude motions which seem to corre- 
spond to stable responses, and large amplitude 
motions which correspond to unstable solutions 
of equation (8.8). Although the excitation 
frequency for these responses is higher than for 
subharmonic motion, it is still sufficiently low’ 
that the tank elasticitj’ maj’ be neglected. 

As mentioned previously, the widths of the 
unstable regions of the Mathieu stability chart 
for harmonic and superharmonic responses are 
quite narrow, even for no damping. With 
damping, a rather severe amplitude cutoff 
exists; that is, the unstable regions do not 
extend completely to the line io=0 in figure 8.5. 
This amplitude cutoff may be circiimvented, 
however, bj^ using a small enough tank or a 
large enough excitation; the reason for this is 
that the width of the unstable regions increases 
with the nondimensional excitation amplitude 
approximately as where N is, as before, 
the ratio of the forcing frequency to the domi- 
nant liquid frequency. But e is proportional 
to Xo/d, where d is the significant tank dimen- 
sion.* Consequently, the width of the unstable 
subharmonic region varies as Xt>/d, the width of 
unstable harmonic region varies as {xoldY, the 
width of the S 12-swperharmonic region varies as 

“ For a circular cylindrical tank, d is the tank diam- 
eter; for a thin rectangular tank, d is the tank length. 
Also, it should be mentioned that “amplitude cutoff” 
does not imply here that a certain minimum response 
amplitude is required for the assumed motions to exist, 
08 it does in some other kinds of nonlinear damped 
systems. Instead, once the required minimum excita- 
tion amplitude is obtained, the response amplitude 
can be arbitrarily near to zero. 
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{xjdy, and so on. Hence, by increasing Xo or 
decreasing d, any of the unstable motions may 
eventually be obtained. 

Harmonic and 3/2-superharmonic responses 
were observed by Dodge, Kana, and Abramson 
(ref. 8.20) in laboratory tests conducted in a 
small cylindrical tank. The theory of these 
motions was not reported in detail, but it can 
be developed using the methods given earlier 
in this section by letting N assume appropriate 
values. For example, the results for harmonic 
motion in the m = l, n=l mode, which are 
analogous to equations (8.32), (8.33), and 
(8.34), are 

| 9 ii +( 1 -< 7 *« cos <rT)0n{l+Kn0‘u + Koi0oi 
-km +0.034780X?,^u/3?i 
+0.165118^oi/3u-0.198686fti^n 

+ ^oi^m/3ii — Ar2i^2i/3ii=0 (8.38) 
j3oi + ^oi tanh Xoid(l — <T*e cos <rT)0oi 
— j 3 ii 13 u( 9.121482 Xoi tanh 
-0.263074X?,) 

+/3?i[Xoi tanh Xoi6(0.070796X?, 
-0.060741) +0.263074X?i]=0 (8.39) 

/3ji + X 2 i tanh X2i6(l — cos (tt) 02 i 

"h)3ii)3n (0.350807X21 tanh X2if* 
-0.482670X?i) 

+(3?i[X2i tanh Xai6(0. 175403 
-0.065931X?i)-0.482670Xf,]=0 (8.40) 

The approximate third-order solution to these 
equations is of the same form as equation (8.35) ; 
but, of course, in this case all of the Atj (and A) 
have numerical values different from before. 

The other harmonic modes and the super- 
harmonic motions may be analyzed in a similar 
fashion. Very little experimental data exist 
for comparison purposes, probably because 
motions of this type are not nearly so predomi- 
nant in large tanks as would be the H-sub- 
harmonic response. 

Small Amplitude, Stable Harmonic, and 
Superharmanic Motions 

It has been observed (ref. 8.20) that even in 
relatively large laboratory tanks, small ampli- 


tude harmonic and superharmonic responses are 
possible for excitation frequency-amplitude 
combinations that lie completely outside any of 
the unstable regions shown in figure 8.4. These 
motions do not seem to be at all the same type 
as the responses discussed previously. 

Figure 8.15 shows an experimental curve for 
the m=l, n— I harmonic mode in a 14.5- 
centimeter-diameter cylindrical tank. This 
curve should be compared with the 1/2-subhar- 
monic response curve for the same mode given 
in figure 8.11. The amplitude of the subhar- 
monic response is much larger, but even so, the 
harmonic response is lai^e enough to be easily 
observed visually. The main point of differ- 
ence. however, is that the harmonic response 
(fig. 8.15) gives the appearance of the harmonic 
response of a slightly nonlinear, damped system 
in the vicinity of a resonance, while the 1/2- 
subharnionic response (fig. S.ll) does not. In 
fact, the phase angle of the harmonic response 
relative to the tank motion shifts slowly from 
zero, for frequencies less than peak response, to 
90° at peak response, to essentially 180° for 
excitation frequencies greater than peak re- 
sponse, exactly as would a simple spring-mass 
system. 

This kind of harmonic response occure in the 
vicinity of what is normally an unstable region 
for harmonic motions (if the forcing amplitude 
is sufficiently large), but actually it is not an 
unstable motion; that is, the amplitude does not 



X6 3.7 3.8 3.9 4.0 

Tank frequency - cps 

Figure 8.15. — Experimental response for m=l, n = l mode 
harmonic (ref. 8.20). 
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exhibit a sudden increase when the frequency is 
changed slightl}'. Consequently, this response 
does not correspond to an unstable solution of 
Mathieu’s equation. On the other hand, it does 
not correspond to a stable solution, either, since 
the theoretical period of any possible stable 
solution is not exactly equal to the period of 
the forcing motion except for a few discrete 
values of <7 and t. Small amplitude responses, 
however, have been partially analyzed by Bhuta 
and Yeh (ref. 8.21) in their treatment of tanks 
with a vibrating bottom. The essential differ- 
ence between their analysis and the one pre- 
sented in the preceding sections of this chapter 
is that they satisfied the boundary conditions 
on the undisturbed positions of the boundaries 
in a fixed frame of reference. That is, their 
boundarj' conditions for a cylindrical tank are 




-grt=Q 


^ ^ 

bt ~ dz 


at the free surface, 2=0; 



at ;■=/?; and 

— xqco sm cot 


(8.41) 


(8.42) 


(8.43) 


at the tank bottom, z=—h. Hence, this is a 
linearized theory, but even if it were not, their 
results are valid onty for small motions in an 
absolute sense (because of equation (8.43)), 
whereas in the moving coordinate system em- 
ployed in the linearized subharmonic analysis 
presented previously, the motion of the tank 
itself can be finite as long as the relative motion 
of the liquid is small. 

The details of the analysis presented in ref- 
erence 8.21 are lengthy and so are not given 
liere, but the main result is that the wave 
height relative to the tank bottom is 


Tj(r, t) =Xo cos ut S - 2°” a t/ofW) (8.44) 

n - 1 W Won 

where wo„ is the natural frequency of the nth 
symmetrical mode, the only type of sloshing 



Figure 8 . 16 . — Experimental response for m = l, n = l mode 
2-superharmonic (ref. 8.20). 


considered. Equation (8.44) is of the correct 
form to predict the observed harmonic response, 
but the method of calculating a„, according to 
reference 8.21, seems to depend upon specific 
initial conditions and not upon the excitation. 
Thus, it is difficult to compare equation (8.44) 
directly with experimental results. 

Bhuta and Koval (refs. 8.23 and 8.24) have 
shown analytically the existence of harmonic 
liquid responses in a series of papers concerned 
with tanks having an elastic bottom (but rigid 
sides). This kind of vibration, of course, 
excites the liquid in a vertical direction. They 
have found that the natural frequencies of the 
free surface motions are slightly different from 
the case of a rigid bottom. Some details of 
their anatyses are given in this monograph in 
chapter 9, where the interaction of the liquid 
with the elastic tank is considered more fully. 

In addition to harmonic responses, small 
amplitude superharmonic responses also have 
been observed in laboratorj" experiments (ref. 
8.20). In figure 8.16, a response curve for the 
m=l, n=l double-superharmonic mode in a 
14.5-centimeter-diameter cylindrical tank is il- 
lustrated. The peak response for this case is 
considerably sharper than the harmonic re- 
sponse curve shown in figure 8.15. Once again, 
this response is not an unstable motion, nor 
does it correspond to a stable solution of 
Mathieu’s equation — as a point of fact, no 
suitable analysis of this sort of superharmonic 
motion has yet been discovered. It appears 
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that considerably more theoretical work is 
needed to put the small amplitude harmonic 
and superharmonic responses into a satisfactory 
state of agreement with experiments, and to 
determine their significance in possible appli- 
cations. 

Mechanical Model for Vertical Vibrations 

As a complement to the equivalent mechan- 
ical model analogies given in chapter 6, it 
would be convenient in missile stability analyses 
to have a similar type of mechanical model for 
vertical sloshing. Developing an equivalent 
model for vertical excitation, however, is 
considerably more difficult than for transverse 
excitation because of the tremendous number 
of possible liquid motions; e.g., subharmonic, 
stable and unstable harmonic, stable and un- 
stable superharmonic. But the 1/2-subharmonic 
response would probably be the most important 
in applications, so that any equivalent model 
should be directed primarily toward duplicating 
this kind of response. 

Even for the limited problem of subharmonic 
response, there are no available analyses of 



mechanical models for vertical excitation. A 
hypothetical model for the first antisymmetric 
mode, however, is shown in figure 8.17. The 
fixed mass, mo, is supposed to duplicate the 
inertia effects of the more or less rigid body 
portion of the fluid motion, and the pendulum 
mass, mi, is supposed to duplicate the sloshing 
mass of the liquid. The equation of motion 
for the pendulum, correct to the third order in 
the pendulum amplitude, is 

^i/3 + ((/-4w2xo cos 2co0/3 ( 1-^/3*^ = 0 (8.45) 

This equation is approximately of the same 
form as the nonlinear equation specifying the 
dominant amplitude for antisymmetrical verti- 
cal sloshing. In fact, it has the same region of 
unstable motion, and, consequently, the model 
should duplicate fah’ly well the actual liquid 
dynamics, especially if the parameters such as 
lu mi, and mo are derived from experimental 
results. However, the problem of determining 
the plane of the pendulum’s motion remains 
to be solved. That is, the line 0=0 in. say, 
equation (8.30) is dependent upon slight 
imperfections in the symmetry of any actual 
system; thus, it is not prescribed by the 
idealized theory given in the preceding sections. 
Instead, it must be determined experimentally 
for each particular case. 

It should be emphasized that the model 
shown in figure 8.17 will not give a good 
analog for symmetric sloshing, although the 
pendulum parameters could probably be ad- 
justed to duplicate the stability properties of 
the liquid free surface for this type of sloshing. 
The problem is that the equivalent sloshing 
mass, mi, inherently gives forces of the same 
form as antisymmetrical sloshing. Some sort 
of pendulum which vibrates up and down, 
rather than to and fro, would be needed to 
duplicate symmetrical sloshing forces, but it 
is not clear how this could be arranged and 
still retain the stability properties of the free 
surface. 

The problems associated with equivalent 
models for subharmonic vertical sloshing can 
be summarized, then, as: What kind of pendu- 
lum or spring mass has the same sort of stability 
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as the liquid free surface, and, at the same time, 
is able to duplicate the sloshing forces? At 
the present time this question has not been 
answered satisfactorily. Furthermore, the next 
few sections show that for higher excitation 
frequencies, the free surface responds in ways 
that are entirely different from the responses 
considered up to now. Other kinds of 
mechanical models would be needed to simulate 
these responses. 

8.3 LIQUID SURFACE RESPONSE TO HIGH-FRE- 
QUENCY EXCITATION 

While performing experiments at relatively 
high excitation frequencies, Yarymovych (ref. 
8.18) observed large amplitude surface waves 
whose frequencies were of the order 1/25 to 1/50 
of the excitation; a typical wave is shown in 
figure 8.2. (Similar observations have been 
made by Kana in tanks of various geometries 
(refs. 8.25, 8.26, and 8.29).) Such low sub- 
harmonic responses cannot be explained on the 
basis of any of the large amplitude wave theories 
discussed in previous sections, and so Yary- 
movych advanced the hypothesis that these 
waves are generated by a complex interaction 
of the free surface and the spray droplets formed 
by the high-frequency free surface motion. It 
is also apparent that for such high-frequency 
excitation, tank flexibility may play an impor- 
tant role. 

The free surface waves that first form when 
the excitation is of high frequency and low 
amplitude are short-wavelength capillary waves. 
Even though surface tension has a dominant 
influence on these waves, their frequency is still 
exactly one-half that of the excitation, as dis- 
cussed previously. The amplitudes of these 
capillary waves build up until the waves become 
unstable, and then they disintegrate by forming 
droplets that separate from the surface; with 
increasing excitation amplitude, the droplets 
describe higher trajectories. A dense spray is 
thus created, since each of the multitude of the 
original waves releases a droplet. For certain 
excitation conditions, a first, second, or higher 
order low-frequency wave is formed, with the 
formation usually requiring a considerable 
period of time. 


No satisfactory theory for this sort of surface 
motion exists at the present time. An exact 
quantitative analysis of the origin and perpetua- 
tion of the low-frequency waves is a formidable 
task because of the statistical nature of the 
response; that is, there are many different spray 
particles thrown off at different instants and 
with different masses and different initial 
velocities. Also, the transition from high-fre- 
quency, short-wavelength ripples to low-fre- 
quency, long-wavelength sloshing is probably 
caused by some kind of low-order instability, as 
evidenced by the relatively long period needed 
to accomplish the transition. Such instabilities 
are generally difficult to predict analytically. 
However, the steady-state motion which even- 
tually occurs should be easier to analyze if one 
accepts Yaiymovych’s hypothesis that the im- 
pacts of the spray droplets on the free surface 
are the primary agents in sustaining the low- 
frequency sloshing. 

It has been observed that the portion of the 
wave near its peak produces a higher and 
denser spray than the depressed positions. 
There is also a periodic spray-density distribu- 
tion with respect to the time of the cycle when 
the droplets are released. In order to produce 
such forcing as to help maintain an existing 
wave, rather than retarding it, the droplets 
must return to the wave surface when it is 
moving downward. Only droplets having cer- 
tain trajectory times and released during certain 
intervals will produce positive forcing. 

A crude attempt to translate the foregoing 
observations into a quantitative theory is 
given in the following paragraphs. In the first 
place, the spray action is much more important 
over certain critical areas of the surface than it 
is over the rest. (See fig. 8.18.) If the wave 
crests are excited properly, the rest of the 
surface will naturally follow with the proper 
frequency and wave shape. In the second 
place, the accelerations, and the velocities, of 
every part of these critical portions of the free 
surface are nearly equal at every instant; thus, 
the spray droplets in the critical areas are 
released at practically the same time and with 
practically the same initial velocities. If the 
trajectory time of these droplets is about equal 
to one-half the period of the low-frequency 
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Figure 8.18. — "Critical area” for symmetrical surface 
wave. 


motion, the droplets will impact when the wave 
crest is moving downward, and the low-fre- 
quency motion will be reinforced. 

In analytical terms, the total displacement of 
the free surface is appro.Kimately 

amS„(x, y) cos 0^ 

-t-o,S„(z, y) cos cos cot 

S„{x,y) is the normalized mode shape (eigen- 
function), with m a large integer, and the 
corresponding amplitude of the higher frequency 
ripples (the frequency of these capillary waves 
is one-half that of the excitation) ; Sn(x, y) is the 
mode shape of the low-frequency wave (n a 
small integer), a„ its amplitude, and w„ its 
natural frequency; <!>„ and <t>„ are phase angles; 
and a^o cos cot is the forcing motion. Now, a„ 
may be determined from known results which 

criiro tLo nrrmlit.iiflA nf n. P.nnillfl.rv wave ilist as it 

^ ^ ^ 

becomes unstable and begins to disintegrate 
(refs. 8.12 and 8.17); however, a„ cannot, in 
general, be calculated using the crude theory 
outlined here, except for the case of the 
maximum amplitude wave when a„ is also 
determinate. 

The spray droplets are released whenever 
the surface acceleration is a little greater than 


1 g downward, which, because Xnoo^ is large, is 
just after cos cot passes through zero and then 
increases. Because cos (%cot <j>„) and cos 
{u„t + <!)„) both vary much more slowly than 
cos ut, the phase angles may be neglected, so 
that 

sin wf=sin )^«<=sin w„f=l 

at the critical time when the drops are released. 
This is tantamount to a.ssuming that the drops 
are released at the instant when the total 
velocity of the surface is a maximum. Thus, 
the initial velocity of the drops released near 
the wave crest is 

Vd—Xoco+Yt am(^+a„co„ 

In terms of the drop velocity, the trajectory 
time is 2Vdlg. Since for positive forcing this 
time must be approximately ir/to,, the final 
i-esult is 

rg 1 

XqOO 2 ^ 2 ^'n^n 

This equation includes, in a general way, most 
of the phenomena observed in experiments. 

Analysis of certain preliminary data indicates 
that a satisfactory correlation for the first 
symmetrical mode in a circular cylindrical 
tank may be obtained from 

[0.0453wd-f-0.0942a„oi] 

where d is the tank diameter. By a liberal 
interpretation, it can be seen that this empirical 
equation and the previous theoretical equation 
are approximately of the same form. Con- 
sequently, although there are obvious differ- 
ences between the two equations, it appears 
that the theoretical approach taken above is 
probably fundamentally sound. 

While it is obvious that more experimental 
and theoretical development work need to be 
done in this area, especially as concerns the 
effect of tank elasticity on the liquid motions, 
the significance of the spray-formed waves in 
actual applications remains to be determined. 
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8.4 BUBBLE BEHAVIOR AND CAVITATION 

Bubble Motion in Vertically Vibrated Liquids 

The possible generation of bubbles with an 
apparent negative buoyancy was mentioned 
briefly in section 8.1. Such sinking bubbles 
have been observed in a number of experi- 
mental programs, and, in fact, chemical engi- 
neers have long been interested in the effect of 
vertical \dbration on heat and mass transfer 
and the role of bubble dynamics in improving 
such mixing and transfer (refs. 8.30 and 8.31). 
Other investigations have centered around the 
effects of bubble vibration in cavitation and 
sound propagation. In more recent years, 
determination of the motion of vapor bubbles 
in vibrating fuel tanks of large missiles has 
assumed an added importance, since clusters of 
sinking or stationary bubbles could seriously 
affect the fuel flow through the tank and pump- 
ing systems (refs. 8.32 through 8.35). In 
addition, a ready supply of bubbles is available 
liere because of the near-boiling condition of 
cryogenic fuels. Nonetheless, one should note 
with care that while such difficulties could 
occur in actual vehicles, seemingty none have 
yet materialized. 

In order to set the stage for the following 
.analysis of bubble djmamics in vibrated tanks, 
the results of a typical series of tests (ref. 8.35) 
in a simulated rocket fuel tank, using water as 
the test fuel, are summarized in the next few 
paragraphs. In these experiments, the bubbles 
were formed by free surface sloshing, since the 
water temperature was far too low to form 
vapor bubbles; however, the results appear to 
be independent of the method of bubble for- 
mation as long as the bubbles somehow reach 
the interior of the liquid. 

The entire process begins by exciting the 
tank at a relatively high frequency with a total 
input vibrational acceleration of about 7 g’s.'” 
At first, the violent surface agitation (shown in 
fig. 8.19) entrains air bubbles at various depths 

The resulting bubble motion seems to be practically 
independent of the actual vibration frequency, and, 
therefore, the resulting sequence of events might be 
caused by a random input. The particular acceleration 
levels given here refer, of course, to small laboratory 
models and may not be applicable to actual vehicles. 



Figure 8.19. — Generation of bubbles by violent surface 
motion (ref. 8.35). 


in the liquid. These bubbles do not return to 
the liquid surface, but, instead, they stream 
downward to the bottom of tbe tank. The 
deeper the bubbles initially are thrown from 
the surface, the more easily they sink. 

As they reach the bottom, the bubbles begin 
to coalesce into a cluster that continually 
grows as time goes on; this is illustrated in 
figure 8.20. Stroboscopic observation reveals 
that the cluster as a whole pulsates at the same 
frequency as the container, and, as the cluster 
grows, the phase of its vibration begins to lag 
more and more behind that of the container. 
In addition, the amplitude of the cluster 
\nbration, and the fluid pressure in the tank. 
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Figure 8.20. — Bubble cluster growing at tank bottom 
(ref. 8.35). 


continually increases. Suddenly, the cluster 
motion becomes extremely violent, as shown 
in figure 8.21. Bubbles rapidly shoot down- 
ward from the intensely agitated free surface. 
Fluid pressures are very high at this time. 

After a relatively short period of violent 
motion, the bubble cluster leaves the tank 
bottom and rises to a new position hi the body 
of the liquid, as shown in figure 8.22. The 
exact level at which the cluster then settles 
appears to vary with the amount of air origi- 
nally entrained in the cluster, but as long as the 
vibrational input is not changed and as long 
as no more air bubbles are entrained, the 
cluster remains at this level indefinitely. The 
liquid fV66 

very lai^e antisymmetric sloshing motions. 
Increasing the level of vibrational acceleration 
now causes the cluster to rise, and lowering it 
causes the bubble to sink. If the input accel- 
eration is decreased too much, however, the 
cluster no longer remains submerged but, 
instead, rises to the surface and vents. This 
final phase of the cluster motion seems to be 
dependent upon the elasticity of the tank 


Figure 8.21. — Bubble cluster during most violent phase 
(ref. 8.35). 


because, in another series of experiments with 
a more rigid tank (ref. 8.31), the cluster 
always vented, and the entire process then 
began anew, even with no change in the input. 

Motion pictures have been taken which 
depict ver\' vividly aU of these aspects of the 
bubble motions. It should be mentioned, 
again, that the pressures in the fluid caused by 
the pulsating cluster are quite large. 

Theory of Bubble Vibration 

The first step in understanding the startling 
bubble motions outlined in the preceding 
section is to realize that bubble and liquid 
together represent an elastic system that 
possesses a definite natural frequency. Ap- 


IS 
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Figure 8.22. — Bubble duster after most violent phase 
(ref. 8.35). 


parently, this was first noticed by Minnaert 
(ref. S.36) in his study of the origin of tlie 
“burbling” sounds of running water. 

Suppose that a bubble with average radius, 
a. is completely immersed in an infinite space 
of incompressible liquid. The bubble is as- 
sumed to execute spherically symmetric pulsa- 
tions, so that the bubble radius is a-|-A(0, as a 
function of time. As the bubble volume 
changes, the pressure inside the bubble follows 
the polytropic law: pia^^—p{a+A)^'', where p, 
is the fluid pressure in the vicinity of the 
bubble (surface tension forces are neglected). 


Thus, the work done in compressing the bubble 
from pressure pi to p is 

(8.46) 

By assuming that A/a<<l, the work done, 
that is, the potential energy of the bubble, 
turns out to be 


P.E. = 6ira72)iA^ (8.47) 

The kinetic energy of the fluid, when the 
bubble radius is changing at a rate A, Is 


K.E. = 2irp(a4-A)=A2«27rpa2A2 (8.48) 

According to the law of conservation of 
energy, the sum of equations (8.47) and (8.48) 
must be constant ; consequently 

2irpoW-(-6irayj»iA“ }=0 
or 

A-f^‘ A=0 (8.49) 

pa 

Thus, the natural frequency of the bubble- 
liquid combination is 


Q=J^ (8.50) 

pa^ 

The exact value of y in equation (8.50) ap- 
pears to vary from about 1.4 (adiabatic pulsa- 
tions) to nearly 1.0 (isothermal pulsations), 
depending on the experimental conditions and 
the bubble size. 

Although equation (8.50) is not sufficient to 
predict sinking bubbles, it does help explain the 
formation of the large clusters shown in figure 
8.20. According to the theory of vibrations, a 
harmonic oscillator (in this case, the bubble) 
will vibrate in phase with an exciting motion if 
the exciting frequency is less than the oscilla- 
tor’s natural frequency, but otherwise it will 
oscillate out of phase. (If there is damping, 
the change in phase occurs over a band of 
frequencies instead of instantaneously.) Thus, 
bubbles smaller than the resonant size will all 
be in phase with each other and in phase with 
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the exciting motion ; the small bubbles shown in 
figures 8.19 through 8.22 are aU smaller than the 
resonant size for the excitation frequency used 
in the reported experiments. But if two nearby 
bubbles oscillate in phase with one another, the 
motion of the fluid around them is such that an 
attractive force is set up between them, and 
consequently they tend to coalesce or orbit 
about a common center (ref. 8.32). 

The mechanical strain of the fluid in the 
vicinity of a pulsating bubble can be increased 
as much as 10 000 times over that caused solely 
by the exciting pressure. In support of this 
observation, Kana (ref. 8.29) noted that the 
waU motion of an elastic tank under^vent large 
erratic vibrations whenever a bubble was 
trapped in the vertically vibrating fluid. 

Dynamics of Bubble Motion 

The cause of stationary and sinking bubbles 
is a coupling between the bubble’s pulsations, 
which are described above, and its overall mo- 
tion through the body of the vibrating fluid. 
This has been shown by Bleich (refs. 8.33 and 
8.34), Buchanan et al. (ref. 8.31), Baird (ref. 
8.30), and Kana and Dodge (ref. 8.35). The 
theory given here is due to Bleich (ref. 8.33), as 
modified in reference 8.35. 

Although the mathematical details of bubble 
motion tend to be complicated, it is fairly easy 
to describe the physical processes that occur. 
When the tank is vibrated up and down, the 
effect on the liquid is the same as if gravity were 
varying. For the moment, only the changes in 
the fluid pressure caused by this varying gravity 
need be considered. During the upward ac- 
celeration, the pressure increases over its static 
value, and, consequently, the volume of the 
bubble is smaller than for static conditions. 
The pressure gradient at this time creates a 

nftt. nnfiif.ivA ATiAnofA in onrl t.V^A 

j — • O'' j J “ — 

bubble gains a certain amount of upward mo- 
mentum. During the downward acceleration, 
the pressure change is negative, and the bubble 
volume increases. A net negative buoyancy is 
created, and the bubble gains a certain amount 
of downward momentum. But the downward 
momentum is larger than the upward mo- 
mentiun; that is, the bubble volume (and the 


buoyant force) is larger during the downward 
acceleration part of the cycle. If the difference 
of these buoyancies is great enough, the static 
buoyancy caused by gravity may be exceeded, 
and thus the bubble will sink. 

In order to make numerical calculations, a 
more explicit formulation of the theory than 
is given in the preceding paragraph is needed. 
For simplicity, the necessary theory is worked 
out for a rigid tank; in most practical cases, 
however, the tank is sufficiently elastic at the 
forcing frequencies used in experiments that 
some account must be taken of its flexibility; 
hence, the theory will be modified immediately 
to include tank elasticity in an approximate 
fashion. 

The most significant part of bubble behavior 
observed in experiments is that part in which 
an individual bubble initially begins to sink. 
Once this occurs, all of the rest of the phe- 
nomena described earlier naturally follow. 
Thus, it is this situation for which the theory 
is developed, but even here there may be other 
bubbles present in the liquid, and their effect 
on the fluid compressibility must be included. 

To obtain the equations of motion for the 
bubble-tank-liquid system shown in figure 
8.23, it is convenient to use Lagrange’s method. 



Figure 8.23. — Bubble-tank-liquid dynamic system. 
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The bubble is assumed to be very small com- 
pared to the tank and located far from any 
surface. The fluid velocity at any point is 

It = lij -)- U a + lij 

where Ux=x=—Xo<j> sin wt is the velocity due to 

the overall tank motion, is the velocity due 

to the bubble’s expansion, and Ut is the velocity 

due to the bubble’s vertical motion. If dV is 
the element of volume, the kinetic energy of 
the fluid is 

K.E.=^ p 9 ^“^ jdV-{~ p Jua 

•Ui,dV-\-^ px ^{w^-\-w,)dV 

(8.51) 

where wa and Wt are the vertical components of 
ua and Wj. There are no contributions such as 

p I liA • u^V because of the assumed symmetry. 

The first integral in equation (8.51) is simply 
Mx*/2, where M is the total mass of fluid. The 
second integral is the same as the nonlinearized 
form of equation (8.481. The third term can be 
sliown to equal irp{a + S)^z^l3, where z is the 
vertical velocity of the bubble. The fourth 

integral is — 47 t ^ [(a-t- A)^2]/3, according to ref- 
erence 8.33. Hence, the total kinetic energy is 

K.E.=-2-.W+2Tp(a-fA)^A2+i7Tp(a+A)^z^ 

-f pi ^ [(a+A)=2] (8.52) 

The contribution to the kinetic energy due to 
free surface sloshing has been neglected in 
equation (8.52). 

The potential energy consists of three parts. 
The potential of the gravity field is 

— gMx+Y pgia+Ajh 

The potential of the ullage gas above the surface 
is 


y 2>o[(a-|-A)®— o«] 

The potential of the compressed gas bubble is 
{:^ [(a+A)»-‘>"-o»-''^]-f-(c-fA)>-a»j- 
Collecting all the terms gives 

P.E.=— pMz+y pgia+Afz 

p,[(a+Ay-a»]+^f [(o+A)»-=>^ 

-o»-«^l-H(c+A)*-a*j> (8.53) 

The two pertinent forms of Lagrange’s equa- 
tions are 


I ^-f-O i ^-H -0 ( 8 .M) 

dt dz dz dt 5A 


where L==K.E. — P.E. When equations (8.52) 
and (8.53) are substituted into equations (8.54), 
the results are 


^ [(a+ A)®i]=2(o-fA)*(x— it) 


(8.55) 


and 


£^r_£!! i] 

^^2(a-hA) p(a+A) L(a+A)»^ J 


(g-x)z 


Po 


tt-(-A 4(o.-j-A) p(tt-t-A) 


(8.56) 


Equations (8.55) and (8.56) may now be 
solved simultaneously to yield the necessary 
conditions for sinking bubbles. Ho^vever, 
Bleich (ref. 8.33) showed that this was equiva- 
lent to solving a much simpler problem: find 
the conditions for which a bubble will undergo 
a small periodic vertical motion about some 
level, 1. The level, I, can be sliown to separate 
the regions for whicli bubbles sink and the 
regions for which they rise. 

It is convenient to replace the coordinate 
z by \=z—l. Then, because |X/f|<<l (since 
the bubble is assumed to vibrate near the level 1) 
and |A/a|<C<Cl, equations (8.55) and (8.56) 
can be partially linearized to yield 
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A4 


pa^ 



(8.57) 


in which use has been made of the relation 
Px=Po+p(}l- 

Instead of investigating the solution of 
equations (8.57), the same problem for a non- 
rigid tank is examined, since the rigid tank 
solution is merely a special case of this. The 
necessary modifications can be performed readily 
if it is noted that in equations (8.57) the dynamic 
pressure p is — pZz and the pressure gradient is 

^=— pi. Hence, by analogy, the equations 

for a nonrigid tank can be written down 
immediately 

^ [(o+3A)X]=-2(a+3A) ^+ 9 ) 


3yp 


pCL 


^A= 


1 

ap 


(8.58) 


The dynamic pressure p must be calculated 
before the location of stationary bubbles can be 
found from equations (8.58). Since equations 
(8.58) are themselves somewhat approximate, 
a really complete pressure analysis is not 
warranted. A relatively simple approach, very 
similar to that used in an ordinary water- 
hammer pressure analysis, is found to be 
satisfactory. That is, the pressure is assumed 
to be uniform across any horizontal section 
through the tank, the deflection of the tank wall 
is assumed to be the same as its static deflection 
caused by the same instantaneous pressure, and 
longitudinal and bending deflections are 
neglected. 

First, the water-hammer wave velocity must 
be calculated; to do this the density of the 
fii!id and the compressibility of the system 
must be determined. The equivalent density 
of the liquid-gas mixture is simply 

p=(l— s)p,-|-sp* 


E 

■5 



10 '* 10 ** 10 '* 10 “’ 10 "* 10 ”' 10 ® 


Volume air / total volume 


Figure 8.24. — Water-hammer wave velocity in a liquid-air 
mixture. 


tank system is the sum of the three individual 
compressibilities 

K= (1 — s)Ki-\~sKi-]-Kt 

Kj is the reciprocal of the liquid’s bulk modulus; 
Kf={yp)~^ is the compressibility of an ideal 
gas; Kt=djbE is the compressibility of the 
tank, where E is the modulus of elasticity of 
the tank material. By definition, the wave 
velocity is so that 

C=-[[(l-5)p,+Sp.][(l-s)iiC,-t-;^+^])- 

(8.59) 

This equation is shown graphically in figure 
8.24 for various values of po and a typical 
value of d/6 =39 for a small plastic test tank.*' 


where s is the gas to total volume ratio, pi is the 
liquid density, and p, the gas density. Also, 
the effective compressibility of the gas-liquid- 


■> The compressibility of the gas, K„ varies through- 
out the liquid, but it is sufficient here to evaluate it 
for the ullage gas and neglect any variation caused by 
depth of submersion of the gas bubbles. 


229-648 0—67 20 
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Equation (8.59) gives only a correct order of 
magnitude value of the wave velocity, chiefly 
because the compressibility Kt is overestimated. 
Furthermore, the exact quantity of gas is 
difficult to measure, and it is not homogeneously 
distributed throughout the liquid as assumed 
implicitly in equation (8.59); hence, an experi- 
mentally determined value of c should be 
used in numerical calculations. But, equation 
(8.59) does give a correct qualitative picture, 
and rather small values of the speed of sound, 
c, should be expected. 

The fluid pressure is now determined by 
treating the pressure wave as a one-dimensional 
acoustic wave. Thus, if f(g, t) are the fluid 
particle displacements measured from their 
equilibrium positions, then 

^_1 ^ 

dz® c® dt® 


The boundary conditions require that 
f(A, t)=X(^ cos w< and bf/d 2 ( 0 , <)=0; the bottom 
of the tank is z=h, the free surface is 2 = 0 . 
An appropriate form for f ( 2 , <) is 


The critical value of I, that is, the depth for 
which the bubble will remain stationary, can 
be found from the first of equations (8.58) by 
requiring that the average buoyancy over one 
cycle of motion be zero. That is 

Average of (a-f3A) Q ^-{-^^=0 
which reduces to 


ag + Average of ^ 


where is the value of A corresponding to the 
critical value of z=l. Consequently, the criti- 
cal bubble depth I can be calculated from 


g)®a:o 

g 


(jil 

, c 


sm ' 


2ul 


(l+eos?!*)] 


1/i 




This equation can be further simplified by using 
the nondimensional variables ^=2wA/c and 
a=llh. The final result is 


0 ) 

cos — 2 

f ( 2 , t)=Xo cos 0)t 

0) t 

cos -ft 
c 

Since the pressure is p=pc^b^li>z, it can be 
seen that 

. u 
sin - 2 
c 

p=—pcux(, cos wt (8.60) 

03 , 
cos -ft 
c 

The second of equations (8.58) can now be 
solved for A by using equation (8.60), with the 
result that 

cos ut ”1 

l-o)®/n®J 


where n®=37Pi/a®p is the square of the natural 
frequency of bubble pulsations. Since U is 
generally very large, the ratio t»j®/0* can be 
neglected in comparison to unity. 


A= 


UXgC 

aQ® 


. u 
sin - 2 

^ 

“ 1 

cos - ft 
c 


c^r 2 sin 

g Lo^(l+cos^)J — 




(Eq. (61) can be specialized to the case of a 
rigid tank and incompressible liquid-air mixture 
by setting the bracketed term on the left-hand 
side equal to one; that is, by letting c-»«> or 
^-^0.) 

Actual test results (ref. 8.35) are compared 
with equation (8.61) in figure 8.25. As can be 
seen, the correlation is very good, although an 
experimental value for c was employed. It 
may be noted that ^=ir corresponds to a first- 
mode resonance. For values of V' greater or 
even slightly less than tt, bubbles do not sink 
completely to the bottom no matter how large 
the input vibration is, but, instead, they collect 
at some lower depth. Bubbles inserted below 
this depth will rise to this level, as is indicated 
in the figure by the fact that for some values of 
if/ there exist two critical values of I for a given 
u*Xolg. As a specific example, consider the 
^=4.0 curve with 6 g’s acceleration. Bubbles 
above a depth ratio a=0.16 return to the free 
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Figure 8.25. — Variation of required input acceleration with 
depth ratio (ref. 8.35). 
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Figure 8.26. — Bubble pattern at higher frequency. 


where (7 is an experimentally determined con- 
stant. This equation is compared to test 
results in figure 8.27, with correlation being 
fairly good for C—l. However, equation 
(8.62) is not as general as the preceding equa- 
tion (8.61). 


surface, while bubbles below this depth collect 
at a depth «=0.64. 

For values of ^ less than about v, the bubbles 
always sink completely to the tank bottom if 
c^x^/g is large enough. For the bubble 

behavior becomes increasingly complex since, 
for these values of equation (8.61) has in- 
creasingly more values of f as roots. This is 
illustrated in figure 8.26 for a relatively large 
value of Several bubble equilibrium planes 
(critical values of T) are shown, with the upper 
one being unstable (bubbles move away from it 
w hen they are slightlj'’ displaced), the second 
level stable, the third unstable, and so on. 
Bubble migration directions are indicated by 
the arrows. 

A slightly different theory for sinking bubbles 
was proposed by Buchanan et al. (ref. 8.31). 
The essential result is that 

o>%=C^9+-yj39^+^ ( 8 - 62 ) 


Explanation of Overall Bubble Behavior 

With the aid of the preceding analysis, it is 
possible to explain completely the bubble be- 
havior described in figures 8.19 through 8.22. 

At the start of the process, air bubbles are 
thrown into the body of the liquid by the free 
surface sloshing motions. The bubbles that 
sink at least to a depth I (the root of eq. (8.61) 
for the given input vibration conditions) will 
continue to sink to the tank bottom. As more 
and more air bubbles are entrained and then 
sink, the wave velocity decreases (see fig. 8.24) , 
so that if/, which was initially considerably less 
than X, increases continually. Eventually, a 
value of if/ equal to x is obtained, a resonance 
occurs, and the cluster motion is very violent. 
As a result of the large quantity of air that is 
entrained during resonance, a value of ^>x 
ultimately results. Then, according to figure 
8.25, bubbles (or clusters of bubbles) no longer 
can remain on the bottom, and the cluster rises 
to an appropriate a. At this level, the cluster 
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Figure 8.27. — Theoretical and experimental values of 
vibrational acceleration required for bubble stabiliza- 
tion (ref. 8.31). 


is in stable equilibrium so long: as ^ does not 
change further. 

Quantitative prediction of the large-scale 
cluster motion obviously cannot be obtained 
with the simple theory outlined above, although 
Bleich indicates (ref. S.34) that a somewhat 
similar theory would probaldy be applicable. 
However, the simple theory is sufficient to pre- 
dict the point at which the process begins, and 
to give an o\ erall qualitative picture. 

Although the preceding discussion applies 
strictly only to simple harmonic excitation, 


Fritz et al. (ref. 8.37) have shown experi- 
mentally that the same sort of behavior occurs 
when the excitation is random if the input 
acceleration is large enough. Their experi- 
ments demonstrate, in addition, that the large 
bubble cluster will eventually vent after a 
sufficiently long time; the entire sequence of 
events then begins again. 

Cavitation 

The processes of cavitation and bubble forma- 
tion are not well understood at the present time. 
Existing theories tend to support the belief that 
small nucleation sites, such as microscopic gas 
bubbles, must exist before a bubble may form 
in a fluid. The forces required to form a bubble 
nucleus solely from rupturing a totally degassed 
fluid by low pressure (or high temperature) are 
so large that theories which do not presuppose 
nucleation sites are generally not applicable. 
However, in most practical cases, including 
cryogenic fuels, there is a sufficient amount of 
dissolved gas or vapor to insme the formation 
of bubbles whenever the local fluid pressure is 
signiflcantly below the vapor pressiue. 

No systematic investigation of bubble motion 
in a vertically vibrating, boiling (or near 
boiling) liquid seems to have been reported, 
although a review of the work that is available 
has been given (ref. 8.32). For the purposes of 
this chapter, however, it is sufficient to realize 
that in a near-boiling fluid, bubbles will always 
be present whenever the instantaneous pressure 
drops below the vapor pressure, provided that 
the bubbles formed in this way grow to a 
sufficient size so that they do not collapse during 
the succeeding, positive part of the pressure 
cycle. Once the bubbles are formed it is 
apparent that the vibration of the fluid will have 
the same effect as that discussed in the pre- 
ceding sections. In other words, the bubble 
motion is more or less independent of their 
formation. 
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PRINCIPAL NOTATIONS 


Symbols in parentheses are the nondimensional equivalents oj the preceding quantity 


a = average bubble radius 
amn(amn)= expansion coefficient of m, nth com- 
ponent of velocity potential 
6= tank wall thickness 

imnOmn) = expansion coefficient of m, nth com- 
ponent of free surface mode 
c= water-hammer wave velocity 
cylindrical tank diameter 
£= modulus of elasticity 
p= acceleration due to gravity, or equiv- 
alent acceleration 
A(H)=fluid depth 

Jm=mth-order Bessel function of first 
kind 

if = compressibility of gas-liquid-tank 
system 

/= critical depth for sinking bubbles 
Z= rectangular tank length 
A^co= excitation frequency {N is a positive 
number) 

p= fluid pressure 


s=ratio of gas volume to total mixture 
volume 

<Sm=mth eigenfunction of V*<l>=0 
((t) — time 

Xo(t)= excitation amplitude 


y, z\ 

r, 6, zj 


= tank-fixed Cartesian axes 


a = critical depth ratio, l/h 
7 =polytropic constant 
A=time varying part of bubble radius 
{■=fluid particle displacements 
7j({)=free surface displacement 
X„=mth eigenvalue 
>»= surface tension 
p= fluid density 


(7=frequency parameter, u/co„„ 
4>(<^>)=fluid velocity potential 

^=dimeiisiuiiless wavelength, 2uih/c 
o)„„= natural frequency of m, nth free sur- 
face mode 

n=bubble pulsation natural frequency 
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APPENDIX 


The constants in equation (8.37) are 


£■,1=0.122515- 


0.045199- 0.043438Xqi , 0.010759Xii+0.09500X2i 0.149793X1, 


tanh \oiH ^ tanh \nH 

£oi~0.343624XoiXu 
£■21=0.620686X1,— 0.044582X, 1 X 21 

0.045199X1, . 0.149793X1, 0.0107 59Xf , 


X 21 tanh \iiH 




tanh Xo,i? ~X 2 i tanh \ 21 II tanh \ 2 iH 
0.171812X,, 


*01=0.165118 


*21=0.198686- 


tanh XoiH^ 

0.310343X1, 0.022291X,, 


X 21 tanh \ 2 iH tanh X 21 H 
H is the nondimensional liquid depth; that is, H=h\u tanh X,,*; X,, is the first root of J[ (X, 

X^i 


and terms X*,(*=0, 1, 2) are defined by Xt,=- 


X,, tanh \\\h 


£)= 0 ; 


Chapter 9 

Interaction Between Liquid Propellants and the Elastic 
Structure 


Daniel D. Kana 


9.1 GENERAL DISCUSSION OF COUPLED PROBLEM 

The previous chapters have dealt primarily 
with a description of the variety and complexity 
of liquid behavior that can be encountered in 
a rigid container in motion. The tanks and 
entire structure of liquid-fueled space vehicles 
are, however, by no means rigid; hence, the 
coupling of the various possible liquid responses 
with elastic deformations of the tanks and 
vehicle structure must be considered in the 
overall analysis of vehicle dynamics. The 
internal pressurized liquid and gas column, 
together with the shell-like tank of a ' space 
vehicle, represents a system which, in addition 
to liquid siu^ace motions, can experience 
bending and breathing motions of the tank 
walls, breathing of the tank bottom, and 
pressure oscillations in the liquid column, while 
all of these motions can couple with the mo- 
tions of the rest of the structure and vehicle 
control system. Considering the complexities 
of the rigid tank liquid behavior that have 
already been described, along with the com- 
plexities in analyzing elastic responses of 
shell-like structures, it is obvious that the 
combined problem is one of extreme difficulty. 

Recognizing this complexity of the coupled 
systeiu, it becomes apparent lliaL some sLiupli- 
fications must be assumed in the overall 
problem, so that at least solutions for restricted 
ranges of input conditions are obtained. For 
this reason, this chapter has been outlined into 
sections which discuss the analysis of various 
individual aspects of the overall coupled 
problem. Further, it will be seen that within 
each section, further simplifications of the 
problem have been assumed, particularly in 


the investigations of the influence of the 
liquid on breathing vibrations of the tank 
walls. The solutions of these simplified prob- 
lems still give valuable information that con- 
tributes to the description of the overall 
behavior. As methods and ideas progress, in 
time, all of the solutions of the individual 
problems will be consolidated into the general 
description of the coupled liquid-elastic struc- 
tiure system. This cannot necessarily be 
accomplished by a simple superposition of what 
is already available because of nonlinearities 
present. In other words, the development 
scheme is an example of progressing from 
the comparatively simple to the more complex. 

The solutions of what have been described 
here as individual simplified problems appear, 
in many cases, to give a very good description 
of the responses of the actual overall system 
for a limited range of input conditions. By 
and large, for a given liquid in a tank of given 
size and geometry, the various forms of liquid- 
elastic tank behavior that arise are a function 
of the type of excitation. For forced oscilla- 
tion, in other words, the responses of the 
various coupled national modes of the system 
depend on whether the input (lateral or longi- 
tudinal translation and pitching) forms a 
generalized force capable of exciting a given 
natural mode. It may happen that liquid 
surface modes are excited for a limited range 
of excitation parameters, but significant elastic 
tank modes are not; as a result, for that 
limited range, the analysis of the liquid in a 
rigid tank provides a good description of the 
overall behavior. On the other hand, if for 
some ranges of frequencies, significant liquid 
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surface motion does not occur, while elastic 
action of the tank wall does occur, then the 
presence of the liquid simply causes the addi- 
tion of a distributed mass on the tank walls, 
as well as allows longitudinal pressure modes, 
and an analysis neglecting the liquid surface 
condition would provide an adequate descrip- 
tion of the overall behavior in that limited 
frequency range. 

For linear responses, in many cases, coupling 
of liquid and elastic container modes may 
become significant because of close proximity 
of their respective uncoupled natural frequen- 
cies. For example, coupling of low-frequency 
liquid surface modes with low-frequency bend- 
ing modes of the vehicle may be a distinct 
possibility. This follows from the fact that in 
the uncoupled cases, that is with sloshing modes 
in a rigid tank, or with bending modes in a 
liquid-filled tank having a capped surface, the 
respective motions occur at frequencies rela- 
tively near to each other. For the two cases 
occurring simultaneously, it is obvious that 
strong coupling might result, so that each 
respective coupled mode would occur at a 
frequency different from the respective un- 
coupled cases. On the other hand, “breathing” 
or “shell modes” of the walls of a tank contain- 
ing a capped liquid may occur at somewhat 
higher frequencies than the significant bending 
modes in a space vehicle, depending on the type 
of stiffeners used on the tank walls. As a 
result, one might anticipate only weak coupling 
with the low-freq\iency liquid surface modes, 
but might expect strong coupling with higher 
frequency spray phenomena. It must be 
emphasized that the above type of reasoning is 
valid only for linear behavior. When .signifi- 
cant nonlinearities are present, coupling can 
occur between individual responses even tho\igh 
they may be considered remote in frequency. 
This type of coupling can, in fact, occur for the 
above-mentioned high-frequency breathing t ank 
and low-frequency liquid siuface modes. Both 
linear and nonlinear coupling of liquid and 
elastic tank motion will be discussed in this 
chapter. 

Finally, the interaction of the elastic struc- 
ture, fluid systems, and the control system must 
be considered. Vehicle flexing and propellant 


sloshing have become critical factors in the 
overall stability of large space vehicles, espe- 
cially since the fundamental lateral bending 
frequency of vehicles with large-diameter pro- 
pellant containers is very low, and often near 
the propellant and control frequencies. As in 
chapter 7, stability boundaries shall be pre- 
sented which exhibit the influence of the various 
propellant parameters, such as sloshing mass, 
propellant frequency, container location, gain 
values of the control system, gyro location, and 
phase-lag coefficients, as well as the influence of 
elastic parameters, such as bending frequency, 
generalized bending mass, and structural 
damping. 

9.2 COUPLING OF PROPELLANT MOTIONS WITH 
ELASTIC TANK BENDING VIBRATIONS 

General Discussion 

The significant bending modes of large 
rockets and space vehicles usually occur at 
relatively low frequencies (i.e., less than 5 cps). 
As has already been pointed out, the most 
important liquid surface modes in cylindrical 
tanks of typical geometries also occur at low 
frequencies; therefore, mutual interaction be- 
tween the two motions might be anticipated. 
Nevertheless, comparatively few investigations 
have been attempted in this area of the overall 
coupled problem, and virtually all of the work 
is restricted to cylindrical tanks. 

Bauer has analyzed the behavior of an in- 
compressible, ideal liquid of arbitrary depth in 
a circular cylindrical tank (refs. 9.1 and 9.2) 
and in a sectored cylindrical tank (ref. 9.3) that 
is subjected to a specified bending oscillation. 
In other words, attention is focused on the liquid 
behavior in a container whose walls are forced 
to oscUlate with a prescribed bending shape. 
Bauer’s analysis is one step beyond that of the 
study of liquid behavior due to translation or 
pitching in a rigid tank; however, it does not 
allow for complete elastic coupling with the 
tank walls. In effect, this work is a study of 
the influence of forced tank bending on the 
liquid behavior, with no allowance for complete 
interaction between liquid and tank bending 
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motion. (The results of these analyses are 
included in ch. 2.) 


More general analyses of the complete 
coupled bending-liquid sloshing problem have 
been given by Rabinovich (ref. 9.4) and Miles 
(ref. 9.5). Both assume the existence of po- 
tential flow, so that a velocity potential may be 
determined in the bending cylindrical tank. 
Rabinovich uses an integro-differential ap- 
proach to the partially filled tank problem. 
The liquid potential function is derived using a 
Lagrange-Cauchy integral, from which expres- 
sions for the hydrodynamic and hydrostatic 
forces acting on the tank walls are obtained. 
These expressions are then introduced into the 
differential equations for the oscillations of a 
thin-walled elastic bar. Characteristic fre- 
quencies of the resulting integro-differential 
equation can then be solved by Galerkin’s 
method. No numerical examples or results are 
given for this analysis. 

Miles’ analysis (ref. 9.5) of the coupled 
problem involves the use of the Lagrangian 
procedure for potential sloshing in a bending 
cylindrical tank, and includes numerical ex- 
amples and results which fairly readily can be 
applied to a tank of given boundary conditions. 
Since this work appears to be the most readily 
applicable for a given specific tank, it will be 
summarized in this chapter in some detaU. In 
addition, experiments (ref. 9.6) that have been 
correlated with this analysis will also be 
described. 

Lagrangian Analysis 

In Miles’ analysis (ref. 9.5) of the coupled 
liquid-bending tank system, the equations of 
motion for the circular cylindrical tank are 
determined by a Lagrangian formulation, taking 

the kinetic energy in the form T=^ 

^ i ; 

and the notentia.1 enerpv as V'=4 "5^. 

X C7v' *J J i 

^ ' ) 

where the g; are generalized coordinates corre- 
sponding to translation, rotation, bending, and 
sloshing motion of the coupled system. For the 
purposes of this discussion, only bending 
motions of the tank will be discussed, so that 
the coordinates that are of concern are shown 
in figure 9.1. In effect, /(s) is the mode shape 


q.«z) 



Figure 9.1. — Coordinate system for bending tank con- 
taining a liquid. 


of the bending wall, and 'k{r,B) is the shape of 
the liquid free surface in some mode. Details 
of the derivation of the kinetic and potential 
energy coefficients, mu and ktj, maybe obtained 
directly from reference 9.5; but, in essence, 
they are determined by assuming the e.xistence 
of potential fluid flow, and simple inextensional 
beamlike bending of the cylindrical tank walls, 
and solving the appropriate potential equation 
consistent with the boundary conditions of 
the partially full bending tank. The resulting 
coefficients appropriate for coupled bending 
oscillations are summarized in the appendix to 
this chapter, and examples for a cantilever tank 
are given. 

Having determined the kinetic and potential 
energy expressions, these are then substituted 
into Lagrange’s equations so that, for bending 
and liquid free surface motion only,the following 
equations are obtained: 

OD 

(m,-l-m3.3)23-hS ^3.,+3?,+3 
1 

+ {m,(4+k3,3)q3+'^ k3,,+3q,+3=0 (9.1a) 
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*^3, »+s23+ W»+3, »+32«+3+^3. »+s23 

+^»+3,»+32»+3=0 s= 1,2,3, ... (9.1b) 


The frequency equation obtained from equations 
(9.1), by assuming periodic motion, is 


oy‘—ul—'^ oi3, 

»=i 


W?+3 


(9.2) 


The subscripts 3 and s+3 correspond to the 
generalized displacements, q,t{t)j{z) denoting 
bending displacement and g,+3(<)^(r, 6) denoting 
displacement in the sth sloshing mode of the 
liquid free surface from a plane normal to the 
generator of the cylinder. (See fig. 9.1.) In 
equations (9.1) and (9.2), the following notation 
is used: 


uncoupled bending frequency 


WI»+3,»+3 


uncoupled sloshing frequen- 
cies 


fisj 


^3.j+3 

W3,,+3 


coupling coefficients 


m,+3,,+3(m,+ m3.3) 

mj and w, are the effective empty tank mass and 
resonant bending frequency, respectively. The 
bars over the coefficients indicate normalization 
by the total liquid mass. 

The frequency equation, equation (9.2), has 
an infinite number of roots cj=w„, the coupled 
tank bending, liquid sloshing frequencies. As 
has been mentioned, for an actual vehicle the 
lowest coupled bending frequencies (i.e., coi and 
0)2, corresponding to the first two roots of 
equation (9.2)) occur in the neighborhood of 
some of the uncoupled sloshing modes o),+3, 
which display significant response amplitudes. 
As a result, in a specific case, equation (9.2) 
must be solved, using some judgment as to 
what terms of the series may be neglected as 
insignificant, and at best only numerical solu- 
tions to the resulting equation can be obtained. 


In general, it may be anticipated that a coupled 
frequency (root of equation (9.2)) will occur 
for each uncoupled bending and liquid sloshing 
mode included, and the coupled frequencies 
will be different from those of the corresponding 
uncoupled modes. Further discussion of this 
equation will be deferred momentarily. 

An approximate solution to equation (9.2) has 
been investigated in reference 9.6, for the case 
of small, thin circular cylindrical shells, both 
with simply supported and cantilever boundary 
conditions. For the case of the small uniform 
cylindrical shell, the liquid frequencies are still 
comparatively low, while the coupled bending 
frequency is high; therefore, a considerably 
simplified expression for equation (9.2) may be 
obtained. Having «,+3 and fis, small com- 
pared to to, they may be neglected, and equa- 
tion (9.2) reduces to 

a)*=o.| [l-i: a,.]’” (9.3) 

For this case, the difference between the coupled 
and uncoupled bending frequencies is thus 
determined by the coefficient as,. The un- 
coupled inertia coefficients, m3, s, m,+s. ,+s, and 
m, are always positive. The inertia coupling 
coefficient m3, ,+3 may be either positive, nega^ 
tive, or zero, depending upon the ratio 6/0. 
When m3. ,+3=0, it follows thatas,=0, causing 
a sharp minimum in coupling for certain tank 
configurations (the coupling need not actually 
become zero because of the summation over 
s and the presence of the small potential 
coupling Its, ,+3). This minimum in coupling is 
particularly noted in the results for the canti- 
lever tank near 6/a=2. This situation is 
analogous to the inertially coupled bending and 
torsional vibrations of a beam, in which case 
the uncoupling occurs when the shear center 
of the beam coincides with the centroid. For 
m3.,+3?i0, the factor [1— Sa3,]“* is always 
greater than unity, thus yielding an increase in 
the coupled bending frequency due to the 
liquid sloshing. 

Equation (9.3) is solved for the particular 
cases of a cantilever and pin-ended tank for the 
liquid at varying partial depths hfl. Figures 
9.2 and 9.3 show the results for these two t3q>es 
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Figure 9.2. — ^Theoretical percent increase in resonant 
bending frequency due to free surface effects in canti- 
lever tanks ^f. 9.6). 


Figure 9.3. — Theoretical percent increase in resonant 
bending frequency due to free surface effects in simply 
supported tanks (ref. 9.6). 


of tanks, plotted as the percent increase in 
bending frequency due to coupling (u—ui)cc 3 
XlOO versus tank fineness ratio l/d for varying 
partial depths b/l. These curves may be appre- 
ciably affected by the assumed bending mode 
shape, which in these analyses involved a 
parabolic mode shape for the cantilever tank 
and sinusoidal for the pin-ended tank. 

We now return to the discussion of equation 
(9.2), the more exact frequency equation. The 
curves of figures 9.2 and 9.3 are for the special 
case of a uniform shell where co 3 >>'w,+ 3 . In 
order to determine the effect of coupling on the 
resonant frequencies of the system when us and 
w ,+3 are of the same order of magnitude, the 
exact frequency equation, equation (9.2), was 
solved for a cantilever tank with a tip mass 
added in order to lower the bending resonance. 
Analytically, this involved only a slight modifi- 
cation of the empty tank inertia coefficient, m,, 
but required considerably more effort in solving 
for the eigenvalues of the frequency determinant 


of the set of equations (9.1a) and (9.1b). In 
the analysis, six modes (one bending and five 
sloshing) were used. 

The results of this analysis showed that the 
addition of mass to the vibrating system, 
although lowering the resonant bending fre- 
quency, also reduced the effect of the sloshing 
mass on the response of the entire system. For 
the cantilever tank, the addition of a tip mass 
of 10 times the empty tank mass reduced the 
maximum frequency increase of approximately 
11 percent, as shown in figure 9.2, to less than 
1.5 percent. Further increases in tip mass 
reduce the influence of the u'ee surface on 
resonant bending frequency still further. It 
Avould appear, tWefore, that consideration of 
the free surface boundary condition will only be 
significant in those cases where the sloshing 
mass is an appreciable portion of the total 
vibrating mass, as in the bending of relatively 
low fineness ratio, uniform shells. For large 
missile structures where the total bending mass 




308 


THE DYNAMIC BEHAVIOR OF LIQITIDS 


is large, the liquid-sloshing mass can probably 
be neglected in the calculation of overall bend- 
ing resonant frequencies without significant 
error. The solution for all six roots of the 
coupled frequency equations also showed that 
the coupled sloshing frequencies did not change 
appreciably from their uncoupled values. Thus, 
rigid-tank-sloshing frequencies appear to be 
adequate for use in analyzing the bending tank 
in a space vehicle. 

Experimental Verification of Lagrangian Analysis 

In order to correlate with the results predicted 
by the simplified frequency equation, as given 
in the preceding section, experiments were 
conducted by Lindholm et al. (ref. 9.6) in which 
the coupling effect on the bending frequency 
was measured for thin cylindrical shells with 
cantilever and simply supported ends. Bend- 
ing frequencies of several shells containing 
water at various depths were measured, both 
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Figure 9.4. — Theoretical and experimental capped reso- 
nant bending frequency variation with liquid depth for 
cantilever tanks (ref. 9.6). 


with a free liquid surface and a capped liquid 
surface. 

Data were obtained for two cantilever tanks 
having l!d (length to diameter) ratios of 2.76 
and 5.03. Figure 9.4 shows the experimental 
and theoretical capped liquid surface {un- 
coupled) bending frequencies for the tanks as a 
function of the fractional depth of the liquid. 
The influence of the mode shape on the theo- 
retical curves is readily apparent by the 
difference in the two curves representing a 
linear mode shape and parabolic mode shape. 
It can be seen that the actual data fell some- 
where in between for both tanks tested. This 
is readily explained from the fact that the actual 
mode shapes, which were obtained by measure- 
ments on both tanks, also fell between a linear 
and parabolic shape. 

The difference in capped and uncapped 
resonant frequencies for the same two cantilever 
tanks is plotted in figure 9.5 as the percentage 
frequency increase against fractional depth. 
Here again, the data fell between that for the 
two assumed mode shapes. It is obvious that 
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Figure 9.5. — Theoretical and experimental percent in- 
crease in resonant bending frequency versus liquid depth 
in cantilever tanks (ref. 9.6). 
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the extreme sensitivity of the theory to mode 
shape requires the substitution of the actual 
mode shape into the theory in order to get the 
best possible prediction of coupled frequency 
and percent frequency change. 

S imilar experiments were also performed on 
circular cylindrical, simply supported tanks, the 
results of which are shown in figures 9.6 and 
9.7. It can be seen that the agreement be- 
tween theory and experiment was not as good 
as with the cantilever tanks. The deviation 
was explained as probably resulting from a lack 
of proper satisfaction of the boundary condition 
at the tank bottom, and a considerable distor- 
tion in mode shape which occurs at partially 
full liquid depths. The theoretical curves were 
based on a half-sine wave, but measurements 
indicated that this shape approximated the 
actual shape only for a completely full or empty 
tank. 

In general, it was concluded that for the cases 
studied. Miles’ theory appeared to give an 
adequate prediction of the infiuence of the liquid 
motion on the elastic bending frequency, but 
its use is complicated because of the strong 
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Ficube 9.6. — Theoretical and experimental capped reso- 
nant bending frequency variation with liquid depth £or 
simply supported tanks (ref. 9.6). 
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Figure 9.7. — Theoretical and experimental percent in- 
crease in resonant bending fre<piency versus liquid depth 
in simply supported tanks (ref. 9.6). 


dependence on actual mode shape, thereby in- 
dicating the necessity for a numerical formula- 
tion of a specific problem. 

9.3 COUPLING OF PROPELLANT MOTIONS WITH 
ELASTIC TANK BREATHING VIBRATIONS 

General Discuuion 

Vibrations of vehicle tanks in which the wall 
motions are predominantly radial, such that 
both flexure and stretching of the wall occurs 
while the longitudinal axis of the tank remains 
straight, are often referred to as breathing 
vibrations. For the purposes of this chapter, 
the term “breathing vibrations” will include 
shell modes that display both circumferential 
and axial wave patterns for rotationally sym- 
metric tanks, with the axially symmetric 
circumferential modes being included as one 
case. It is recognized that this type of vibra- 
tion can be very important in shell-like struc- 
tures where the walls are thin compared to 
other dimensions. Although most space ve- 
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hide tanks are not simple shells, since they 
usually have internal stiffeners or other struc- 
tural components of various designs, it is highly 
desirable to attempt to predict their breathing 
vibrational behavior on the basis of simple 
shell theory as an approximation to the actual 
tanks, since analytical predictions are otherwise 
virtually impossible. Of course, the accuracy 
of the predicted behavior depends on how 
well the actual tank conforms to such a 
representation. 

The purpose of this section is to discuss 
breathing vibrations of thin shells, as they 
apply to rocket vehicle tanks, and to consider 
the influence of the liquid propellant and 
pressurization on this type of vibration of the 
tank wall. Virtually all of the work in this 
area to date has been concentrated on the 
circular cylindrical tank, obviously because 
of its vide use in the main stages of 
current vehicles; therefore, the present em- 
phasis will also be on that geometry, although 
it must be admitted that breathing vibrations 
in shells of other geometry can be equally as 
important. The intent here is to give, first, 
a rather general discussion of shell vibration, 
and to describe in some detail the behavior of 
empty circular cylindrical shells to have 
some measure of understanding of this type 
of ^^[bration in purely shell-like structures. 
Then the variations in this behavior caused by 
internal pressurization and the presence of 
fluids will be considered. 

Breathins Vibrations oF Empty Shells 

A review of the work done to date on the 
vibration of empty shells of various geometries, 
including a general discussion of assumptions 
often used in simplifying the analysis of the 
problem, together with an extensive reference 
list, has been presented by Hu (ref. 9.7) . Only 
a few comments from this review vill be 
repeated here to introduce our discussion of 
empty shell vibrations, and the results of only 
a few of the more fundamental analyses udll be 
mentioned. It is pointed out that, because ol 
the complexity of the problem, the analytical 
as well as the experimental results accumulated 
in the technical literature do not present an 
entirely clear picture of shell vibrations, even 


for the simplest shell geometries. The main 
difficulty lies not in the formulation of a set 
of equations describing the shell vibrations, 
but rather in the simplification and solution of 
these equations. As a result, various approxi- 
mate theories are introduced to solve certain 
classes of shell vibration problems. 

Rayleigh’s theory of inextensional vibrations 
assumes that for the fundamental modes, the 
middle surface (an imaginary surface situated 
at midthickness of the shell wall) of a vibrating 
shell remains unstretched. The displacement 
functions of the middle surface can be de- 
termined with this condition, and the fimda- 
mental frequencies are then found from the 
potential and kinetic energies corresponding to 
these displacements. On the other hand, 
Rayleigh’s theory of extensional vibrations, 
which would be more appropriate for certain 
modes, assumes that the shell deformation 
consists mainly of stretching in the middle 
surface. 

Considering the strain energy that is periodi- 
cally stored in the shell wall during vibration, 
the two approximate theories appear to be on 
opposite extremes. In the theory of inex- 
tensional vibrations, the strain energy is 
assumed to be associated with bending stresses 
only, and no membrane stresses exist, since the 
displacements are determined by the inexten- 
sion condition. But, when membrane theory 
is used to study extensional vibrations of a shell, 
the strain energy is assumed to be solely associ- 
ated with membrane stresses and that associ- 
ated with bending is neglected. These two 
approximations do not contradict each other, 
but are complementary' for the purpose of 
determining various vibrational modes. The 
tendency is to classify shell modes into these 
tAvo distinct groups. 

In addition to the above two general ap- 
proximate theories, there are other approaches 
proposed for certain specific shell configurations. 
The Donnell equations for circular cylindrical 
shells and the Reissner equations for shallow 
shells are examples (a shallow shell is one in 
w'hich the ratio of rise to span is much less than 
1, say one-eighth). In these theories, the 
governing differential equations are simplified 
by neglecting what are considered to be the 
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unimportant terms, based on geometric argu- 
ments for the specific case or on an order of 
magnitude analysis. The accuracy of the 
results obtained from any of the approximate 
theories depends entirely on how well the basic 
assumptions are satisfied in a given case. In 
addition, it must be pointed out that virtually 
all of the existing theories predict the jree 
natural \nbrational modes of a shell; therefore, 
how well these conform to those encountered for 
forced vibration again depends on the specific 
case investigated. 

Numerous investigations of circular cylindri- 
cal shell vibration have been conducted, one 
of the most significant being that of Arnold and 
Warburton (ref. 9.8). In this work, the em- 
phasis is on vibration of shells with freely 
supported ends (simply supported ends), 
whereby the ends of the cylinder are held 
circular but are not held by restraining mo- 
ments. Under these conditions, the mode 
shapes of vibration assume patterns like those 
illustrated in figure 9.8. For such vibrational 
forms, a given mode is completely specified by 
two integer parameters: n, the number of cir- 
cumferential stationary waves, and m, the 
number of axial stationary half waves. Al- 
though not shown in the figure, it is understood 
that the /i=0, m aibitrary (axially S3nnmetric 
circumferential pattern) modes are included in 
the present consideration, while n=l is not, 
since it corresponds to a bending motion, 
already discussed in the previous section of 
this chapter. Theoretically, an infinite number 
of such modes is possible in a given shell. It 
is recognized that in a space vehicle tank, 
simply supported end conditions may not be 
exactly duplicated, and the effects of varying 
end conditions will be discussed later. 

Considering vibration in the above modes, 

4- V» TD /-» wl i. 1 A ^ — A 1 
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assumptions are correct over a wide range of 
the integers m and n, and, therefore, those 
approximations cannot be used in this case. 
For modes of vibration in \vhich both circum- 
ferential and axial modes exist, both bending 
and stretching of the shell wall must be con- 
sidered. Under these conditions, a method of 
deriving a frequency equation given in reference 
9.8 can be summarized as follows: First, obtain 



Figure 9.8. — Forms of vibration of thin cylinders with 
freely supported ends (ref. 9.8). 


equations relating the three component dis- 
placements u, V, and w in the directions x, y, z 
(fig. 9.8), of a point in the middle surface of 
the shell. In the present case, this is most 
readily accomplished by assuming a vibration 
form compatible mth the end conditions; i.e. 


. mm a a 

U=A cos — r- COS no cos ut 


„ . mrx . „ . 

v=B sm —7— sm nd cos ut 


w=C sin cos nB cos ut (9.4) 


where 8 defines the angular position in a cross 
section; n and m/2 are, respectively, the number 
of circumferential and axial wavelengths; and 
A, B, and C are constants. Then, using these 
forms, the strain energy is expressed in terms 
of the displacements and the kinetic energy in 
terms of the time rate of change of the dis- 
placements. Further, both strain energy and 
kinetic energy are functions of the three dis- 
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placement variables u, v, and w, and the 
Lagrange equations are utilized to form three 
equations relating the displacements. A fre- 
quency equation is then formulated from these 
three displacement equations. 

Some results obtained from the method 
described above are shown in figure 9.9, in 
which frequency is given in the nondimensional 
form 

/T_y /47r*aV,(l— 


where /mn is the natural frequency of the m, nth 
mode. In the axial wave length factor X„,, the 
I is the shell length, and a is the ratio of shdl 
thickness h to mean radius a. It might be 
pointed out that these results represent only one 
of three natural frequencies that exist for each 
nodal pattern, all of which can be obtained 
from the above theory. However, these are the 
lowest of the three frequencies, and are there- 
fore considered the most significant. From fig- 
ure 9.9, progressing from figures 9.9(a) to9.9(d), 



Figure 9.9. — Theoretical frequency curves for cylinders with freely supported ends (ref. 9.8). 
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Figche 9.10. — Natural frequencies of empty cylinders 
(ref. 9.8). 


the effect of wall thickness on the frequency is 
readily apparent. An experimental correlation 
with figure 9.9(d), also taken from reference 9.8, 
is shown in figure 9.10, where the agreement is 
seen to be very good. 

Figure 9.11, obtained by Lindholm et al. 
(ref. 9.9), is given for comparison with the above 
work of Arnold and Warburton. The theo- 
retical curves in this plot also are for freely 
supported circular cylinders, but are based on 
the shallow shell theory of Reissner. Here the 
ordinate scale is plotted to a slightly different 
nondimensional frequency parameter. The 
nondimensional form of all the above results 

1 — n 4-„ j — ; ; — i.: 
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A very interesting observation can be made 
from figures 9.9 through 9.11. That is, for a 
given tank and m-pattem (fixed X„), the lowest 
natural frequency does not necessarily have the 
simplest circumferential pattern. Arnold and 
Warburton (ref. 9.8) have shown that this 
behavior results from the partitioning of strain 
energy between bending energy and stretching 


energy in the vibrating shell. This is shown 
qualitatively in figure 9.12 where a strain energy 
factor as a function of circumferential wave 
pattern is shown at a constant value of Xm= 3.81 , 
and a =0.01 . Note that this curve corresponds 
to the frequencies of a vertical cross-plot of 
figure 9.9c at a constant value of Xm=3.81. It 
is now apparent that Rayleigh’s purely exten- 
sional vibration theory is a good approximation 
only for small values of n (depending on the 
value of X„), the inextensional theory is good 
only for larger values of n. and neither is 
accurate over intermediate values of n. Fung 
et al. (ref. 9.10) have shown that in the empty 
cylindrical shell the minimum frequency is 
approximately given by 



and has a nodal pattern of the nearest integer to 



As long as 

K«^IWh 


Considering that in space vehicles (par- 
ticularly in the first stages where cylindrical 
tanks are used) the tank walls are usually 
integral with the shell of the entire structure, 
the assumption of freely supported ends may 
not be a good approximation to the actual 
tank end conditions. An approximate method 
of estimating the effects of restraining moments 
applied at the ends has been presented by 
Arnold and Warburton (ref. 9.11). The 
increase in frequency for a given mode as a 
result of fixing the ends perfectly can be 
estimated by applying an appropriate correc- 
tion factor to the results presented in figures 


o o f oil 


« o f 1 r»ri <1 f <1 


actual increase can be made by selecting some 
intermediate frequency. This procedure is illus- 
trated in figure 9.13. 

Having selected the curve for a particular 
mode from figures 9.9 through 9.11, say an 
m=3 and n= arbitrary curve, it would appear 
as shown in figure 9.13, and would represent an 
axial mode pattern as shown in figure 9.13(a). 



Frequency parameter Zwa^p^ll' f 


314 


THE DYNAMIC BEHAVIOR OF LIQUIDS 



Axial wave length factor x • mtr all 
in 

Figure 9 . 11 . Theoretical and experimental natural frequencies of empty cylinders (ref. 9 . 9 ). 
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Figure 9.12. — Strain energy due to bending and stretching 
(ref. 9.8). 



Figure 9.13. — Effects of end conditions on breathing 
frequencies of empty shells (ref. 9.11). 

For a given tank with Jreely supported ends, 
corresponding to a given Xi, one would obtain 
a given frequency /i at Xj. However, for a 
tank of the same geometry but with perfectly 
fixed ends, the mode pattern would appear 


as in figure 9.13(b). The frequency /j for this 
condition may be obtained from the curve at 
an equivalent wavelength factor given by 

X2=(m+Ce) y 

where Ce»0.3. The frequency is then an 
estimated upper limit, and the actual fre- 
quency would fall somewhere between /i and 
fi. Details of this approximation are given 
in reference 9.11. 

Breathing Vibrations oF Shells Containing Fluiib 

Having described in some detail the general 
aspects of breathing vibrations of empty 
circular cylindrical shells, we now turn to the 
effects of including multiple, immiscible, heavy 
and light fluids inside the shell. For the 
present case of space vehicle applications, we 
consider a cylindrical shell partially filled 
with a heavy fluid (liquid) to some arbitrary 
depth, such that the liquid has a free surface, 
and is topped by a light fluid (gas) at some 
arbitrary pressure. Among various properties 
that can be significant in the problem at hand, 
both fluids possess relatively small viscosity, 
and both possess finite compressibility and 
density, although these properties are dras- 
tically different for the liquid and the gas. 
During different parts of the flight, the relative 
amount of liquid and gas inside the tank 
changes as fuel is expended. In view of this 
rather brief statement of the problem, this 
section is devoted to a general discussion of 
the influence that the multiple fluid column 
exerts on the vibrating tank, and the methods 
of analyzing that influence. 

Considering the typical fluids, pressures, 
and geometries used in current vehicle tanks, 
it appears that a numuer of tne known effects 
of the internal fluid column on the breathing 
vibrations of the tank can be summarized in 
terms of several basic categories, most of which 
depend on the relative heights of the liquid and 
gas in the multiple fluid column. These 
categories are: 

(1) The viscosity of typical rocket propel- 
lants is small; therefore, in viscid flow theory is 
usually used in analyses of the problem. 
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(2) Internal static pressurization causes a 
stiffening effect in the shell; it adds potential 
energy to the system. 

(3) The multiple-fluid column possesses both 
compressibility and inertia; therefore, it can 
sustain pressure modes of oscillation at various 
frequencies, even in a rigid tank. In the flexible 
tank, this adds additional degrees of freedom, 
and linear coupling of these modes with the 
breathing modes of the tank is expected. 
Further, the possibility of the existence of high 
pressures at some point in the tank, due to a 
resonance in such a pressure mode, can be very 
important in itself. Thus, the system can 
sustain coupled pressure modes as well as 
coupled wall breathing modes. 

(4) The inertia of the fluid column causes a 
hydrodynamic loading on the shell wall which, 
in effect, results in a nonuniformly distributed 
apparent mass being added to the wall, so that 
the inertia of the breathing tank is considerably 
increased. This effect results predominantly 
from the liquid part of the fluid column, because 
of its greater density. 

(5) The liquid free surface phenomena add 
additional degrees of freedom to the breathing 
fluid-tank system, so that linear coupling of this 
motion must be considered. 

(6) It has been found that, under certain 
conditions, the free surface motion can cause 
the tank breathing vibration to become strongly 
nonlinear, gi\ing rise to various nonlinear 
coupling effects. 

The above listing of the influence of the fluid 
on the breathing tank is given more or less in 
the order of increasing complexity of analysis. 
Two basic methods of approach have been u.scd 
to analyze the fluid behavior — compressible flow 
theory, and incompressible flow theojy, but 
neither alone is capable of predicting all effects. 
The behavior is spread over a wide frequency 
range and, by and large, each analysis is re- 
stricted to some part of this frequency range. 

Inviscid compressible fluid theory, along with 
some set of shell equations, has been used to 
investigate effects mentioned in paragraphs 
(2), (3), and (4) above. The wave equation is 
\ised as the governing differential equation for 
the fluid, and the interaction with the tank wall 
is specified by equating the normal accelerations 


of the fluid and the shell at the shell wall, along 
with equating the fluid pressure and hydro- 
dynamic loading at the same point. This type 
of analysis is particularly useful for determining 
the coupling effects of pressure modes in the 
fluid column, and can be used to predict the 
hydrodynamic inertia effects of both the liquid 
and the gas, but is not normally used to predict 
liquid free surface effects. 

Inviscid incompressible fluid theory, along 
with some set of shell equations, has been used 
to predict effects indicated in paragraphs (4) 
and (5) , and even those of paragraph (3) . That 
is, this type of analysis is useful for predicting 
liquid apparent mass, and free surface effects, 
and can further be used to predict coupled 
axisymmetric, longitudinal pressure modes, for 
it is found that these modes coincide with the 
corresponding axisymmetric {n=Q) shell breath- 
ing modes, for the case of a relatively incompres- 
sible fluid in a flexible tank. A number of the 
available analyses consider only the hydro- 
dynamic loading effects of the liquid, neglecting 
the free surface effects, while some consider 
both. The degree to which free surface effects 
are neglected, in the former ease, varies in the 
different studies that have been performed. 
All of the analyses assume potential flow so that 
Laplace’s equation is assumed to be the gov- 
erning differential equation for the liquid; the 
boundar3^ conditions at the shell wall require 
that the liquid normal acceleration be equal to 
that of the tank and that the liquid pressure 
equal the hydrodynamic loading of the tank 
wall in all cases, but different solutions result 
from the imposition of different boundary 
conditions at the liquid free surface. 

It has been pointed out in chapter 2 that 
the basic linearized free surface conditions for 
free surface oscillations are the following: At 
the free surface we must have 


and 



(9.5) 


^ ^ 

dt~ dZ 


(9.6) 


where f is the elevation of the free surface 
above the undisturbed surface level, and is a 
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function 8) in cylindrical coordinates, 

and # is the velocity potential. Equation 
(9.5), called the dynamic condition, requires 
that the dynamic pressure at the free surface 
be constant (i.e., the ullage pressure), while 
equation (9.6), called the kinematic condition, 
requires that no fluid mass cross the free sur- 
face boundary. It has further been pointed 
out that both conditions can be combined to 
give 

11+^11=0 (9.7) 

on the free surface. Just how these conditions 
are imposed at the free surface is wliat deter- 
mines whether the free surface coupling is 
included in these analyses using incompressible 
flow theory. 

Nonlinear coupling of free surface motions 
and tank breathing vibrations has been in- 
vestigated experimentally, and analytical in- 
vestigations are in progress, but no specific 
results have yet been reported. 

Each of the following portions of this section 
is devoted to a discussion of various analyses 
and investigations of the above-mentioned 
liquid effects on breathing vibrations of shells. 
Virtually all of the work has concentrated on 
circular cylindrical shells having freely sup- 
ported ends and rigid bottoms. Some of the 
analyses investigate more than one of the 
indicated effects, bxit none is capable of 
predicting all effects. 

Light Compressible Fluids 

Fung et al. (ref. 9.10) have investigated both 
analytically and experimentally the effects of 
internal pressurization on the breathing modes 
of freely supported cylindrical shells, for the 
case where only a gas is present in the fluid 
column. The pressurizing gas is considered 
to have no mass; as a result, it adds potential 
energy to the overall system, but the inertia 
of the system is the same as that of an empty 
tank. Strictly speaking, this is a limiting case 
application of compressible flow theory, since 
the inertia of the gas is neglected and, as a 
result, the wave velocity becomes large. The 
analysis is applicable to the actual case only 
for vibrational frequencies well below the 


coupled pressure resonances in the compressed 
fluid column. 

In contrast with the method of deriving a 
shell frequency used by Arnold and Warburton, 
here the Timoshenko shell equations (ref. 9.12), 
written in terms of the displacements u, v, w, 
are utilized, and the loading terms are com- 
prised of the static internal pressurization and 
dynamic tank inertia terms. Inertia of the 
internal fluid is neglected. Displacements of 
the type in equations (9.4) are assumed and a 
rather complex frequency equation results. 
For comparison, a simplified frequency equa- 
tion is further derived using Reissner’s shallow 
shell theory (ref. 9.13), with the longitudinal 
and tangential shell inertia terms neglected in 
the governing differential equations. This re- 
sults in the equation 


, jh/ay 


where 


12 ( 1 -(/^) 


(n"+X,)“+^xX"„+n,7i“ (9.8) 






Eh 


n=^ 

2Eh 


Po being the static internal pressure in the 
cylinder. It must be emphasized that this 
expression is most accurate in general for larger 
values of n (i.e., say n)>2), where shallow shell 
theory applies, and no coupling with fluid pres- 
sure resonances is allowed. The existence of 
this trend was determined by comparing the 
results of this frequency equation with the 
results of the previously mentioned, more 
exact frequency equation. Equation (9.8) is, 
of course, also suitable for the empty tank for 
Po=0. Results for this case are shown to be 
similar to figures 9.9 through 9.11 of the 
previous section. 

Results calculated from equation (9.8) when 
the internal pressurization is not zero are shown 
in figures 9.14 through 9.16. The lowest 
natural frequency and its associated mode shape 
for a given empty shell were discussed in the 
previous section. From figure 9.14, it can be 
seen that pressurization alters the mode shape 
of the lowest mode to a lower order pattern, 
while, at the same time, all natural frequencies 
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Figure 9.14. — Number of circumferential waves at the 
lowest frequency versus internal pressure (ref. 9.10). 


are increased. This is shown in figures 9.15 
and 9.16, along with experimental correlation 
with equation (9.8). 

It is further pointed out (ref. 9.10) that for a 
given forced input to a cylindrical shell, the 
amplitude of the response of the various modes 
at resonance is very erratic, and larger re- 
sponses are by no means confined to the lowest 
modes. Therefore, where breathing responses 
in shell-like structures are anticipated, a large 
range of frequencies must be examined. 

Compressible Fluids With Inertia 

To study pressure resonance coupling over 
a wide range of parameters in a breathing shell, 
along with the hydrodjmamic loading of the 
shell wall, it is necessary to include both the 
compressibility and inertia of the fluid column, 
whether it contains only pressurized gas or 
liquid, or both pressurized gas and liquid. 
Such analyses are applicable at frequencies, 
where the compressibility effects are important, 
but are not readily capable of including the 
liquid free surface effects. 

Berry and Reissner (ref. 9.14) have investi- 
gated the effects of pressurization with fluids 
of significant mass, where only one fluid com- 
pletely fills the tank. Using shallow shell 


equations for the circular cylinder, with loading 
terms composed of internal static pressure, shell 
inertia due to radial motion only, and fluid 
inertia from the apparent mass of the pressur- 
izing fluid, the following frequency equation is 
formulated for the coupled breathing modes 


{pJi+m,W=^ 

\jL 





which is most accurate for circumferential val- 
ues n>2. In this equation, 

D^Eh?ll2{\-v‘-) 

and m/ is the apparent mass of the internal 
fluid. The fluid apparent mass is derived 
assuming small motions of an inviscid, com- 
pressible fluid; hence the wave equation is 
solved with boundary conditions such that the 
unsteady fluid pressure at the cylinder wall 
represents the fluid loading on the tank, and 
the normal velocity of the fluid at the tank wall 
is the same as the wall velocity. Solutions for 
this pressure distribution are taken in the form 


• TTX 

g=e<"‘ cosnfl sin -j- Q(r) 

As a result, the following apparent mass is 
obtained; 


TTlf — Pod 


Tflf — Pofl 


/„(Vxf=FJ 1 

1 


for kc<\i 
(9.10a) 

for tt>Xi 
(9.10b) 


where po is the reference static fluid density, 

/t,=— , Co being the velocity of sound in 
I Co 

the fluid at the reference pressure, and e/„ and 
In are the ordinary and modified nth-order 
Bessel functions, respectively. 

It can be seen that the solution for the fre- 
quency, w, from equations (9.9) and (9.10), 
is a difficult task. Tables of solutions are 
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Figube 9.15. — Theoretical and experimental natural frequencies versus internal pressure (ref. 9.10). 
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given in reference 9.14 for some limited values 
of the parameters involved. In general, it is 
concluded that the effect of including inertia 
and compressibilit 3 ^ of the internal fluid column 
is to lower the natural frequencies of the breath- 
ing vibrations of the shell in comparison with 

n • 12 8 11 12 9 1011 10 9 8 76 8 



Internal pressure, , dyne /cm*x 10’* 

Figure 9.16. — Theoretical and experimental natural fre- 
quencies versus internal pressure (ref. 9.10). 


their values (i.e., those predicted by eq. (9.8) 
or for m/=0 in eq. (9.9)) when the inertia and 
compressibilitj^ of the internal fluid are absent. 

In addition to the coupled shell breathing 
mode frequencies given by equation (9.9), 
there also occur higher natural frequencies, each 
of which is associated with a particular number 
of pressure nodal circles in the oscillating fluid 
column. That is, the assumed form of pressure 
distribution allows for a multiple pressure wave 
pattern to be established in the fluid, in the 
radial direction. For heavy liquids, it is 
estimated that the frequencies of these coupled 
pressure modes are nearly equal to those of a 
free boundary column of liquid. In other 
words, the presence of the liquid in the shell 
has a significant effect wherebj^ it lowers the 
tank breathing modes, while the flexible tank 
wall has a less significant effect on the fre- 
quencies of the assumed form of pressure 
resonances in the free column of liquid. 

Saleme and Liber (ref. 9.15) have investi- 
gated the effects of a compressible fluid column 
on the breathing shell, both for the case of the 
shell completely filled with one fluid, and also 
for the case of the shell filled with two separate, 
immiscible fluids. Their approach to the tank 
filled with one fluid is essentially the same as 
that of Berrj' and Reissner (ref. 9.14), just 
discussed, except that tangential inertia terms 
are kept in the shell equations, so that two 
additional sets of natural frequencies residt for 
each modal pattern of the shell. The lower set 
of these natural frequencies correspond to those 
obtained by Berry and Reissner, using equation 
(9.10b) for the apparent mass factor; lower 
frequency resonances corresponding to those 
obtained for the case for which equation (9.10a) 
applies were not discussed. For multiple, 
immiscible fluids, a method of superposition is 
indicated for the solution of certain modes; 
however, no appreciable numerical calculations 
have been completed. 

Finally, a few comments must be added with 
regard to the fluid pressure modes considered in 
the previous two analyses. Only longitudinal 
oscillational pressure distributions of the type 

2 =Q{r, e, t) sin 
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were considered, in which all multiple pressure 
wave patterns have zero amplitudes at both ends 
of the liquid column. It must be emphasized 
that other coupled pressure modes, particularly 
axisymmetric modes which result in a maximum 
pressure amplitude at the tank bottom (as occur 
for longitudinal tank excitation) , can be excited 
in the compressible fluid-elastic tank combina- 
tion (or even in an incompressible fluid-elastic 
tank system) . Such axisymmetric pressure 
modes can occur within the same frequency 
range as the nonsymmetric coupled tank breath- 
ing modes of the form shown above, depending 
on the shell geometry and the properties of the 
fluid. Pressure modes of this type in a longi- 
tudinally excited cylindrical shell filled with a 
compressible fluid have been studied by Reissner 
(ref. 9.16). The shell is considered strictly to 
be a circumferential membrane, and a pre- 
scribed excitational pressure is assumed to act 
at the bottom of the fluid column. This 
analysis shows that pressures at the tank bottom 
become very large at a coupled longitudinal 
resonance of the fluid column. 

The very similar, and more practical, case of 
a prescribed oscillatory acceleration at the 
bottom of an elastic cylindrical tank containing 
a liquid has already been discussed in chapter 8. 
Longitudinal pressure responses, of the type to 
which we are now referring, can be approxi- 
mated by equation (8.60) in chapter 8, and the 
frequencies at which the resonances occur are 
those values where this equation predicts infinite 
pressure. Thus, for a liquid in an elastic tank, 
the lowest set of the axisymmetric, longitudinal 
pressure modes, in which the radial pressure 
distribution is essentially plane, can be approxi- 
mated by water-hammer theory, as shown in 
chapter 8. This approximate analysis is a 
special case of that of Reissner’s, mentioned 
above, and it becomes less accurate at lower 
liquid levels. More accurate analyses of these 
coupled longitudinal modes have become avail- 
able only recently, and mil be discussed briefly 
at the end of the next two sections. 

Incompressible Fluids (Free Surface Effects 
Neslected) 

The hydrodynamic loading inertia and pres- 
surization effects of fluids on the breathing 


shell can readily be analyzed using incom- 
pressible fluid theory, while neglecting the free 
surface effects by some suitable assumption. 
In this section, we discuss several methods by 
which this has been done, along with experi- 
mental confirmation of the analyses. 

Based on ideas presented by Reissner (ref. 
9.16), and Berry and Reissner (ref. 9.14), which 
have been discussed in the preceding section, 
Lindholm et al. (ref. 9.9) developed a frequency 
equation for the completely liquid filled tank, 
similar to equation (9.9), using incompressible 
theory for the fluid, in an unpressurized cir- 
cular cylindrical shell. The method is essen- 
tially the same as that of Berry and Reissner 
(ref. 9.14), except that the Laplace equation is 
taken as the governing equation for the liquid, 
and the radial deflection is taken with m > 1 : 

. . mitx „ . 

W=Ann sin —J— cos Ud COS wr 

and the pressure distribution is taken as 

It may be noted that this form of pressure dis- 
tribution requires that the free surface remain 
essentially plane; hence, the free surface effects 
are neglected. The liquid apparent mass is 

Wl/=ap£,[/n(X„,)/Xn»L(Xm)] (9.11) 

in which \„=mirall. It may be noted that 
this expression is the same as equation (9.10a) 
when k'c-^0 (or when Cq —»<»), a result anticipated 
in reference 9.14 for heavy fluids. In this case, 
equation (9.9) becomes 

(p.A+m,)c^«„==§ (Xj.+n^)»-b5 r 

i* vif I '•' / -J 

(9.12) 

Results predicted by this equation for a thin 
shell filled with water, along with e.xperimental 
-Correlation, are shown in figure 9.17. For com- 
parison purposes, it may be noted that these 
results were obtained from the same cylinder 
as that used for the empty shell data shown in 
figure 9.11. The theoretical curves in figure 



Frequency parameter Zwa^p^ll' f 
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Figure 9.17. — Theoretical and experimental natural frequencies of liquid -filled cylinder in breathing vibration (ref. 9.9). 
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9.11 were obtained from equation (9.12) with 
m/=0. 

Further experimental work was performed in 
reference 9.9 to determine the liquid effects on 
frequency at partial liquid depths, as shown in 
figure 9.18. The data are for water in a freely 
supported steel cylinder with a=3.77 centi- 
meters, A=0.229 millimeter, and l=23A centi- 
meters. Further, figures 9.19 and 9.20 show 
experimental data showing the eflFect of liquid 
depth on axial mode pattern for two different 
modes. Distortion of the axial pattern from a 
sine wave is especially apparent at liquid depths 
other than empty or full. 

Keeping in mind the above-indicated dis- 
tortion of axial mode pattern, Leroy (ref. 9.17) 
has presented an analysis for natural frequencies 
of a partially liquid filled, unpressurized, cylin- 
drical shell. The displacements of the dis- 
torted pattern are assumed to be representable 
as linear combinations of all' the natural modes 
for the empty cylinder: 

. mirx 

u=co3 nd^A„ cos — r- I 

m 



»=sm 7 id -Bn sm —j— 
m I 


V (9.13) 


FiGtiBG 9.18. — Experimental variation of natural breathing 
frequencies with liquid depth (ref. 9.9). 


. mvx 1 
10=003 nd (7* sm — 7 — | 
m I’ J 

Similar to Lindholm et al. (ref. 9.9), the liquid 
free surface is assumed to remain essentially 
plane, but an expression for the composite 
hydrodynamic pressure loading of the shell wall 
is determined, having components in each 
mode of the linear combinations (eq. (9.13)), and 
an arbitrary partial depth is allowed. Substi- 
tuting these expressions into a suitable set of 
cylindrical shell equations, an infinite order 
frequency determinant results. The natural 
frequencies can then be approximated numeri- 
cally by assuming a limited number of modes 
in the composition of the actual distorted 
modal patterns. Figure 9.21 shows a compari- 
son of some calculated results of this theory 
with the experimental results shown in figure 
9.18 for two different modes. 

One of the most complete investigations of 
the effects of hoth pressurization and liquids 


at partial depths in breathing cylindrical shells 
with freely supported ends has been performed 
by Mixson and Herr (ref. 9.18). An analysis 
was carried out, combining a number of the 
methods already here discussed with that 
given by Baron and Bleich (ref. 9.19) for 
partially filled cantilever shells, and then com- 
pared with experimental results. Basically, La- 
grange’s equations are utilized to obtain the 
equations of motion of the coupled system. F or 
this approach, of course, the kinetic and poten- 
tial energy of the combined system must be de- 
termined. The potential and kinetic energy 
of the shell is expressed in terms of displace- 
ments using a method similar to that used by 
Arnold and Warburton (ref. 9.8), except that 
additional terms are included to allow for 
internal pressurization. Only radial inertia 
terms for the cylinder are included, so that 
only the lowest set of natural frequencies is 
determined, and inertia for the pressurizing 
gas is neglected. 
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Fractional 
depth of liquid 

b/X*0 
b/I- 1/4 
b/X- 1/2 
b/X- 3/4 


Normalized axial position, x/X 

Figuke 9.19. — Axicl mode shape distortion for m = l, n = 5 mode versus fractional depth of liquid (ref. 9.9) 
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b/X • 1/4 
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b/X • 3/4 

» — — — — 

b/X ■ 1 


m • 2 
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Normalized axial position. x/X 

Figure 9.20. — Axial mode shape distortion for m=2, n=5 mode versus fractional depth of liquid (ref. 9.9) 
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Figuhe 9^1. — Comparison of Leroy theory with experi- 
ments for breathing modes (ref. 9.17). 


The kinetic and potential energies for the 
arbitrary depth column of liquid are de- 
termined using incompressible potential flow 
theory, employing the boundary conditions at 
the shell wall, as have already been discussed, 
but the free surface effects are neglected in a 
different manner than that of Lindhohn et al. 
(ref. 9.9). Here the boundary condition at the 
free surface employs equation (9.5), but ^=0 is 
set into this equation. As in reference 9.19, it is 
argued that the significant liquid free surface 
modes occur at very low frequencies compared 
to those of the breathing tank. Therefore, 
their effects can be neglected so that the free 
surface is allowed to oscillate, but it is assumed 
that the potential energy associated with the 
free surface motion is negligible. In this case, 
the kinematic equation, equation (9.6), is 
still valid, but it is not necessary in order to 
determine the velocity potential, $, in the 
problem. 


Anticipating axial mode shape distortions at 
partial depths, the shell displacement functions 
are chosen as linear combinations of a finite 
number of the modes of the empty shell in the 
following form: 


u=cos 7i6 S U,(t) cos — 
»=o o 

^ \ T 

»=sin nd 2 Vi(t) sin — 
»-o ® 

AT \ r 

w=cos nd S W,{t) sin — 
»-0 tt 






(9.14) 


For empty or completely fidl shells only, where 
little distortion occurs, the first term of each 
expansion is satisfactory. Using Lagrange’s 
method, the equations of motion for the coupled 
system are determined, and after the as- 
sumption of simple harmonic motion, a 
3 {N-\- 1 ) order frequency determinant is obtained. 
This frequency determinant, similar to that of 
Leroy (ref. 9.17), can then be solved numerically 
for any value of N, depending on the accuracy 
desired. (Because of the complexity of the 
frequency determinant that results from the 
above procedure, the details will not be given 
here, but the original report (ref. 9.18) should be 
consulted.) 

Numerical computations wei-e performed to 
predict a number of natural frequencies for two 
different cylinders subjected to various condi- 
tions, and the results were compared with exper- 
imental values. Detailed characteristics of the. 
two cylinders are summarized in table 9.1, p. 330. 
For the simple case of a tank pressurized with 
a light gas and N=0 (one-term approximation 
of the displacements), the resulting frequency 
equation is identical to equation (9.8), and the 
experimental results obtained were similar to 
that shown in figures 9.15 and 9.16. For a 
pressurized liquid filled tank and N—Q, the 
resulting frequency equation is similar to equa- 
tions (9.9) and (9.10) for the case of kc=0, 
except that additional terms are included which 
account for the effects of hydrostatic pressure 
of the liquid and finite cylinder length. Cor- 
relation of predicted results with experiments 
for this case is shown in figure 9.22. (The upper 
figure is for cylinder 1, and the lower figure 
is for cylinder 2.) For partial liquid depths. 
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Figure 9.22. — Theoretical and experimental natural fre- 
quencies for pressurized, water-filled cylinders (ref. 9.18). 

for both the cases of A^=0 and of A’= 1 (onc- 
and two-term approximation to the displace- 
ments), calculations also were performed and 
compared to experimental results. For con- 
venience, some of the compared results are 
shown in figures 9.23a through 9.23c. (All 
data are for cvlinder 2, and m=l nnxles.) 
Theoretical curves are shown both for the exact 
theory and for a simplified approximation of 
the liquid apparent mass. The experimental 
results were obtained from cylinders having 
fi.xed ends, but are compared to theoretical 
results for freely supported ends by using the 


method outlined in the section on breathing 
vibrations of empty shells to make the end 
conditions equivalent to freelj’^ supported ends. 
Only m=l modes were investigated; however, 
the analysis is applicable to higher modes as 
well, as long as N is chosen to give sufficient 
accuracy. 

An analysis for partially liquid filled canti- 
lever cylindrical shells has been given by Baron 
and Skalak (ref. 9.20), which is based on similar 
work of Baron and Bleich in references 9.19 and 
9.21. Although these analyses are for liquids in 
cylindrical shells simply supported at the bottom 
and free at the top, the methods of approach 
can readily be modified and used with boundary 
conditions more applicable to space vehicle 
tanks, as has been done by Mixson and Herr, 
pre\’iously described. 

The case of longitudinal forced vibration of a 
cylindrical tank filled with an incompressible 
fluid has been investigated by Bleich (ref. 9.22), 
using an approximate analysis. The emphasis is 
on the axisyminetric, longitudinal pressure dis- 
tribution in the fluid column, and the effects of 
the wall elasticity are approximated by con- 
sidering the t ank to be a series of rings, rather 
than using a complete shell analysis. Free 
surface effects are neglected. The results are 
comparable to the findings of Reissner (ref. 
9.16), mentioned in the preceding section, as 
well as the water-hammer analysis given in 
chapter 8. That is, for a relatively incom- 
pressible liquid in a flexible cylinder, one can 
neglect the compressibility of the liquid ; for this 
case the analysis of Reissner (ref. 9.16), and the 
water-hammer analysis of chapter 8, essentially 
reduce to the analysis of Bleich (ref. 9.22). 
Although the liquid is considered incompres- 
sible, a longitudinal axisymmetric pressure 
mode, having a maximum at the tank bottom, 
still occurs in a system in which the inertia is 
assumed to lie solely in the liquid, and the 
effective compressibility to be solely in the tank 
wall. In effect, the resulting modes represent 
n= 0 shell displacement modes which can be 
approximated by 

iv^Wit) cos Xi)i 

where Xs is determined by the liquid depth b, 
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Ratio of water depth to cylinder length, b/X 


Figure 9.23a. — Theoretical and experimental variation of natural frequency of a pressurized cylinder with water depth 

(ref. 9.18). po= 3.45X10^ dyne/cm*. 
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Figure 9.23b. — Theoretical and experimental variation of natural frequency of a pressurized cylinder with water depth 

(ref. 9.18). p»= 1-38X 10* dyne/cm». 
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Figure 9.23c. — ^Theoretical and experimental variation of natural frequency of a pressurized cylinder with water depth 

(ref. 9.18). po=5.51 X 10* dyne/cm*. 
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Table 9.1 . — Details of Experimental Cylinders 


[Ref. 9.18] 


Parameter 

Cylinder 1 

Cylinder 2 

Material 

Aluminum (2014r-T6) 

2.77.. 

Steel (stainless) 
7.75 

2.07X 10“ 

0.30 

55.9 

30.5 

0.1015 

3000 

0.546 


Young’s modulus, E, dyne/cm*. 

6.89X10“ 

Poisson's ratiOj v . 

0.33 - 

Lengtbj 1, cm 

72.7 

Mean radinSj rt, cm 

38.1 

Skin thickness^ mm 

0.406^ - 

Radiiis-thickncss ratiOj ajh .... 

937 


0.525 




rather than the tank length 1. Obviously this 
simplified assumption of displacement violates 
the zero-displacement boundary condition at 
the tank bottom, and a series is required for 
exact satisfaction of that boundary condition. 

A more detailed numerical analysis of the 
above type of longitudinal modes has been 
performed by Palmer and Asher (ref. 9.23), and 
verified e-xperimentally. This work became 
available only shortly before the final printing 
of this monograph so that the details could not 
be included here. However, the existence of 
the n=0 bulging modes described above is 
verified, and it is found that these modes are 
intermixed frequencywise, with the nonaxisym- 
metric breathing modes (n>2), described in the 
previous sections of this chapter. This refer- 
ence should be consulted for the details of such 
modes. One more recent investigation of these 
modes is discussed at the end of the next 
section. 

Incemprcnible Fluids (Free Surface Effects Included) 

Breathing vibrations of partially liquid filled 
shells, with the free surface effects neglected, 
were considered in the preceding section. It 
was pointed out by Baron and Bleich (ref. 
9.19), however, that for the case of partially 
full cylindrical shells simply supported at the 
bottom and free at the top, with free surface 
effects included, the coupled breathing modes 
were still very nearly the same as if free surface 
effects had not been included, while additional 
resonances corresponding to coupled fuel slosh- 
ing modes occurred at very low frequencies, near 


the values they would have in a rigid container . 
In this present section, similar results will be 
found for a freely supported cylindrical shell. 

Chu (ref. 9.24), and Chu and Gonzales 
(ref. 9.25), have investigated breathing vibra- 
tions, including free surface effects, for a 
partially liquid filled, freely supported cylindri- 
cal shell. Displacement functions of the form 
for a completely empty shell as in equations 
(9.4) are assumed in the computations for the 
partially full tank, allowing no distortion of the 
mode shape. The dynamic shell equations of 
Yu (ref. 9.26) are used, except that tangential 
and longitudinal inertia for the shell is neglected. 
The hydrodynamic loading of the shell wall is 
determined, allowing for both inertia of the 
liquid and free surface effects. Potential fluid 
flow is utilized, as has been described previously, 
except that here the free surface boundary 
condition is given by equation (9.7). It is 
found that, in the hydrodynamic loading, the 
additional terms due to the free surface effects 
are very small unless the excitation is in the 
vicinity of a frequency corresponding to a 
natural liquid mode for a similar rigid cylindrical 
container. Since in practical cases small damp- 
ing is always present, it is concluded that these 
effects are negligible except for the very lowest 
liquid modes. Hence, for a shell frequency 
higher than those of the first several uncoupled 
sloshing modes, it appears that the liquid free 
surface effects on the shell breathing motion are 
negligible. 

Computations were performed for the m=l, 
n=4, and m=2, n=4 modes for a shell with 
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A/a=0.00606, and a//=0.1609, for several liquid 
depths, and compared in reference 9.24 with 
experimental results from figure 9.18. The 
results are shown in figures 9.24 through 9.26, 
along with the results of additional computa- 
tions performed in reference 9.25, in which 
distortion of the mode shape was accounted for. 
For these cases, the terms due to free surface 
effects were negligible. 

The ratio of natural frequency for partial 
liquid depth to empty tank frequency agrees 
well with experimental data only for the m=l, 
n=4 mode when using the undistorted mode 
shape approximation. The results from refer- 
ence 9.25 were obtained by including mode shape 
distortion, using a Galerkin procedure (10 x 10 
matrix) , and it was found that the second-mode 
results then agreed better than the first-mode 
results, as can be seen in figures 9.24 and 9.25. 
Since the empty tank frequency was a critical 
factor in the frequency ratio as given, the abso- 
lute frequencies were compared in figure 9.26. 
It can be seen that the agreement between 
theory and experiment is good except for the 
empty tank frequencies. It was suspected that 
this discrepancy was the result of nonuniformi- 
ties in the shell. 

It must be emphasized that the above results 
indicate that the effects of the free surface are 



Ficuke 9.24. — Comparison of calculated and measured 
natnral frequency ratio versus liquid depth, m=l, n=4 
(ref. 9.25). 
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Figure 9.25. — Comparison of calculated and measured 
natural frequency ratio versus liquid depth, m=2, n=4 
(ref. 9.25). 



Figure 9.26. — Comparison of calculated and measured 
natural frequency versus liquid depth (ref. 9.25). 
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negligible only for the case where the shell 
frequency is higher than the first several 
uncoupled liquid surface frequencies. No in- 
vestigation was made to determine the effects 
for a case where these conditions did not hold, 
although it appears that the computations could 
be based on the analytical results of reference 
9.24, assuming that it is physically possible to 
have a cylindrical shell of some geometry that 
possessed breathing frequencies in a low range 
near the corresponding sloshing frequencies for 
that geometry. 

Breathing vibrations, of a shell with free sur- 
face effects included, have been analyzed by 
several additional investigators; however, only 
a brief comment on these studies will be included 
here. 

Fontenot and Lianis (ref. 9.27) have investi- 
gated the case of a full, pressurized cylindrical 
shell using a perturbation technique. Rabino- 
vich (ref. 9.28) has analyzed the partially fidl 
cylindrical shell, using the Vlasov shell equa- 
tions and a Lagrange-Cnuchy integral to 
determine the hydrodynaiuic pressure on the 
shell. The natural frequencies and natural 
modes of the shell are obtained by expressing 
the modes as linear combinations of the empty 
tank modes, similar to the methods used in 
several of the articles previously described. 
Computed results for a full tank compare well 
with experimental data of Lindholm et al. (ref. 
9.9). Natushkin and Rakhimov (ref. 9.29) 
have investigated the partially filled cylindrical 
tank with arbitrary end conditions, while 
Samoilov and Pavlov (ref. 9.30) have investi- 
gated a liquid-filled hemispherical shell. This 
liquid-filled shell configuration has also been 
investigated by Hwang (ref. 9.31). It was 
found that only very weak coupling exists 
between liquid surface and shell breathing 
modes, similar to the findings for the case of a 
cylindrical tank. Shmakov (ref. 9.32) Invs in- 
vestigated axially symmetric vibrations of a 
cylindrical shell containing liquid, including 
free surface effects. Again, these modes corre- 
spond to breathing modes, such that the tank 
radial displacement is independent of the angu- 
lar position at all levels (n=0). As has already 
been mentioned, these modes are of most con- 
cern for longitudinal excitation. It b found 


that the lowest shell mode suffers axial distor- 
tion for various partial liquid depths, similar to 
that observed for the regular breathing modes 
of the partially filled shell, already described. 

One final reference should be included in 
this discussion of cylindrical shell breathing 
vibrations including free surface effects. Beal 
et al. (ref. 9.33), utilizing a numerical analysis, 
also have investigated the coupled tank bidging 
(n=0) — liquid pressure modes. This analysis 
became available only shortly before this 
monograph was printed. It was found that 
the coupled modes separated into two groups: 
the coupled liquid surface modes and the 
coupled bulging or pressure modes. For prac- 
tical ranges of tank parameters, the liquid 
surface modes were found to be essentially 
at the same frequency as in a rigid tank. 
Further, the symmetric bidging tank modes 
occur primarily as an exchange of kinetic 
energy of the fluid (i.e., all the inertia of the 
system is in the fluid), and the strain energy 
of the shell (i.e., all the elasticity of the system 
is in the shell). The influence of shell bending 
stiffness was found to be negligible, and that 
of shell inertia secondary, in tanks of engineer- 
ing interest. 

Nonlinear Effects 

Gtnral 

The preceding sections of this chapter have 
been devoted to a discussion of various linear 
effects of fluids on the breathing vibrations 
of cylindrical shells. Most of the analyses 
are concerned with the natural free vibrational 
frequencies of the shell and liquid, and small 
vibration theory is assumed throughout, for 
liquid free surface oscillations, pressure oscil- 
lations, and shell wall oscillations. It follows, 
then, to question at what physical amplitudes, 
if any, of the various oscillations in the liquid- 
shell system, does the linear theory fail to 
describe adequately the overall behavior of 
the system? Further, are the frequencies 
influenced by the excitation in the case of 
forced vibration? An experimental investi- 
gation along these lines has been performed, 
and some of the results are summarized in 
this section. 
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Kana et al. (refs. 9.34 and 9.35) have experi- 
mentally investigated some of the nonlinear 
breathing behavior of several elastic shells 
containing liquids with free surfaces under 
forced vibrational excitation. Cylindrical shells 
of about 0.254-millimeter wall thickness, 22.9- 
centimeter length, and about 3. 81-centimeter 
mean radius were used with water for most of 
the investigations. In particular, liquid surface 
responses and shell wall responses were observed 
for both simply supported and cantilever 
shells subjected to lateral or longitudinal 
excitation. Responses were studied for various 
liquid depths. 

Generally, it was concluded that laterally 
excited empty shells display an essentially 
linear response during breathing vibration up 
to amplitudes as large as one-half the wall 
thickness for the shells investigated. A typical 
empty cylindrical shell response is shown in 
figure 9.27. Full, simply supported shells 
also display a response that is linear, for the 



Excitation frequency (cps) 

Figure 9.27. — Experimental forced response of empty 
simply supported shell (ref. 9.34). 



Figure 9.28. — Experimental forced response of full sim- 
ply supported shell (ref. 9.34). 


most part, up to the same amplitude limit, as 
can be seen from figure 9.28 for the same tank 
and mode. Some slight nonlinear softening 
is apparent at the lai^er amplitudes; a similar 
result occurs for a partial liquid depth where 
the liquid surface is in the vicinity of an axial 
node in the modal pattern oi tne oreatning 
shell. 

If the liquid surface is not in the vicinity 
of an axial node, and particularly if it is in the 
vicinity of an axial antinode of the shell motion, 
then a marked nonlinear softening response 
occurs for the shell, as can be seen from figure 
9.29. Here, the response is linear up to only 
about one-tenth the wall thickness, and is 
strongly nonlinear softening for larger ampli- 
tudes. The region marked “I” on the figure 
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Excitation frequency (cps) 

Figure 9.29. — Measured forced response of partially full 
simply supported shell (ref. 9.34). 

is the region of instability of a typical non- 
linear softening response, where jump phenom- 
ena occur, as indicated by the dashed lines. 
Region II is a second region of instability that 
occurs in this case, and is not at all typical of a 
nonlinear softening response. The behavior 
of the system in this region will be discussed 
subsequently. It is obvious that “small” vi- 
bration for the partially full tank in this case 
refers to amplitudes of less than at most one- 
tenth wall thickness. Experimental natural 
frequency data for partial liquid depths, dis- 
cussed earlier and shown in figure 9.18, were 
taken at such small shell amplitudes. The 
numbers on each of the response curves in 
figures 9.27 through 9.29 give only a qualita- 
tive indication of the relative forcing amplitude 
for that respective curve. 

Liquid free surface response in the form of 
high-frequency ripples is most pronounced for 
the case where the mean surface level is at an 
antinode of the shell motion. In fact, the 
excitation of the high-frequency free surface 
motion may be the source of the nonlinearity 


of the shell response. The liquid has a tend- 
ency to pile up at the shell wall in the vicinity 
of the antinodes of the shell motion. For very 
low shell amplitudes, with the liquid surface 
near an axial antinode, or for even larger shell 
amplitudes, with the liquid surface near an 
axial node, very little free surface motion is 
apparent. It appears, then, that the wall 
motion at the liquid surface is most important 
in determining the free surface motion. 

Similar responses were observed for cantilever 
shells subjected to either lateral or longitudinal 
excitation at various liquid levels. However, 
for longitudinal excitation, an additional pe- 
culiarity in the breathing vibration was ob- 
served. It was found that the longitudinally 
excited cylindrical shell with liquid would 
readily respond in breathing modes at fre- 
quencies that were subharmonic to the excita- 
tion, as well as at frequencies the same as that 
of the excitation. These subharmonic re- 
sponses have yet to be explained, although they 
are obviously the result of some unknown 
nonlinearity. (The subharmonic response of 
liquids in rigid tanks imdergoing vertical 
excitation was discussed in detail in ch. 8.) 

NonlltMcr Coupling 

It has been pointed out earlier that when tank 
breathing resonances occur at frequencies 
considerably higher than those of the significant 
liquid-sloshing modesj one would not normally 
consider interaction between the two motions 
to be very probable. However, where non- 
linearity exists, experimental studies (refs. 9.34 
and 9.35) have shown that this reasoning does 
not prove to be correct. 

We pointed out in the paragraphs just pre- 
ceding that a nonlinear shell response occurs 
for the forced vibration of a cylindrical shell 
containing a liquid to such a depth that the 
free surface is near an axial antinode of the 
shell modal pattern, and some measured re- 
sponse data for this case were shown in figure 
9.29. This type of response is typical for 
virtually all breathing modes, as long as the 
liquid depth is within the proper range, cor- 
responding to the shell mode being investigated. 
Within the region indicated “11” in figure 9.29, 
a most peculiar coupling occurs between the 



INTERACTION BETWEEN LIQUID PROPELLANTS AND THE ELASTIC STRUCTURE 335 


high-frequency shell motion, and low-frequency 
liquid surface motion. 

As indicated in figure 9.29, region II is 
composed of a number of subregions, within 
each of which some symmetric liquid free 
surface mode, at its respective low frequency, 
can be excited by the high-frequency breathing 
motion of the shell. The form of the first 
three symmetric liquid modes is shown in 
figure 9.30, and is based on experimental 
measmements. 

As an example, within the region marked 
“mode 1,” in the cylindrical shell described in 
the previous section, the first symmetric liquid 
surface mode is excited at about 5.1 cps by 
the shell breathing motion occurring at, say, 
856 cps (for excitation frequency at 856 cps), 
and about 0.025-millimeter shell amplitude. 
The liquid surface motion was observed in 
some cases to be as large as 1.5-centime ter 
amplitude. Simultaneously, the high-frequency 
shell motion exhibits an amplitude modulation 
at 5.1 cps. Once this type of coupling starts, 
it appears to stabilize at some amplitude 
combination for the liquid and shell, and 
continues indefinitely as long as the excitation 
conditions are unaltered. The coupling can 
be excited by either transverse or longitudinal 
excitation of the shell. 

Further experimental data for this behavior 
are shown in figure 9.31, where oscilloscope 
photographs of the shell wall and liquid surface 
responses are compared for three different 
excitational conditions and three different 
liquid modes. Only the envelope of the 
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Figure 9.30. — Fxporimental symmetric surface modes gen- 
erated by breathing vibration (ref. 9.34). 
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Figure 9.31. — Phase of tank and liquid motions for 
coupled vibration (ref. 9.34). 


modulated high-frequency shell motion can be 
seen, and the liquid surface response represents 
the liquid motion at the center of the tank. 
These photographs correspond to response 
data obtained near the m=2, ti= 5 mode in a 
cantilever shell about three-fourths full of 
liquid, conditions different from that repre- 
sented by the response curve of figure 9.29. 
However, the response photographs are typical 
of the coupling behavior, regardless of which 
shell mode is excited, and for both cantilever 
and freely supported ends. The liquid mode 
excited depends on the excitational and, there- 
fore, shell response conditions, as indicated by 
the four subregions corresponding to the first 
four symmetric liquid modes. In the 7.62- 
centimeter-diameter cylinder studied, these 
modes occurred with largest liquid response at 
5.1, 7.5, 9.4, and 11.7 cps, respectively. 

A theoretical analysis of the nonlinear 
coupling described above has recently been 
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completed by Chu and Kana (ref. 9.36). 

This report was only being written during the 
final preparation of this monograph; therefore, 
the details could not be presented here. Also, 
a somewhat similar coupling of liquid surface 
motions with a vibrating rectangular tank has 
been described in section 8.3 of chapter 8. 

9.4 COUPLING OF PROPELLANT MOTION AND 
ELASTIC TANK BOTTOM 

General Discussion 

In many respects, it appears plausible that 
the interaction between propellants and elastic 
bottom motion should display the same general 
characteristics as that between the propellants 
and the breathing vibrations of the tank walls. 

In fact, vibrations of the elastic bottom corre- 
spond to breathing vibrations of the tank. 
Hence, it might be conjectured that all of the 
general discussion of section 9.3 concerning the 
interactions of the propellants and the elastic 
walls also apply to interactions of the pro- 
pellant with an elastic bottom. Of course, 
the geometry of the bottom, as well as the 
presence of drain lines and manifolds attached 
to an actual vehicle bottom, would considerably 
complicate the analysis of the coupled bottom 
vibrations. 

Apparently, only few investigations of elastic 
bottom behavior have been performed, and 
even those are rather simple in nature, in that 
they consider only a flat bottom in an otherwise 
r^d tank. However, the results of these 
studies still give valuable qualitative indications 
of what behavior might be expected for the 
more practical, more complicated geometric ^ 
shapes and, therefore, we shall summarize them 
briefly here. 

Couplins With Fr«« Surface 

Bhuta and Koval have investigated the inter- 
action between the liquid surface oscillations in 
a rigid cylindrical tank having a thin, flat 
membrane bottom (ref. 9.37), and having a thin, 
flat plate bottom (ref. 9.38). The two analyses 
are virtually identical except, of course, that the 
thin circular membrane equation governs the 
bottom motion in the first case, while the thin 


circular plate equation governs the bottom 
motion in the second. 

The fluid is considered incompressible and 
ideal so that it is governed by Laplace’s equa- 
tion, while the boundary conditions at the tank 
walls are the same as for a completely rigid tank. 
At the fluid surface, the boundary condition is 
equation (9.7), while at the tank bottom the 
normal velocity of the liquid must equal that of 
the vibrating bottom. In either the case of 
the thin membrane bottom or the thin flat plate 
bottom, the solution for the natural \ubrational 
frequencies of the coupled boundary value 
problem results in an infinite order determinant 
for the coupled natural frequencies. 

For the membrane bottom (ref. 9.37), numer- 
ical solutions were obtained for the first several 
symmetric coupled frequencies by truncating 
the determinant at the eighth order. The 
resulting modes might be called the first several 
coupled liquid surface modes. Depending on 
the value of the membrane tension, the coupled 
membrane modes would occur at higher fre- 
quencies and could not normally be obtained 
from only an eighth-order truncation of the 
frequency determinant. Figure 9.32 shows the 
general behavior that is predicted by the 
numerical results for the first two symmetrical 
sloshing modes of the liquid surface at a rather 
shallow liquid depth. The examples are for 



Figure 9.32. — Influence of bottom elasticity on surface 
modes (ref. 9.37). 
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water in a 2.54-meter-diameter tank. Addi- 
tional numerical results are shown in tables 9.2 
and 9.3 in which the natm-al frequencies in 
radians per second are given for the first several 
symmetric modes, and comparison with several 
experimental values for water in a 7.62- 
centimeter-diameter tank is given in table 9.4. 

From the numerical examples for this case, it 
can be concluded that the bottom elasticity 
tends to lower the liquid surface natural 
frequencies below their respective values in a 


rigid tank, but the effect is rather small. It 
can further be seen that the coupling effect 
diminis hes for increasing liquid depth, and 
becomes negligible for 6/d>K. Finally, it may 
be noted that an increase in liquid density tends 
to raise the coupled sloshing frequencies very 
slightly. It must be remembered that in a 
rigid tank the sloshing frequencies are inde- 
pendent of the liquid density. Similar conclu- 
sions are found for the case of the thin, flat 
plate bottom in reference 9.38. 


Table 9.2. — Natural Frequencies in a Ri^d Tank With an Elastic Membrane Bottom 

[Ref. 9.37] 

(pt=1.00 gm/cc] 

(a) 6/a=0.10 


Mode 


Natural frequency, rad/sec, for r, dyne/cm — 


number 

1.75X10* 

8.75X10* 

1.75X 10’ 

4.37X10’ 

8.75X 10’ 

1.75X10* 

Rigid tank 

1 

2.938 

3. 140 

3.207 

3.254 

3. 271 


3. 288 

2 

5. 443 

5. 658 

5. 693 

5.713 

5.717 


5. 726 

3 

7. 632 

7. 743 

7. 757 

7. 764 

7.768 

■mu 

7. 770 


(b) 6/0=0.25 


Mode 


Natural frequency, rad/sec, for r, dyne/cm — 


number 

1.75X10* 

8.75X 10* 

1.75X 10’ 

4.37X 10’ 

8.75X10’ 

1.31X10* I 

i 

1.75X10* 

Rigid tank 

1 

4. ISO 

4. 563 

4.625 

4. 663 

4. 676 

4. 681 

4. 683 

4.689 

2.. 


7. 126 

7. 134 

7. 139 

7. 140 

7. 141 

7. 141 

7. 142 

3 

8.798 

8. 806 

8.807 

8. 807 

8. 807 

8.807 

8.808 

8.808 

4 

10. 128 

10. 129 

10. 129 

10. 129 

10. 129 

i 

10. 129 

10. 129 

10. 129 




(c) 6/o=0.50 


Mode 

number 

! 

! 

Natural frequency, rad/sec, for r, dyne/cm— 



1.75X10* 

1 

4.37X10* 

8.75X 10* 

1.75X 10’ 

8.75X 10’ 

1.75X10* 

Rigid tank 

1. 

4. 884 

5. 237 

5. 288 

5. 307 

5.319 

5.321 

5. 322 

2 

7. 350 

7. 351 

7. 352 

7.352 

7. 353 

7.353 

7. 353 

3 

8.862 

8.862 

8.862 

8.862 

8.862 

8. 862 

8.862 

4 

10. 142 

10. 142 

10.142 

10. 142 

10. 142 

10. 142 

10. 142 
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Table 9.3. — Natural Frequencies in a Rigid Tank 
With Elastic Membrane Bottom for Different 
Liquid Densities {Ref. 9.37) 


[t=4.37X10* dyne/cm; 6/a=0.501 


Mode 

Natural frequency, rad/sec 

number 

Pi= 0.0378 gram/cc 

Pi= 0.505 gram/cc 

1 

5. 237 

5. 321 

2 

7. 352 

7. 353 

3 

8. 862 

a 862 

4 

10. 142 

10. 142 


The influence of the liquid on the coupled 
bottom breathing modes was not discussed in 
reference 9.37 or 9.38, perhaps because these 
modes would occur at higher frequencies 
depending on the bottom flexibility, and a 
higher order frequency determinant would 
be necessary to predict them. However, 
judging by the influence of only the apparent 
mass effects of the liquid on a breathing shell, 
it is anticipated that the coupled bottom breath- 
ing modes would occur at considerably lower 
frequencies than their respective empty tank 
values. Such modes would have a very im- 
portant effect on the pressure distribution 
in the tank. 

A formulation of the problem of forced 
longitudinal vibration of liquid in a rigid 
tank with a thin membrane bottom has been 
performed by Tong and Fung (ref. 9.39). 
This problem differs from those above in that 
the stability of small motions of the liquid 
surface must be considered, and any practical 
fuel sloshing that results will be K-subharmonic 
in nature. The analysis, in effect, investigates 
how bottom elasticity affects the onset of the 
K-subharmonic sloshing that has been dis- 
cussed in chapter 8. Since solutions and 
numerical computations are not yet available 
from this analysis, no further discussion can 
be presented. An approximate analysis of 
forced longitudinal vibrations of liquid in a 
flexible tank, including the effects of a flexible 
bottom, has been carried out by Bleich (ref. 


9.22). The effect on pressure distribution was 
obtained by considering the volume changes of 
the flexible bottom, but the free surface kine- 
matic condition was neglected. The obtained 
approximate results are valid only for frequen- 
cies well below the resonance of the tank 
bottom. Finally, the effects of a flexible 
bottom have been included in the investi- 
gation of Palmer and Asher (ref. 9.23). 

9.5 EFFECTS OF THE ELASTIC STRUCTURE ON 
VEHICLE STABILITY AND CONTROL' 

General Discussion 

With the increasing length of space vehicles, 
the significant fimdamental bending frequen- 
cies of the structure continually become lower. 
The close grouping of control, propellant, and 
bending frequencies creates acute problems 
because of the interaction of these various 
modes with propellant sloshing. This indicates 
that an additional danger of instability re- 
sulting from propellant sloshing due to the 
elastic behavior of the vehicle is present, whicli, 
of course, becomes more critical because of 
the low bending frequencies and the overall 
low structural damping. It is possible to 
reduce these interactions by various techniques 
(refs. 9.40 and 9.41), as follows: 

(1) Proper location of the sensors, which 
minimizes the amplitude of the input signal. 
T his means that an attitude gyroscope should 
be located at an antinode; however, this can 
be accomplished for only one bending mode, 
and even then, is not exactly possible because 
of the tankage of the vehicle, and the varying 
frequencies and mode shapes diu'ing flight. 
Generally, the fundamental bending mode is 
the most critical mode and is usually phase 
stabilized, while higher modes are strongly 
attenuated. 

(2) The input from the sensors to the control 
system should have small gains at the natural 
frequencies. This can be accomplished by 
filters and shaping networks, if the frequencies 


' This section was written by Helmut F. Bauer. 


intebaction between liquid propellants and the elastic structure 339 


i 



. . \ 


' A 





' 1 


Table 9.4. — Comparison of the Fundamental Theoretical and Experimental Frequencies for Rigid Bottom 

and Flexible Bottom Tanks (Ref. 9.37) 


[pi=1.00 gram/oc; t=6.58X10‘ dyne/cm] 


Natural frequency, rad/sec 

Percent change in frequency 

Rigid tank 

Flexible bottom tank 

Theory 

Experiment 

Theory 

Experiment 

Theory 

Experiment 

4. 93 

5. 27 

4. 90 

5. 23 

0. 61 

0. 75 

5.00 

5. 43 

4. 98 

5.40 

.40 

. 55 


are not too close to the control frequency. 
At the present time, the most important point 
is the provision of appropriate filters. 

(3) Proper location of heavy propellants, 
tank geometry, proper gain settings, and 
baffles. 

As has been seen in chapter 7, the stability 
characteristics of the vehicle with respect to 
propellant sloshing is influenced by the tank 
geometry, which determines the amount of 
sloshing propellant, its location in the tank, 
and its natural frequencies. Subdivision of 
tanks into small compartments by radial walls 
offers great advantage in the reduction of 
sloshing masses, as has been discussed in 
chapter 2; furthermore, this increases the 
eigenfrequency of the propellant slightly, thus 
shifting it away from the control frequency but, 
unfortunately, a little closer to the elastic 
frequencies. Although the latter effect makes 
the situation with respect to frequency slightly 
less favorable, the main dynamic result is 
governed by the considerably reduced sloshing 
mass. 

Stability is also strongly influenced by the 
tank location; that is, the slosh mass location 
with respect to the vehicle center of mass. 
Proper gam settmgs and filters m tne control 
system providing appropriate phases also ex- 
hibit a tremendous influence upon the stability. 
A parametric study is usually made to investi- 
gate the possibility of eliminating instabilities 
resulting from propellant sloshing and indicates 
the amount of damping necessary in the tanks 


to maintain overall vehicle stability. This is 
achieved by determining stability boundaries 
in terms of the amount of damping of the 
propellant required in the tank for various 
locations along the vehicle. We shall present 
an example of such an analysis. 

For simplification in the treatment of the 
equations of motion of a space vehicle, an 
equivalent (analytical) mechanical model de- 
scribing the motion of the propellant in the 
tank is used. (See ch. 6.) Only the first 
bending mode will be considered and propellant 
sloshing in only one tank is to be included. All 
effects due to aerodynamics, inertia, and com- 
pliance of the swivel engine are neglected. It 
is furthermore assumed that only the amount 
F 2 of the total thrust F=Fi-\-F 2 is available for 
control purposes. Previous investigations of a 
rigid space vehicle with a simple attitude con- 
trol, as described in chapter 7, showed the 
possibility of a significant danger zone where 
instability can occur if the tank is not properly 
baffled. This danger zone is essentially be- 
tween the center of gravity and the center of 
instantaneous rotation. This approximation is 
only valid for values 1/Oovj<l, where v,=w,luc 
is the ratio of sloshing to the control frequency. 
For most practical cases, the center of instan- 
taneous rotation for a rigid vehicle marks 
approximately the location where the danger 
zone starts. The other intersection point of 
the stability boundary with the ^r^xis, how- 
ever, is more critical to changes in the param- 
eters. If the slosh frequency is below the 
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control frequency (natural frequency of pitch 
mode), the danger zone increases aft of the 
center of gravity, and more effective baffling 
is required for stability. Control damping 
increase in the subcritical region requires 
incteased baffling, while control damping in- 
crease in the supercritical region requires less 
baffling. 

Decreasmg the gain value, Cq, at constant 
control frequency, increases the danger zone 
slightly to the aft of the vehicle and requires 
more effective baffling. A decrease in the 
baMng requirement can be obtained by in- 
creasing the slosh frequency by a change of 
tank geometry, as discussed previously. Here, 
it can already be seen that the difficulty in 
providing control of forces resulting from 
propellant sloshing in the tank of a rigid space 
vehicle can be reduced not only by baffling but 
also by the proper choice of the tank form, and 
by proper selection of the control system. This, 
of course, is even more so if the influence of the 
elastic behavior of the space vehicle is con- 
sidered. All the large space vehicles exhibit 
very low bending frequencies, which makes the 
inclusion of at least the first bending mode 
necessary. 

EquaHons of Motion and Control Equation 

To obtain some general knowledge of the 
influence of the various parameters and to 
determine the amount of damping in the pro- 
pellant tank necessary to obtain stability, the 
interaction of translation, pitching, and bending 
motions and propellant sloshing was investi- 
gated (ref. 40) . Only the first sloshing mode is 
considered in the analysis because the effect of 
higher modes is generally negligible for circular 
cylindrical tanks.* 


r The sloehing mass of the second mode is less than 
3 percent of the sloshing mass of the first mode for a 
liquid in a cylindrical tank with circular cross section. 
In a quarter-sector tank arrangement, however, the 
next pronounced sloshing mode exhibits a mass of 
about 43 percent of that of the lowest one. (See ch. 2.) 


The coordinate system (fig. 7.1) has its origin 
in the center of gravity of the undisturbed space 
vehicle ; that is, when all generalized coordinates 
are zero. The accelerated coordinate system is 
replaced by an inertial system such that the 
vehicle is considered in an equivalent gravita- 
tional field. The x-coordinate of this inertial 
coordinate system is tangent to the standard 
flight path. Furthermore, acceleration in the 
direction of the trajectory, mass, moment of 
inertia, etc., are considered constant. 

The equations of motion have already been 
presented in chapter 7. Considering translatory 
motion, equation (7.16); pitching motion, 
equation (7.17) ; the first mode of the propellant 
motion in three containers, equation (7.20), for 
X=l, 2, 3; n=l; one bending mode, equation 
(7.22), for v=l; and a simplified control equa- 
tion of the form 

(9.15) 

one obtains (with the usual a.ssumption for 
solution of the form where suc is the 

complex frequency, 8Uc=ir+iw) homogeneous 
algebraic equations of which the coefficient 
determinant must vanish in order that a 
nontrivial solution exists. 

Stabilify Boundaries 

The main results of the influence of the 
interaction of propellant sloshing, bending 
vibrations, and the control system upon the 
stability of the space vehicle can be obtained 
if we treat the equations of motion and the 
propellant as being free to oscillate in three 
tanks. This seems to be sufficient since, usually, 
even in large space vehicles, only three of the 
tanks will exhibit large sloshing masses. The 
sloshing propellant masses of tanks with light 
propellants and tanks of smaller diameter can 
be neglected. The characteristic polynomial 
in 8 is 

12 


(9.16) 
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and the coefficient determinant is 


0 
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The coefficients Bj depend on the parameters: 

/i,=m,/mo=ratios of modal mass of Uquid 
over total mass of space vehicle 
f«=control damping 

*'i=«»/‘^«=frequency ratio of undamped 
propellant frequency to undamped 
control frequency 
7 ,= damping factor of propellant 
|j=j,/A:r= ratio of the coordinate at the 
location of the modal mass of the 
propellant to the radius of gyration 
of the space vehicle 

Y, F' = displacement and slope at the first 
bending mode. (Subscript 1, 2, 3 
means at location of sloshing masses, 
subscript Q means at location of 
gyroscope, and subscript E means 
at swivel point of the engines.) 


(9.17) 

Ma/mo=generalized mass ratio 

^B—XBjkr=Tfi.t\o of distance of swivel point 
of engines from center of gravity to 
radius of gyration 

$ 1 , ^ 2 = distance between rear tank and upper 
tanks, respectively 

Oo=gain value of attitude control system 
^B=structural damping 
■pi, p 2 = phase-lag coefficients 

The stability boundaries are characterized 
by the roots, one of which, the real part, will 
be zero, while the others are stable roots. With 
the Hurwitz theorem for a stability polynomial 
of nth degree (ref. 9.42), this is 

Bn—0 and 

where H„-i represents the Hurwitz determinant 
of the form 



B, 

Bo 

Bo 


Bo 

Bo 

B, 


0 


Bo 


0 

Bo 

Bo 

Representing the stability boundaries in 
(if. 7 »)-plane, the Hurwitz determinant Hu 
results in 

S C',({,)7l=0 
J-o 




where the functions (7^({,) are pol 3 rnomials in 
I,. The stability boundary for the undamped 
liquid is Co(?,)=0, representing intersection 


(n— 1) lines and columns 


points with the {,-axis. For all points ({„ y,) 
above the stability boundary, the system is 
stable. Because B*=0, the stability boundary 
is limited both at the left and at the right. 
From Si 2 = 0 , it is recognized that the cor- 
responding stability boundaries to the right 
and left are given in the form of straight lines 
perpendicular to the {,-axis. These boimdaries, 
however, play no practical role. Substitution 
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of {j=7.=0 into the Hurwitz determinants 
determines whether the origin is in the stable or 
unstable region. 

A necessary and sufficient condition for 
stability is that (ref. 9.43) 

(1) The coefficients B,, B,_i, B ,_3 . . .>0 

{ Bi, Bo>0 ifniseven'Y 

Bo>0 if n is odd J 

(2) The Hurwitz determinants H«_i, Hn~z, 

. . .>0 

{ Hi'^0 if n is even 
Hi'^0 if n is odd J 

To obtain the basic results of the influence 
of the propellant sloshing on the stability of the 
flexible vehicle, the propellant is considered 
free to oscillate in only one container. This 
is done by removing the fourth and fifth lines 
and column from determinant equation (9.17). 
This yields the characteristic polynomial in s 

y^.B<8^=0 

j-o 

Numerical Results 

In the numerical evaluation, the distance 
of the swivel point from the center of gravity 
was chosen as x»=12.5 meters and the radius 
of gyration as t,= 12.5 meters. The total 
length of the vehicle is 57.5 meters. Further- 
more, half of the thrust has been considered 
available for control purposes. 

For an elastic vehicle without propellant 
sloshing, it can easily be shown that for a gyro- 
scope location exhibiting positive bending mode 
slope, the vehicle is essentially stable, if proper 
structural damping is present and the phase-lag 
coefficient pj is smaller than 0.025. The various 
parameters have essentially the following 
effects. Increasing the control frequency en- 
hances the stability in the domain of positive 
bending mode slope at the gyroscope location, 
and enlarges the instability in the unstable area; 
i.e., for a gyro location exhibiting negative slope 
of the bending mode. This means that more 
structural damping would be necessary if the 
gyroscope is situated at a location on the 
vehicle exhibiting negative bending mode slope. 


A similar result is obtained for increasing con- 
trol system damping. An increase in the 
generalized mass and bending frequency shows 
the opposite effect. The larger the bending 
frequency, the more the system becomes inde- 
pendent of the location of the position gyroscope 
and structural damping. A strong effect is 
experienced by changing the phase-lag coeffi- 
cients Pi and p 2 - In the unstable area, an 
increase in pi yields an increase in stability. 
For positive bending slope, the usual structural 
damping is sufficient to guarantee stability in 
the practical range of 0<(pi<C0.2. The situ- 
ation is quite different with regard to the 
phase-lag coefficient p 2 , increase of which 
exhibits decreasing stability and limited possi- 
bilities for improvements in the location of the 
gyro. For certain values, the gyro can only be 
located within a short range of small positive 
bending slope. For p2>0.006, no gyroscope 
location can be found that will yield stability 
within the practical range of structural damping 
of the space vehicle. 

For an elastic space vehicle with a simple 
control system having no phase-lag coefficients 
(eq. (7.26) with ^2=0 and pi=p2=0), it 
can be seen that the danger zone for instability 
of the vehicle is (compared to a rigid vehicle) 
enlarged to both sides of the center of gravity, 
and the center of instantaneous rotation. This 
requires locally more (about three times more) 
damping than for a rigid space vehicle (ref. 
9.44). For increasing modal mass, n, more 
damping is needed in the danger zone to 
guarantee stability of the vehicle, as can be seen 
from figure 9.33. The vehicle is stable if a 
container of large modal sloshing mass is located 
outside the danger zone. The influence of 
decreasing frequency ratios, v„ of the propellant 
natural frequency, Wj, to the control frequency, 
u>c, is also exhibited in figure 9.33. For ^,>1 
and increasing, the stability in a decreasing 
danger zone is enhanced. The approach of the 
control frequency toward the propellant fre- 
quency, or vice versa, not only increases the 
danger zone but also requires more damping to 
maintain stability. For i',>5, the wall friction 
(y,= 0.01) is already sufficient to prevent 
instability. 
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Figure 9.33. — Stability boundaries for an elastic vehicle 
with a simple control system, varying modal mass, 
control frequency, and control damping. 


The change of the control damping, indi- 
cates that, for increasing subcritical damping, 
fc<lj the stability in the danger zone will be 
diminished, whereas, for increased supercritical 
damping, f,>l, the stability is enhanced. 
Furthermore, the danger zone decreases for 
increasing damping. 

The influence of the control factor, ao, of the 
attitude control system is considerably more 
pronounced than in the case of a rigid vehicle. 
With decreasing gain values, the danger zone 
increases tremendously over almost the com- 
plete vehicle length and demands considerable 
damping in the tanks to maintain stability 
rfis-. Q..14V 

The generalized mass of the space vehicle 
also has some influence, as shown in figure 
9.34. For increasing generalized mass, the 
trend exhibits increased stability. This means 
that uniform vehicles (Mfl/mo=0.25) are more 
stable than nonuniform ones; it furthermore 
indicates that when the propellant is nearly 
exhausted, stability will be enhanced since a 

229-648 0—67 23 



Figure 9.34. — Stability boundaries for an elastic vehicle 
with a simple control system, varying slosh frequency, 
gain factor, and generalized mass ratio. 


nonuniform vehicle approaches more and more 
the state of a uniform beam as flight time 
continues. 

One major factor in the stability of elastic 
space vehicles is the influence of the bending 
frequency. For large bending frequencies, of 
course, the stability is enhanced and approaches 
the values for a rigid vehicle. With decreasing 
bending frequency, the stability decreases and 
additional baffling is required (fig. 9.35). 

The slope of the bending mode at the loca- 
tion of the position gyroscope should preferably 
be chosen as positive, that is, the gyro is located 
aft of the bending loop; however, this is 
practically impossible. Usually, the gyroscope 
is located in front of the bending loop, and the 
slope at its location is negative. It can be 
seen that, for increasing negative slope of the 
bending mode at the gyro location, the danger 
zone is increased and the stability is decreased. 
The further the position gyro is moved from 
the bending loop toward the nose of the 
vehicle, the more damping is required, and 
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Figure 9.3S. — Stability boundaries for an elastic vehicle 
with a simple control system, varying bending frequency, 
and mode shape. 


the larger the area becomes where baffles 
have to be introduced to maintain stability. 

With twice the bending displacement, the 
stability decreases, the danger zone increases, 
and a little more than twice the amount of 
baffling is required to obtain stability. 

For an elastic space vehicle having a simple 
control system with phase-lag coefficients pi 
and pt, the situation with respect to propellant 
sloshing is quite enhanced for proper control 
gains.^ 

The phase-lag coefficients have been chosen 
for this example to be pi=0.05 second and 

• It may be noted that the simple control system 
treated here is by no means close to those customarily 
employed in actual vehicles, but was selected for 
reasons of simplicity in this treatment. Yet, even 
such a simple system already exhibits a tremendous 
improvement for the idealized vehicle having no engine 
compliances, etc. The proper description of the real 
control system, taking into account lead network, 
filters, and actuator system, would be of much higher 
order and would make the numerical evaluation very 
unwieldy. 


j}j=0.00084 second squared. Two main cases 
have been investigated. The first one considers 
the position gyroscope in a location where the 
bending mode exhibits positive slope, which 
would be a favorable location for stability. 
In the second case, the g 3 rroscope is located 
(as is in most space vehicles) in the forward part 
of the vehicle, an unfavorable location by 
necessity where the bending mode slope is 
negative. 

Figures 9.36 through 9.38 show the results 
for the first case of gyro location at positive 
bending mode slope. The danger zone is 
considerably decreased, and in most cases 
shifted toward the vicinity of the center of 
instantaneous rotation. With increasing slosh- 
ing mass, the zone increases slightly, shifts 
slowly farther toward the nose of the space 
vehicle, and requires more damping. 



slope), varying modal mass, control damping, and slosh 
frequency. 
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The change of the control damping, in- 
dicates that for increasing subcritical damping, 
the danger zone decreases and the 
stability in it is intensified. The influence of 
decreasing the frequency ratio, v„ exhibits 
the following behavior: if the two frequencies 
approach each other, the danger zone increases 
toward the end of the vehicle and requires more 
local damping; as the sloshing frequency ap- 
proaches the bending frequency, the danger 
zone appears at the tail of the vehicle and re- 
quires more bafiling to maintain stability. 
The result can be summarized by stating that 
increasing control frequency increases the 
danger zone, which when near the bending 
frequency will cover the entire vehicle. 

Increasing slosh frequency, w,<«b, first de- 
creases the danger zone to a small region about 
the center of instantaneous rotation, and then 
creates a new danger zone at the tail of the 



Figure 9.37. Stability boundaries for an elastic vehicle 
with an idealized control system (positive bending 
slope), varying generalized mass ratio, bending fre- 
quency, and mode shape. 
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Figure 9.38. — Stability boundaries for an elastic vehicle 
with an idealized control system (positive ben^ng), 
varying control system gain, and lag factor. 

vehicle as soon as it approaches the bending 
frequency. The change of the gain value, Oo, 
of the attitude control system exhibits hardly 
any influence. Increasing bending frequency, 
o)B, shifts the danger zone from the front part 
of the vehicle toward a location between the 
center of gravity and the center of instantane- 
ous rotation, which is the danger zone of a rigid 
vehicle (fig. 9.37). 

A very important influence upon the stability 
of a space vehicle is exerted by the location of 
the position gyro. (See fig. 9.38.) Shifting the 
gyro from the tail of the vehicle toward the nose 
shows a continuous decrease in stability and 
requires increasing bafiling to maintain star- 
bility. The danger zone shifts with increasing 
magnitude toward the rear of the vehicle. 
Location of the gyroscope in the region of 
positive bending mode slope is therefore de- 
sirable; however, because of the unavailability 
of a location and the gyro’s use for many stages. 
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Figure 9.39. — Stability boundaries for an elastic vehicle 
with an idealized control system (negative bending 
slope), varying mass ratio, slosh frequency, and gain 
factor. 


Figure 9.40. — Stability boundaries for an elastic vehicle 
with an idealized control system (negative bending 
slope), varying bending frequency, mode shape, and 
generalized mass ratio. 


this cannot be accomplished, so that filters 
and phase-shaping networks have to provide 
the necessary lags. The change of the phase- 
lag coefficient pi for decreasing magnitude 
shows a decrease in the danger zone and an 
enhanced stability. A small change of the 
phase-lag coefficient pz (for a gyroscope loca^ 
tion in the rear of the vehicle) does not exhibit 
any appreciable influence. 

The results of the second case of a gyro loca- 
tion at a negative bending mode slope is ex- 
hibited in figures 9.39 through 9.41 . The danger 
zone is considerably larger than in the case of a 
gyroscope location at positive slope of the 
bending mode. It is even larger than in the 
rigid body case. The danger zone is located aft 
of the center of instantaneous rotation and ex- 
tends nearly to the end of the vehicle. With 
increasing sloshing mass, more damping is re- 


quired in this zone; for smaller sloshing masses, 
it also extends toward the nose of the space 
vehicle. 

The change of the frequency ratio, v„ exhibits 
the following behavior: if the control and 

sloshing frequencies approach each other, the 
danger zone increases toward the end of the 
vehicle and requires more local damping; 
further increase of the sloshing frequency (or 
decrease of the control frequency) enhances 
stability, and thus decreases the danger zone 
and locally required damping in the propellant 
container; approaching the vehicle bending 
frequency exhibits a strong increase in the 
requirement of damping which, for a further 
increase of v„ is again considerably reduced for 
v.^S.S, and a reduction of the danger zone is 
also noticed. Maintaining control, sloshing, 
and bending frequencies well separated yields 
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Figure 9.41. — Stability boundaries for an elastic vehicle 
with an idealized control system (negative bending 
slope), varying control system parameter, and structural 
damping. 

a small baffling requirement to maintain 
vehicle stability. The change of the gain value, 
dot of the attitude control system exhibits no 
change of the danger zone and only a slight 
increase of local damping requirements for 
increasing magnitude. 

Figure 9.40 shows the influence of increasing 
bending frequency. For low bending fre- 
quency, of course, the danger zone is large and 


nearly covers the vehicle, past the center of 
instantaneous rotation, with large local damp- 
ing requirements. With increasing bending 
frequency the danger zone reduces to that of the 
rigid body case and diminishes the local 
baffling requirements by a factor of about 7. 

The influence of the location of the position 
gyroscope is again shown and exhibits essen- 
tially the same character as in the previous 
case. Positive slope of the bending mode at 
the location of the position gyro is very favor- 
able for the stability of the vehicle. There is 
only a very small danger zone around the 
center of instantaneous rotation where the 
wall friction of the propellant in the container 
is already sufficient to maintain stability of the 
vehicle. For a gyro location exhibiting zero 
slope of the bending mode, the baffling re- 
quirements are about the same as those of the 
rigid body case, while for a location of the 
g3Tro on the vehicle with negative bending mode 
slope, the danger zone is enlarged from the 
center of instantaneous rotation toward the 
rear of the vehicle. There is also an additional 
danger zone in front of the center of instants^ 
neous rotation. Both zones require large local 
damping. For increasing magnitude, the 
change of the generalized mass ratio, MbIttio, 
shows a slowly decreasing danger zone and 
decreasing local baffle requirements. 

Figure 9.41 shows the effects of change of the 
phase-lag coefficients. The increase of pi at 
first shows a slight decrease in stability but 
improves stability at a further increase. The 
slight variation of the phase-lag coefficient 
does not exhibit much change in stability. 
Finally, the increase of structural damping, ga, 
slightly improves the stability of the space 
vehicle with respect to propellant sloshing. 


APPENDIX 


The kinetic and potential energy coefficients, 
mtj and kt), for the tank, subject to coupled 
bending and liquid oscillations as shown in 
figure 9.1, are given below. These are essen- 
tially the same as those given by Miles (ref. 
9,5). Following Miles, i=3 corresponds to a 


bending displacement along d=0 and t=s+3 
corresponds to a displacement of the free 
liquid surface from a plane normal to the axis 
of the tank. The bars over the coefficients 
indicate normalization by the total liquid mass, 
M=Trc?hpL. 
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The following notation has been used: 


Cantilever Tank 



j;(/3.)=o 

The m</, ku, and assumed bending mode 
shapes for the cantilever tank are given as fol- 
lows. 

♦The second term in the brackets includes the effect 
of rotary, inertia of the tank walls not included in 
ref. 9.5. M, is the total tank mass. 
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Co= velocity of sound in fluid at 
reference static pressure 
TPh^ 

D=T 7 rr, 5 r=stiffness coeffi- 

12 ( 1 — 1 '') 

cient 

d=tank diameter 
£)=modulus of elasticity 
y=frequency (cps) 
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/„„= natural frequency of m, nth 
breathing mode of a cir- 
cular cylindrical shell 
(cps) 

/(2)=mode shape function for 
bending tank 
p= acceleration of gravity 
structural damping 
A = shell wall thickness 
^B=bottom thickness 
B, /#= ordinary and modified nth- 
order Bessel functions 


A:«= —= compressibility 
Co 


factor 
in a breathing 


of fluid 
tank 

ki. generalized stiffness coeffi- 
cient 

A:, = radius of gyration of space 
vehicle about the mass 
center 

Z=tank length 

Ms/mo=generalized mass ratio 

m= axial wave number for 
breathing cylindrical tank 
m,= empty tank mass 
m/=fluid apparent mass 
w<,/= generalized mass coefficient 
n= circumferential wave niun- 
ber for breathing tank 

■-^^= axial internal static 


n,= 


2Eh' 


pressure parameter 

n«=^= tangential internal 

static pressure parameter 
Po= internal static pressure 
Pu 2>j=phase-lag coefficients 
Q(r)=unsteady pressure radial 
mode function 

0= unsteady internal pressure 
2i= generalized coordinate 
r, B, Z= cylindrical coordinates (fig. 
9.1) 

r= kinetic energy 
Z=time 

F,(<), TF,(Z) = axial, tangential, and radial 
displacement of middle 
surface of breathing shell 
as functions of time 


«, V, w= axial, tangential, and radial 
displacement of middle 
surface of a circular cylin- 
drical shell 


potential energy 

X, y, 3=cylindrical shell coordinates 

(fig. 9.8) 

Y, F'= displacement and slope at 

the first bending mode. 
(Subscripts 1, 2, 3 mean 
at locations of slosh- 
ing masses, subscript 6 
means at location of 
gyroscope, and subscript 
E means at swivel point 
of the engines.) 

z = axial coordinate from liquid 
center of gravity (fig. 9.1) 
a = A/a = shell thickness factor 
for breathing tank 
7,— damping factor of pro- 
pellant 

dimensional frequency 
parameter for a breath- 
ing tank 

f ==liquid surface displacement 
above undisturbed level 
fc= control damping 

A7B=^^=shell wavelength fac- 


= non- 


tor for breathing tank 
M»=m,/mo=ratios of modal 
mass of liquid over total 
mass of space vehicle 
v= Poisson’s ratio 


»»,=w,/wc=frequency ratio of 
undamped propellant 
frequency to undamped 
control frequency 
Sb $2= distance between rear tank 
and upper tanks, respec- 
tively 

ratio of distance of 
swivel point of engines 
from center of gravity 
to radius of gyration 
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{,=a:,/tr= ratio of the coordi- 
nate at the location of 
the modal mass of the 
propellant to the radius 
of g 3 Tation of the space 
vehicle 

pi = liquid mass density 
Po= fluid mass density at ref- 
erence static pressure 
Pj= shell mass density 
r= bottom membrane tension 
4>=liquid velocity potential 


^(r, ff)=liquid surface mode shape 
function 

a<j=coupling coefficients for 
sloshing in bending tank 
w= circular frequency 
«,= empty tank resonant bend- 
ing frequency 

resonant frequency for ith 
coordinate, i=l, 2, 3 . . . 
u,+ 3 = uncoupled liquid sloshing 
frequencies 


Chapter 10 


Special Topics 

Part I. Liquid Impact on Tank Bulkheads 

John F. Dalzell 


10.1 INTRODUaORY REMARKS ON DOME 
IMPAa 

There are a number of possible operational 
situations where a sudden thrust reversal on 
the rocket or spacecraft may produce a sudden 
alteration in the apparent relative gravitational 
field of the fluid in the various propellant tanks, 
and thus cause or tend to cause the fluid to 
reorient itself at the opposite end of the tank 
with such rapidity as to produce impact-type 
loading on the far bulkhead. These situations 
may be divided, for present purposes, into two 
general types: 

(1) Maneuvering or docking of spacecraft in 
an essentially low gravity environment. 

(2) Thrust termination in the atmosphere. 

The impulsive accelerations imposed upon a 

space vehicle during docking are very much a 
function of the operational procedures and 
latching and shock-absorbing systems involved 
for the particular vehicle. Typical studies of 
the first-generation docking program (ref. 10.1) 
neglect the fluid dynamics of contained fluids. 
As of this writing, quantitative estimates of the 
effect of motions of contained liquids on the 
motions of spacecraft seem to be confined to 
the admittedly preliminary analysis of reference 
10.2. Methods for estimating the possibility of 
flmd impact in this case, and of the pressures 
involved, seem not readily available, though the 
entire field of low-gravity fluid mechanics is 
under intensive study at the present time. 
The extent of practical estimation procedmes 


is summarized in chapter 11, section 11.5, to 
which the reader is referred. 

The second general situation mentioned 
above, thrust termination or alteration in the 
atmosphere, has been of some concern up to 
the present and it will be the purpose in the 
remainder of this section to review what work 
has been accomplished in this area. 

Thrust termination in the atmosphere before 
virtually all of the propellants have been used 
can be intentional (mission abort, or perhaps 
associated with short-range ballistic missile 
flights) or unintentional (engine failure or 
premature ignition during staging). In either 
event, the possible rupture of a tank bulkhead 
could result in a structural breakup or, in the 
case of hypergolic fuels, could result in a fireball. 
In the cases of interest to manned space flight, 
either the intentional or unintentional thrust 
termination case will probably spoil the mission 
and indirectly destroy the booster rocket (at 
least until such time as practical booster 
recovery techniques are perfected). As far as 
current practice is concerned, whether or not 
the upper bulkhead (or dome) of a booster 
ruptures will be of no consequence to the 
\dtimate disposition of the booster; however, it 
is necessary during an abort to separate the 
man-carrying upper stages and anything else 
recoverable and to insiire that this equipment 
and the men aboard are a safe distance from 
the booster before it breaks up or a fireball is 
formed. Hence, the possibility of rupturing 
tank biilkheads by fluid impact during an abort 
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or engine malfunction may be an important 
safety consideration. 

Experimental investigations of dome-impact 
phenomena are limited in number. Chrono- 
logically, the first of three such studies was 
carried out in 1957 at Southwest Research 
Institute (ref. 10.3), later published in con- 
densed form (ref. 10.4). The second and third 
studies (refs. 10.6 and 10.6) were carried out 
almost simultaneously 7 years later at NASA 
Langley and Southwest Research Institute. 
Owing to the difficulty in documenting the 
importance of this problem from operational 
failures, and to the great diversity of rocket 
attitudes, accelerations, etc., which are possible 
when thrust is terminated, the overall problem 
is not presently well set from the fluid dynami- 
cist’s point of view, either experimentally or 
theoretically. As a consequence, much of the 
experimental work to be reviewed is exploratory 
in nature, and an adequate theoretical treat- 
ment has yet to be developed. Engineering 
analyses are of the "order of magnitude” 
variety, impact pressures estimated being very 
much a function of initial assumptions regarding 
fluid behavior (refs. 10.7 and 10.8). 

10.2 SOME ESTIMATES OF THE CONDITIONS 
IMPOSED ON THE TANK FLUID BY THRUST 
TERMINATION 

As mentioned previously, the diversity of 
possible rocket attitudes, accelerations, and 
operational situations when thrust is unexpect- 
edly terminated is so great that simple generali- 
zations covering all possibilities are not feasible, 
it must be assumed that the data will be at 
hand to estimate the drag deceleration and sub- 
sequent behavior of the vehicle for thrust 
termination or for loss of attitude control 
during any portion of the flight. With such 
estimates, the possibilities of fluid impact on 
the dome can be assessed and the boundary 
conditions for the fluid dynamic problem set. 

However, it is not possible for interpretative 
reasons to sidestep this question altogether in 
the present treatment, and some crude esti- 
mates of conditions which may be expected are 
necessary. For simplicity, it will be assumed 
that initially a rocket vehicle is proceeding on 
some assigned trajectory under power and con- 


trol in the Earth’s atmosphere when engine 
failure or intentional shutdown occurs. It is 
further assumed that staging does not also 
occur, and that any portions of the vehicle 
which are separated after thrust termination are 
of neghgible mass relative to the original vehicle 
assembly. The wealth of data contained in 
reference 10.9 allows some estimates of this 
situation to be made which may serve present 
purposes. 

For a gross treatment of the accelerations 
imposed on the vehicle, it will be assumed that 
the vehicle is a material point located at the 
vehicle center of gravity. Simplified two- 
dimensional trajectory equations are derived in 
reference 10.9. section 6.22, in tangential 
(direction of velocity vector) and normal coor- 
dinates, neglecting Earth rotation. Figure 10.1 
indicates the forces on the rocket as a point 
mass (from ref. 10.9). In this figure 


W=mg 

m=rocket mass 
< 7 = local gra^-ity 
i=lift force 
Z)=drag force 
7’= engine thrust 

u, D= normal and tangential velocities 
a = angle of attack 
»»= flight path angle 
Co = Earth radius 


The corresponding differential equations for 
trajectory anal}’sis are given in reference 10.9 as 


T cos a 

_D_ 

• n 1 

m 

m 

y ' 

T sin a. 



mv 

mv 

V 




Y ( 10 . 1 ) 


Integration of these coupled equations gives 
velocity, v, and flight path angle, v, as functions 
of time. For present purposes, it is convenient 
to rewrite the equations for an approximation to 
tangential and normal accelerations (r, ii) 


V- 

u 


T cos g 
m 

Tsina 

m 



( 10 . 2 ) 
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Particle 
at x„y„ 
of mass m, 


mi, is assumed acted upon by forces, J?, and 2?*, 
as shoAvn in figure 10.1(b). Conceptually, 
these forces are exerted on the particle by the 
tank; aerodynamic forces and thrust do not act 
directly on the particle, which is assumed to be 
of a much smaller order of magnitude than, and 
contained, in the “material point” of figure 
10.1(a). Rotation of the material point 
(rocket) is also neglected. From figure 10.1(b), 
the equations of motion are 


^i+p cos a+ii sin a=——g cos (j'+a) 

Tft\ 

R 

Xi—v sin a+ii cos a=~-{-g sin (f+a) 


(10.3) 


(Magnitudes of yi and Xi are grossly distorted in 
figure 10.1(b) relative to r; the particle weight 
vector (m'fff) is sensibly parallel to local vertical.) 

Substitution of the accelerations of the origin 
of the moving coordinate system, equation 
(10.2) into equation (10.3) yields 


Ry ,D cos a—L sin a—T 

»‘-^+ m 

„ 2? sin a+L cos a 

Xi — ■■ 

mi m 


(10.4) 



In effect, this result illustrates the point that 
both the fluid and the tank are in free fall. 
Consequently, the relative acceleration between 
fluid and tank is independent of the flight path 
angle, v, and of local gravity, g. 

The axial aerodynamic force on the rocket, 
Fy, and the normal aerodynamic force, F*, are 


sin a— Z? cos a I 
Fx=L cos a+D sin a J 

Substituting in equation (10.4) gives 


(10.5) 


Figube 10.1. — Coordinate systems. 

In a similar way, crude equations of motion 
of a single small particle of fluid in one of the 
rocket tanks can be written. Taking a moving 
coordinate system, origin at the material point 
of figure 10.1(a), with y-axis alined with the 
rocket longitudinal axis, a fluid particle of mass. 


Jf TJLW ^ 

mi m J 


( 10 . 6 ) 


It appears from reference 10.9 that angles of 
attack, a, of 10° or less are generally desirable 
from structural considerations. Consequently, 
the angle of attack might be assumed small for 
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present purposes, since the present example 
assumes a controlled vehicle up to the point of 
thrust termination. (The perturbations in 
direction of thrust were also neglected as small 
deviations in the above analysis.) For small 
angles of attack the aerodynamic lift, L, on an 
unfinned body of revolution might be expected 
to be (from ref. 10.9, sec. 5.2) 

i « g[2 (^2 ~ ki)Stia + rjCocA 
and the increment of drag due to lift 

AD « q[(h-ki)S^^+vCDcA 

where 

g= dynamic pressure 
Sb = &re& of base of rocket 
(io— ^i)=inertia coefiicients 

adjusted crossflow drag coeffi- 
cient 

.dp=projected lateral area 

The above approximations should be represent- 
ative for transonic velocity as well as subsonic, 
according to reference 10.9. Thus, the incre- 
ment to axial force due to lift will be (linearized) 

AFy»La—AD 

->q[{k,-h)S,c^] 


A,^ldk„ 

where 

kp varies from 0.6 to 0.9 
Z= overall vehicle length 
d=base diameter 

Thus 

Ay _. vkp /^\ 

4 W 

From reference 10.9, section 5.2, both {k 2 —ki) 
and 7? are functions of (l/d). Again, very 
crudely, between ljd=b and 20 

(0.57) -b (0.01) (Z/d) 

The crossflow drag coefficient Cdc is a function 
of Mach number and angle of attack, but its 
total variation is between 1 .2 and 1 .8, approxi- 
mately. Thus, 

(a) [(o-57)+(o.oi) (i)] 

where it* might range from 2 to 20 for vehicles 
with Ijd from 5 to 20. Similarly from reference 
10.9 

0.8<(it2-iti)<l for 5<Z/d<20 


and the increment to normal force due to lift 
will be 

AFx^L-\-AD‘ a 

^qliki — ij)<Sj(2a-f-«’)-l-i7C2jc-A,(«*-ba*)] 
Manipulating 

^^Mk2-kM2cc+cd)+vCoc ^ [«^+a«] 

«(^2-Z:i)(2a)-b7?C«7|-'a* 

Oft 

(The omitted powers of a introduce only a small 
percentage error for a<10°.) 

For orders of magnitude for most vehicles 


Thus, for orders of magnitude 
^^k^oc+kW 

gOft 


qSi 


where 


2.0 < it* <20 

1.6<it*<2.0 

0.8<it»<1.0 

The basic drag at zero angle of attack for cone 
cylinders without fins in the transonic range 
seems to be made up of friction, base and wave 
drag, and it might be assumed that these com- 
ponents of drag will not be greatly changed for 
small deviations in angle of attack. Con- 
sequently, it will be assumed that the drag 
force at zero angle of attack is the remaining 
part of Fy 
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A 2 F, » — D(tt-oy » ~<7'5»C'd„_o 

where, for orders of magnitude, Cd„.(, varies 
between 0.15 and 0.8. Combining all the 
above results gives 

where the coeflBcients have the ranges previously 
cited. Substituting the above approximations 
into equations (10.6) then leads to 


For angles of attack of 10° or less, the denomi- 
nator in the expression above is insensitive to a. 
Depending on rocket velocity and altitude, the 
magnitude of rocket thrust, T, can be very 
much larger than the drag Pa*)] 

with the result that the denominator in equation 
(10.9) can be very large. During flight through 
the atmosphere, the dynamic pressure, q, is 
generally a maximum somewhere. If this 
occurs at the transonic peak in the drag coeffi- 
cient (Ci)„.j»0.8), the denominator in equation 
(10.9) is approximately minimized with respect 
to drag variation and is approximately equal 
to 


* wii m 


a:i« 


Rz qS.ik^a+k^c^] 


rni 


m 


where 


(10.7) 


0.15<Cfl,_j<0.8 

2<P<20 

1.6<P<2 

0.8<P<1 


If the fluid in the tanks is not moving prior 
to thrust termination and has no relative velocity 
or acceleration, x and for each particle is 
zero and the forces exerted on each particle are 


m 

E> „ 2iS's[Pa-l-Pa*] 
ICx=mi 

m 


( 10 . 8 ) 


The sketch given in figure 10.1(c) indicates the 
positive directions of iZ, and Ry. The quiescent 
fluid free surface will be approximately normal 
to the resultant, i?, of i?, and By, as shown. 
Then, the angle the free surface makes with the 
normal to the tank axis Is 


1 

?a+kW 1 


T ill 

L2<S»(C7z>..o-Fa*) 


(10.9) 



From reference 10.9, the practical variation in 
the quantity, T/Sb, for multistage rockets 
built or projected as of the date of that reference, 
appears to lie between 1.0 and 2.5 kg/cm*, for 
the first stages of multistage vehicles having 
thrusts varying from 13,000 to 4 million kg, 
with values of 2 to 2.5 kg/cm* for man-carrying 
vehicles. If maximum q is assmned to be 1 or 
1.5 kg/cm*, then a plausible lower limit on the 
denominator of equation (10.9) is approximately 
unity for the maximum q condition for man- 
carrying vehicles. These considerations imply 
a plausible range for tan jS of 

0<tan|3<(2a-f-20a*) 

The lower limit corresponds to a=0 or very 
low q; the upper end of the range to maximiun q. 
Evaluation of this upper range indicates that 
between angles of attack of 0 and 10°, the 
angle jS varies between 0 and 2 to 4K times a for 
large booster vehicles in normal flight (before 
thrust termination). 

If the thrust, T, should terminate, and the 
angle of attack and velocity does not change 
while the fluid is reorienting itself, the final 
angle, fl, is approximated by 

tan 

The right-hand side of equation (10.10) is 
essentially the ratio between the normal and 
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axial aerodynamic force coefficients. In addi- 
tion to the condition (a=0), which means 
(3=180° in this case (since the fluid must end 
up in the opposite end of the tank), an upper 
and lower bound can be put on /3 as a function 
of a by inserting the previously cited ranges of 
P, P, and Cd^_^ into equation (10.10). 
One “bound” is found for the “high lift,” sub- 
sonic velocity case (Oz),,_g«0.15) and another 
for the “low lift,” sonic velocity case. Both 
are plotted in figure 10.2 along with the range 
on /3 found previously for the case before thrust 
termination, and some sketches indicating the 
range of quiescent fluid siuface positions for 
a = 5°. 

The results for 8 before thrust termination 
indicate a possible range of initial conditions 
for the fluid. Normal sloshing can easily be 
visualized superimposed on the initial fluid 
angle. Even in a vehicle under control to 
within ±3° angle of attack, the initial fluid 
angle may approach 10° from the tank axis 
normal. The estimates for the final angle of 8 
after thrust termination presuppose that rocket 
velocity, angle of attack, and so forth, do not 


Lo. 5» 




\r^‘ 




iFli 

7I7T 


18 “ 



Without 

Thrust 



change for the time required for the fluid to 
come to rest. This assumption is, of course, 
incorrect and the meaning of these final angles 
is subject to further considerations on the 
dynamics of the vehicle. 

When thrust is terminated at t=0, the second 
of equations (10.6) for the hypothetical particle 
is unchanged. The first of equations (10.6) 
becomes 


^ v_^v I ^ ^ ^ ^ no 11) 

m rui m 

Since (D cos a) predominates over (L sin a), 
the particle is accelerated upward. If is 
also assumed zero at t—0 


Vi 


i-F,) 

m 


( 10 . 12 ) 


and the distance through which the particle 
travels toward the upper bulkhead, y, in time, 
t, becomes 

- -F,t^ Fy^t^ 

^ m 2 m 2 


assuming Fy is constant during time t, {Fy= 
—Fy^ and that the particle was initially at rest. 
If h denotes the distance of the free liquid 
surface from the upper bulkhead, the minimum 
time required for a particle on the free siurface 
to reach the bulkhead will be approximately 


The Tnininmim time required for a particle on 
the bottom of the tank to reach the position 
of the hypothetical ultimate free surface 
(fig. 10.2) will be about the same. Since the 
fluid particles react with one another and 
there will be a resistance to flow, the first 
of the fluid should reach the upper bulkhead 
slightly later than and the time required 
for the fluid to move to an even approximately 
final position may be several times equation 
(10.13). As the tank empties, h-^h thus 
raising the time to impact. Equation (10.13) 
suggests a nondimensional representation for 
time in the form 


Figure 10.2.— Variatioo of liquid free surface orientation 
with respect to tank axis. 
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t=r yj- 


26m 


»0 


(10.14) 


As mentioned in a previous paragraph, the 
question of how long the relative acceleration 
of particle and tank persists is of considerable 
importance. After t=0, and assuming no inter- 
action between fluid particles, from equations 
(10.6) and (10.12) 


yi=- 

Xi = - 


.Ev 

m 

m 


(10.15) 


What is sought, consequently, is the variation 
with time of the aerodynamic forces which are 
explicit functions of rocket velocity and angle 
of attack and, thus, indirectly functions of 
flight path angle. This amounts to a general 
integration of the nonlinear trajectory equa- 
tions (10.1) and is not feasible, in general. 
Some rough magnitudes may be found from 
special cases. If angle of attack, a, and flight 
path angle, v, are zero, and thrust, T, is zero 
at t=0, and gravity is negligible, equations 
(10.1) become 

Da. 


v=- 


i-=0 


m 


(10.16) 


If it is assumed that the drag can be linearized 
as 

D=D^-\-D', (v—vo) 

where 

Z?o=drag at t=0, v=Vo, a—0 
dD\ 


d;= 


bv 


then 


o-Ho 


m mm 


(10.17) 


From equation (10.17), the rocket velocity 
might behave for short ranges of velocity as 


Dn / 

«= fo — ^(^1 — e 


1 — e 


(10.18) 


Substituting equation (10.18) . in the drag 
force approximation then gives 


D^Doe ™ 


(10.19) 


Assuming that axial aerodynamic force, Fy, is 
largely drag, the first of equations (10.15) 
becomes 


D'Jt 


or 


Fvt^ — 

m 


D'ji 

(2/1)0 


( 10 . 20 ) 


where (yi)o=relative acceleration at t=0. Non- 
dimensionalizing time with equations (10.14) 
gives 

■^J (10.21) 

(2/1)0 

with respect to the quantity (Z?j,)*/I?o in 
equation (10.21) 

(m Y 

(Z?'.)^ _ v ^ \v-J 

Da Da 

( 10 . 22 ) 

Substitution of the standard analytic forms for 
Cd as functions of velocity into the bracketed 
portion of equation (10.22) indicates that the 
value of the expression in brackets does not 
vary greatly with velocity and has a maximum 
of unity. Consequently 

I 

For orders of magnitude (Cz>)m*x 1 and 
(D',y 


Da 


■>2pSa 


229-648 0—67 24 
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Substituting in equation (10.21) 


pStni/i 


(10.23) 


The quantity represents the mass of 

displaced air over rocket mass and could easily 
have a maximum of only 0.001 for typical 
booster vehicles. Since b is by definition at 
most the length of the tank, a plausible upper 

limit on is 2.0, assuming at least two tanks 
in the vehicle. These considerations lead to 


1> >e 


(10.24) 


1>t|V>0.6 

{ViJo 

(At the end of a time interval 10 times as long 
as the time required for the first particle to 
impact the upper bulkhead.) 

Most of the assumptions above are fairly 
conservative, and it seems plausible to assume 
that the relative axial acceleration of equation 
(10.15) changes quite slowly with respect to 
the time required for initial portions of the 
fluid impact. Equation (10.22) for [(D'^y/Do] 
and the subsequent orders of magnitude also 
imply that the velocity, v, varies slowly. This 
indicates that the flight path angle, v, of the 
rocket having zero angle of attack during and 
after thrust termination will be very little 
different that that of the free particle in the 
tank “falling” toward the upper bulkhead, or 
at least the period of negligible change will 
not be much shorter than that for relative axial 
acceleration. 

The normal relative acceleration of the fluid, 
Xi (eq. (10.15)), is angle of attack, a, sensitive. 
Given thrust and control termination at some 
angle of attack, ao, the lateral forces, Fi, will 
tend to zero for the aerodynamically stable 
vehicle, and tend to increase for the unstable 
vehicle. In terms of large launch vehicles, the 
aerodynamically unstable case is the more 
pertinent. 


Writing a grossly simplified equation of 
motion for the vehicle, after thrust and control 
termination 

Ia^Ma-<x (10.25) 

(Moments are taken about the vehicle center 
of gravity.) 


where 


7= mass moment of inertia of the vehicle 

OOL a-0 

M= aerodynamic moment 
ao=angle of attack at t=0 


from which the angle of attack, a, would be 
expected to diverge as (ref. 10.9) 


— cosh • t 

Otn \ I 


Substituting equation (10.14) 




Assuming, as before, that 
Fx<=>qSJc^a (for small a) 


- Y ^ Y — 

(F,g=normal force at thrust termination) 
and then using equation (10.15) 


The order of magnitude of the radical of 
equation (10.27) is of interest 


Ooi ai-OQ 


where 


2=distance of “center of pressure” forward 
of the center of gravity 
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Using previously estimated expressions for 
Fx and Fy 


1 

F 


da 


qS,(k^+2k^ao) 

k^+2k^ao 


(for ao<10°) 


Ci>a-0 

or (using previously estimated coefficients) 

where the low end roughly corresponds to very 
low angle of attack, transonic velocity, and the 
upper end roughly corresponds to subsonic 
velocity and ao»1.5°. 

For the aerodynamically unstable vehicle, a 
minimum for Z would be near zero and a maxi- 
mum perhaps, 0.4/. Under these assumptions 

0<^<NI 

^va 


where 

N: 


{ 0.8 for low a, transonic velocity 
8.0 for subsonic velocity, ao = l-5° 


The moment of inertia of a slender vehicle may 
be approximately 

Consequently 

2m 32 

~T~' P 

The preceding approximations lead to 
where 

{ 0<«7<5 for low a, transonic velocity 
0<«7<16 for a = 1.5°, subsonic velocity 

If (t?/uo)* is constant, the time, t, for the relative 
normal acceleration to double will be 


1.32 fl 


Assuming l!h=^, the relative normal accelera- 
tion could double in one-half the time required 
for a particle at the initial free surface to 
“fall” to the upper bulkhead under the in- 
fluence of a constant initial relative axial 
acceleration of (yOo- It seems possible that 
the normal relative acceleration can appreciably 
increase during time intervals of the same 
magnitude as those required for initial portions 
of impact, indeed under the worst of circum- 
stances a free particle starting to “fall” from 
one side of the tank may tend to “fall” across 
the tank rather than along the tank axis. 

In general, then, the “final” fluid angles 
shown in figure 10.2 could only occur for a 
neutrally stable vehicle. 

The treatment above excludes the possibility 
of upper stage exhaust-gas impingement on a 
separated lower stage during premature staging. 
This was considered for some special cases in 
reference 10.7 and, as far as the present treat- 
ment is concerned, can very appreciably in- 
crease the relative axial acceleration of the 
fluid for a time which is of the same magnitude 
as the time required for initial portions of 
impact. Consequently, while the crude analysis 
preceding implies a suddenly applied K- to 2-g 
relative axial acceleration which decays very 
slowly, exhaust-gas impingement may produce a 
relative acceleration pulse. Both types of 
axial acceleration time histories have been 
used in simulation. 

From the simulation vie\vpoint, the relative 
normal acceleration is the most difficult to 
rationalize. If the fluid has an initial quiescent 
inclination when thrust is terminated, it is 
probably the result of vehicle angle of attack, 
and in all cases (except the unlikely one of 
neutral aerodynamic stability) this angle of 
attack may change quite rapidly with a con- 
sequent rapid variation of normal relative 
acceleration with time. In the aerodynamically 
stable vehicle, this normal acceleration may 
decay rapidly enough to zero that the effect of 
normal acceleration on the impact problem may 
only be to bias the motion of the fluid toward one 
side of the tank or the other. In the aero- 
dynamically unstable case, the very presence 
of an appreciably inclined initial fluid free surface 
implies an appreciable angle of attack which, in 
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turn (depending on the degree of instability), 
practically guarantees a radical increase in 
normal relative acceleration during times of the 
same magnitude required for the fluid to “fall” 
from one position in the tank to another. This 
situation also indicates that the probable mode 
of motion of the fluid will be to rim “up” one 
side of the tank toward the upper bulkhead. 

It should also be noted that the fluid can have 
initial motion in the form of normal lateral 
sloshing and that this may appreciably affect 
the behavior of the fluid after thrust termination. 
This has been verified experimentally. 

Since all practical tanks are elastic, the rela- 
tive acceleration conditions before thrust termi- 
nation may influence the impact indirectly by 
deforming the lower bulkhead under the inertial 
loads of the liquid. Upon thrust termination, 
the lower bulkhead could impart additional 
relative acceleration to the fluid, thus having 
the effect of shortening time to impact and 
probably accentuating impact pressures. This 
point has not, to date, been investigated 
thoroughly. 

10.3 REVIEW OF EXPERIMENTAL WORK 

Egriy Exptrimcnfs at Southwest Research Institute 
(reh. 10.3 and 10.4) 

The objective of this first study was to 
determine the pressures resulting from the im- 
pact of fuel on the head of a fuel tank in a 
particular suddenly decelerated guided missile. 
Though the initial prototype acceleration before 
thrust termination was not specified, a change 
in acceleration of up to 0.6 g was specified for a 
1.8-meter-diameter fuel tank containing kero- 
sene and a helium pressurant at 3 atmospheres. 
A similarity analysis was performed, assuming 
that the parameters of importance were: 

(1) Characteristic linear dimensions 

(2) Acceleration change 

(3) Time 

(4) Liquid impact pressures 

(5) Surface tension of liquid 

(6) Density of liquid 

(7) Density of pressurant 

(8) Viscosity of liquid 

(9) Viscosity of gas 


Similitude requirements were found to be 
quite closely satisfied by a 14.3-centimeter- 
diameter tank containing carbon tetrachloride 
as the liquid and /3-butylene at atmospheres 
as the pressurant. The associated model to 
prototype time ratio was 0.031, the model to 
prototype pressure ratio was 12.4, and the model 
to prototype acceleration ratio was 82.5. Im- 
plicit in the modeling assumption was that the 
acceleration field immediately prior to the ac- 
celeration change would have no effect on im- 
pact forces; i.e., no lower bulkhead spring 
back effect. 

The apparatus used (pictiued in ch. 5, 
fig. 5.28) was a pneumatically driven device 
which was capable of accelerating a small 
model toward the Earth over a distance of 
about 60 centimeters at up to 50 g's. This 
apparatus is shown schematically in figure 10.3. 
Since it was desired to explore the effects of 
normal relative acceleration, it was possible to 
incline the apparatus to the vertical by the 
angle 6, as shown. The tank is supported on 
a piston rod which is constrained to move 
axially. Just before firing, the accelerating 
force is balanced by a restraining force. Ft, 
applied through a mechanical latch. Fixing a 


y 



Ficurb 10.3. — Schematic of liquid impact teat facility 
(ref. 10.4). 
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coordinate system at the tank position before 
release, the equations of motion for the tank 
assembly after release are 


Mtyi=—F,—M,g cos e 

z ,=0 

An isolated particle m<, in the absence of reac- 
tion with other particles or the tank, has 
equations of motion 


mtyi——mig cos 6 
miXi——mtg sin 6 


Thus, the relative accelerations between a hypo- 
thetical free-falling particle and the tank are 


y==yi-yt=^=g-n{t) 

X=Xt—Xt=—g sin 6 


(10.28) 


The quantity g-n{t) is proportional to the 
change in signal from an accelerometer mounted 
with sensitive axis parallel to the tank axis. 
The time history of the acceleration pulse had 
a roughly trapezoidal shape, as shown in figure 
10.4. It is the character of the apparatus 
that the duration of the acceleration stroke is 
quite sharply defined, thus making it possible 
to compute an acceleration index, n„ which is 
the uniform acceleration necessary for the tank 
to travel the constant stroke of the apparatus, 
S, in the observed time, T,. Thus 



(10.29) 



Figure 10.4. Normalized acceleration pulses obtained in 
test facility (ref. 10.6). 


The quantity (p- 71,) is inclusive of (p cosd), and, 
therefore, the relative acceleration of the fiuid 
in the tank can be normalized by the quantity 
lp(n,— cos d)], as shown in figure 10.4 (for 6=0). 
The shaded band in figure 10.4 denotes the 
range of values of normalized relative accelera- 
tion pulse obtained in a series of vertical firings. 

It can be noted from equation (10.28) that 
the relative acceleration normal to the tank 
axis is always constant. Strictly, then, the 
relative acceleration conditions imposed on the 
fluid in this apparatus are what might be 
expected in the initial stages of thrust termina- 
tion on a vehicle having neutral aerodynamic 
stability. In light of the possible radical varia- 
tion of normal relative acceleration during the 
time of interest, this inherent constancy of nor- 
mal acceleration is an experimental deficiency. 
However, in light of what is practical in an 
exploratory investigation, it comes to ration- 
alizing this deficiency or doing nothing about 
the problem. The results from this apparatus 
remain the only available approximations to 
what may happen when relative normal accel- 
erations are appreciable. 

Some additional characteristics of the appa- 
ratus may be approximated. Figure 10.4 justi- 
fies an assumption of roughly constant accelera- 
tion over a length of time, T„ or 

n(t ) » cos 6 (10.30) 

Integrating the first of equation (10.28) twice, 
under the assumptions that 

Ti,(f)=:n= constant from t=0 to f=fo (aver- 
age relative acceleration) 

< 0 = minimum time for a particle initially 
on the fluid surface to impact the 
upper bulkhead 
y,=0 at t=0 
y,=0 at t=0 

we have 

b=yi—(3/i)t.o=(.n,—cos 6) ^ (10.31) 


where 

6= shortest axial distance from initial free 
liquid surface to the upper bulkhead. 
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Combining equations (10.29) through (10.31) 

Equation (10.32) relates the duration of the 
experiment with the approximate minimum 
time required for the first particles of fluid to 
"fall” to the upper bulkhead in the absence of 
any interaction with other particles or the tank, 
and it is important to note that (tJTs) is 
relatively insensitive to acceleration levels, n, 
greater than 3 or 4 g’s. 

The test program, proper, in references 10.3 
and 10.4, involved two 14. .3-centimeter-diameter 
tanks, one having a conical upper bulkhead and 
one having an upper bulkhead in the shape of a 
spherical segment, as shown in figui’e 10.5. 
Quantitative data were obtained by means of 
pressure taps on the upper bulkheads. An 
extensive experimental program included tests 
with each head configuration, with and without 
ring frames added per figure 10.5 for %- and %- 
full tank conditions. In each of these cases, 
the acceleration level, n, was varied between 10 
and 50 g's for each of three angles of inclination 
(0“, 25°, and 50°), requiring approximately 90 
tests to cover the parameter range. Addition- 
ally, many of these tests were repeated in order 
to obtain high-speed motion picture coverage. 

A typical oscillograph record of pressure and 
accelerations obtained during a test of a 
smooth walled tank, one-quarter full with 
spherical head and inclined at 50° to the 
vertical is shown in figure 10.6. Worthy of 
note is that pressures reached a definite maxi- 
mum during the acceleration stroke of the 
apparatus and that the pressure rise starts 
at about the midpoint of the stroke in time. 
This last roughly checks with equation (10.32) 
since, in the case of figiu’e 10.7, b was about 
20 centimeters and the stroke of the apparatus 
is about 71 centimeters [<a»0.53T, from 
equation (10.32)]. Figure 10.7 is typical of 
the many results obtained under this program. 
Immediately notable is the great difference in 
head pressures between vertical and inclined 
firings. The conclusions from references 10.3 
and 10.4 were as follows: 

(1) The pattern of motion of the fuel is 


relatively independent of the magnitude of 
the acceleration, but is quite sensitive to angle 
of inclination and head shape. 

(2) In the vertical configuration, the fuel 
breaks away from the surface, first as an 
outer ring followed by a progressive breaking 
away of droplets toward the center, forming a 
hoUow truncated cone shape. This is in turn 
followed by a general formation of streamers or 





Figure 10.5. — Model lank geometriea (ref. 10.4). 
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Figure 10.6. — Typical test record (ref. 10.4). 
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Figuhe 10.7: — ^Spherical bulkhead pressure data in a 
1/2-full tank as a function of acceleration and for three 
angles of inclination (ref. 10.4). 


columns over the entire surface which ' move 
up and impinge on the head. A large increase 
in viscosity tends to exaggerate the ring- 
cone effect and results in the formation of a 
single center column of fuel. An increase in 
gas pressure tends to delay the formation of 
the outer ring. 

(3) In the inclined positions with a spherical 
tank head, a relatively smooth circulatory 
motion is set up, with the fuel moving up the 
far wall, around the head and down the near 
wall. 

(4) In the inclined positions with a conical 
tank head, the fuel splits, flowing around the 
two sides of the cone, converging in an arrow- 
head shape and rebounding toward the tank 
bottom. 

(5) There is little difference in the flow 


pattern between the 25° configuration and the 
50° configuration. 

(6) Head pressures corresponding to the 
50° angle of inclination are from 5 to 15 times 
greater than the corresponding pressures with 
the tank oriented vertically. Pressures cor- 
responding to the 25° configuration are gener- 
ally lower than those corresponding to the 
50° configuration. 

(7) For a given configuration, the variation 
in pressure over the head is not great and in 
many cases appears to be nearly constant. 

(8) For a given configuration, the pressure 
at a point on the head is approximately pro- 
portional to acceleration and can be expressed 
in kg/cm* by multiplying the acceleration in g 
by a constant which varies from 0.22 to 0.42, 
depending upon the particular configuration. 

(9) Pressures for the quarter-full conditions 
are from 5 to 10 percent higher than cor- 
responding pressures for the half-full conditions. 
An exception to this is the smooth-wall tank 
with spherical head in which case the pressures 
are practically identical for both full conditions. 

(10) Pressures on the conical head are ap- 
proximately 60 percent higher than the corre- 
sponding pressures on the spherical head. 

(11) The addition of ring frames causes a 
significant decrease in head pressures, the de- 
crease being on the order of 25 percent. 

(12) The average time of prototype pressure 
buildup is of the order of 0.3 second and the 
average time of duration is of the order of 1.6 
seconds. 

(13) The maximum pressure in a prototype 
with conical head, at 50° inclination, quarter 
fuH, decelerated at the rate of 0.6 g, is esti- 
mated to be 0.25 kg/cm“, with peak developed 
in 0.13 second and lasting for 1.3 seconds. 

Later Experiments at Southwest Research insfiiuie 
(ref. 10.6) 

The objective of this program was to assess 
possible scale effects due to fluid viscosity and 
surface tension, since it was found that ex- 
tension of the almost perfect prototype scaling 
of reference 10.3 to larger prototypes or 
fluids less viscous than kerosene was not pos- 
sible. Toward this end, a 28-centime ter-diam- 
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eter tank with an ellipsoidal head was fitted 
on the same apparatus used in reference 10.3 
and a series of vertical firings was carried out 
with three different test liquids. The upper 
bulkhead in this tank was instrumented to 
indicate total force rather than pressures. 

Insofar as data of direct use in design are 
concerned, these experiments were of little 
value. By virtue of equation (10.32), and the 
fixed stroke of the apparatus, it was necessary 
to fill the tank to 78 percent full in order to 
make the impact forces begin to build up soon 
enough during the stroke. It was found, even 
so, that no definite maximum on total force was 
reached prior to the end of the acceleration 
stroke. The initial portions of the force 
records were correlated, however, with the 
folloAnng results : 

(1) The beginning of the force pulse for 
vertical firings is only very slightly later than 
predicted by equation (10.31). 

(2) The magnitudes of the initial portions 
of the force time histories are nearly propor- 
tional to relative acceleration, n. 

(3) An indication was found that viscous 
scale effects would complicate the extrapola- 
tion of data. 

Experiments at NASA Langley (ref. 10.5) 

The experimental apparatus used in these 
experiments has been described in chapter 5 
(see figs. 5.29 and 5.30). Basically, the tank is 
attached to a drop weight by a cable passing 
through a system of pulleys. Upon release of 
the weight, the tank is accelerated upward to a 
desired velocity (depending upon the release 
height of the weight), whereupon the drop 
weight is arrested. The tank continues up- 
ward and is decelerated by gravity and an 
elastic cable (which remains slack until the 
drop weight is stopped). The deceleration 
time history of the tank prodviced by this 
apparatus is shown schematically in figure 10.8. 
The period of time denoted by T, in figure 10.8 
is the experiment duration. For the tank and 
drop weights used, the absolute deceleration 
of the tank during the experiment could be 
accurately described by 

y ——g—nt>g sin 


Time histories 



Figure lO.S.-^Force and acceleration characteriatics of 
test facility (ref. 10.5). 


where time is reckoned from <o in figure 10.8. 
Since a particle in the tank would be in free 
fall after the drop weight is stopped, the 
relative acceleration between tank and fluid is 

V=Tiog sin 

The authors (ref. 10.5) chose to correlate 
their results with the relative acceleration, 
Tiig, shown in figure 10.8, which is the accelera- 
tion at the time of maximum measured impact 
force. Total durations of the experiment, 
T,; times of initial contact, <ei and maximum 
relative acceleration data, no, are not available 
and, therefore, it is not possible to construct 
the general capabilities of the apparatus as in 
the previous discussion; in fact, much of the 
behavior of this apparatus depends on the size 
of the tank. 

In these experiments (ref. 10.5), a 22- 
centimeter-diameter cylindrical tank having 
hemispherical ends was utilized (fig. 10.9). 
One hemispherical bulkhead was attached to 
the remainder of the tank through a balance 
system so that total force could be measured, 
and a pressure cell was also fitted in the center 
of this bulkhead. Geometric variations in this 
tank included Z-ring baffles and “screen” 
baffles as indicated in figure 10.9. The tank 
was filled 28 percent by volume in all tests. 

With this particular tank, relative accelera- 
tion amplitudes, nog, up to about 3.5 g were 
achieved and data were displayed with asso- 
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Baffle details 

Figure 10.9. — Model tank geometries (ref. 10.5). 


ciated accelerations at time of maximum force, 
riiQ, as low as 0.5 g. The sample force and 
pressure time histories shown in reference 10.5 
imply that the total duration of the deceleration 
pulse, T„ ranged between I'*’ and 3 times the 
time necessary for the first portions of the 
fluid to contact the dome. 

The effect of a first-mode lateral slosh 
existing at the beginning of deceleration was 
investigated, and this was found to affect 
significantly the mode of fluid motion. When 
the initial fluid surface was quiescent, the 
fluid behaved in the same way as in reference 
10.3. Depending on the portion of the lateral 
sloshing cycle at which the deceleration started, 
the fluid tends to travel up one side of the tank, 
around the bulkhead, and down as illustrated 
in figure 10.10. This is virtually the same 
behavior as shown in the experiments of 
reference 10.3 w-hen the apparatus was inclined. 
Maximum pressure data obtained are repro- 
duced here as figure 10.11. Though no appre- 
ciable alteration in total dome impact force 
was found by the addition of Z-ring baffles, 
the “screen” baffles made a visible reduction 
(fig. 10.12). 

A scale effect study was also made by varying 
the temperature of the fluid in the tank to alter 
vapor pressure and viscosity, and by adding 
a detergent to reduce surface tension. 




Quiescent 


Modal 


Figure 10.10. — Representation of liquid motions (ref. 
10.5). 



Figure 10.11. — Pressure versus acceleration in smooth 
wall tank (ref. 10.5). 



Figure 10.12. — Force versus acceleration with and without 
screen haffle (ref. 10.5). 
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This program led to the follomng tentative 
conclusions: 

(1) The liquid exhibits one of two flow- 
patterns depending upon the condition of the 
surface prior to arrest: i.e., (a) if the liquid 
surface is undisturbed or quiescent, it travels 
in a series of streamers; (b) if the surface is 
oscillating in its fundamental antisymmetric 
mode, a portion of the liquid travels up one side 
of the tank, around the dome, and down the 
opposite side. 

(2) The impact force appears to be dependent 
upon the relative acceleration of the tank at the 
time of impact. 

(3) For a given acceleration level, there ap- 
pears to be no significant difference in the 
magnitude of the modal and quiescent impact 
force. 

(4) The pressure in the center of the dome is 
about twice as high as the value obtained by 
dividing the average force by the projected 
area. 

(5) The force level was not significantly 
altered by the inclusion of ring baffles; however, 
a reduction in force of approximately 30 percent 
was observed with the inclusion of the f^-inch 
screen baffles. 

(6) For the range covered in this investiga- 
tion, no dependency of the force or pressure on 
the vapor pressure, surface tension, or viscosity 
was observed. 

10.4 SUMMARY OF LIQUID IMPACT STUDIES 

From the point of view of practical design, 
the results obtained in the studies reviewed in 
the previous sections do not permit every 
question to be disposed of with great confidence; 
however, a review of some of the divergent 
conclusions arrived at and a gross comparison 
of results will be attempted in the paragraphs to 
follow. 

Fluid Scale Effects 

The previously cited references have con- 
sidered the following fluid properties to be of 
possible importance; 

(1) Viscosity, n 

(2) Surface tension, <r 


(3) Fluid vapor pressure, p, 

(4) Mass density, p 

The nature of the problem is such as to make a 
relative deceleration of importance. The vari- 
ous similitude analyses result in scaling param- 
eters analogous to the Euler, Reynolds, Weber, 
and cavitation numbers; a set of these sufficient 
for present purposes may be written as 

Pressvu'e coefllcient=p/p/ftpdi ' 

Viscosity parameter 

Sui’face tension parameter =p/ftpd,/i7 

Cavitation index= (pa—p,)/prnffd, 

In effect, scaling of pre.ssures by the first rela- 
tion is correct if the remaining three parameters 
are satisfied or are not important. Satisfaction 
of these is not possible for every conceivable 
case. Figure 10.13 indicates the ranges of 
viscosity parameter and surface tension param- 
eter which have been attained in references 
10.3, 10.5, and 10.6, compared with an outside 
prot(^typc range. The prototype range spans 
conditions from a 2-meter-diameter tank con- 
taining kerosene to a 9-meter-diameter tank 

Ref.[ia 5 ] 
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R ef, [la s] 

Range of possible prototype values 

1 1 I 1 1 ! 1 I 
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Ref. [ia 5 ]~ 
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f 

Figure 10.13. — Approximate ranges of viscosity and 
surface tension parameters. 
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containing liquid oxygen and subject to a 2-g 
deceleration. While reference 10.6 indicates 
the possibility of a viscous scale effect, this is 
based on analysis of initial portions of the total 
dome force records and thus can serve only as 
a warning, not as a source of quantitative design 
data. On the other hand, no scale effects were 
found in the study of reference 10.5; however, 
this conclusion is a qualified one, and it may be 
seen by examining the evidence presented in 
substantiation in reference 10.5 that, indeed, 
no systematic differences in impact force were 
obtained wliich were substantial enough to over- 
come the normal scatter of data. These experi- 
ments are difficult, and it appears in both 
references 10.5 and 10.6 that unexplained data 
scatter can range to ±20 percent. It would 
seem possible, then, that at most a 20-percent 
change in force from one end to the other of the 
viscosity range covered in references 10.5 and 
10.6 might be present. If so, straight-line 
extrapolation on a logarithmic plot of viscosity 
parameter (fig. 10.13) would indicate that pres- 
sures estimated at a viscosity parameter of 
10*^ and extrapolated to the end of the proto- 
type range using the pressure coefficient ap- 
proach, equation (10.33) could be as much as 
40 percent in error. Exactly the same argument 
and residt applies to possible surface tension 
scale effects. 

The scale effect work in reference 10.5 
covered a cavitation index range of 

6<Ccavitation index<(100 

The lower end of this range is important from 
the cavitation standpoint. Cryogenic fuels in 
a 9-meter tank with a pressurant of 2 atmos- 
pheres may have a cavitation index correspond- 
ing to the above of unity, and it may be that 
the experiments of reference 10.5 have covered 
most of the practical range of cavitation index 
without enormous scale effect. 

Impact Prenure Distributions 

The data of reference 10.3 imply a relatively 
constant pressure distribution over the upper 
bulkhead, while those of reference 10.5 indicate 
a distribution with maximum at the center. 
This is an apparent disagreement only. When 


the pressure data for vertical firings with hemi- 
spherical head of reference 10.3 are examined 
alone, it appears that pressures near the edges 
of the dome average about half of those near the 
top. This is the only comparable case with the 
data of reference 10.5. The data for vertical 
firings from reference 10.3 are subject to con- 
siderable scatter, and while all of the pieces of 
data from Cell No. 1 (fig. 10.5, hemispherical 
head) follow this trend, 3 out of 10 of the datum 
from Cell No. 4 do not. The pressure data in 
reference 10.3 for vertical firings for the conical 
bulkhead display no consistent trend. Indi- 
cated maximum pressures from the cells at the 
sides (Cells Nos. 1 and 4, fig. 10.5) range from 
half to twice those measured near the center 
(Cell No. 2), with no preponderance of eitlier 
trend. The conclusion in reference 10.3 of a 
“not great” pressure variation over the head is 
apparently based on the preponderance of data 
which are from the inclined firings. In all the 
inclined cases, variation in maximum pressures 
appears generally to be ±25 perc.nt. 

Duration of Experiments 

Since equation (10.24) implies that significant 
axial deceleration resulting from rocket drag will 
persist for many times the minimum time 
required for a free particle to arrive at the upper 
bulkhead, ta, an assessment of the cited experi- 
mental work in this light is in order. The tank 
sizes used in reference 10.3 indicate e.xperiment 
duration times of two to three times The 
work in reference 10.6 indicates that actual 
first-arrival times rouglily correspond to ta for 
vertical firings. Since the vertical firing case 
of references 10.3 and 10.6 is analogous to the 
situation in the apparatus of reference 10.5, it 
would seem that the experiments of reference 
10.5 also had durations of 3ta at most. If 
impact forces reach a definite maximum in this 
interval and seem unaffected by the premature 
end of the experimental deceleration, then this 
e.xperimental compromise with what may hap- 
pen in reality is not important. 

In the experiments of reference 10.3, a maxi- 
mum, unaffected by the shortness of the ex- 
periment, was apparently experienced for in- 
clined firings. The experiments of reference 



370 


THE DYNAMIC BEHAVIOR OF LIQUIDS 


10.6 (vertical firings) resulted in force maxima 
so obviously dictated by the end of the decelera- 
tion pulse that the maxima of the data were not 
considered of general use. It is not clear from 
reference 10.3 that a definite maximum is reached 
for vertical firings before the end of the decelera- 
tion pulse. Review of the motion pictures 
produced at the time indicated that the fluid 
breaks away from the initial quiescent free 
surface in a large number of streamers slightly 
after a relatively thin annular ring of fluid moves 
up the walls of the tank. This annular ring of 
fluid is believed to be an effect produced by 
surface tension. Thus, the first fluid reaching 
the dome is thought to be composed of a very 
thin sheet of fluid moving up the sides, plus a 
“cloud” of droplets. The breaking away of the 
fluid from the main body at the bottom of the 
tank apparently proceeds at a rate depending 
on the properties of the fluid and the accelera- 
tion. The motion pictures show most of the 
fluid in transit or remaining at the upper bulk- 
head at the end of the stroke, for the K-fuU case. 
For the K-fuU case, however, about half the 
original amount of fluid remains at the bottom 
of the tank, while the amount in transit and the 
mode of transit appears similar to the K-full case. 

These observations lead to the hypothesis 
that when the deceleration is directed perpen- 
dicular to the free surface, the initial fluid 
impact on the upper bulkhead is similar to that 
of a hard rain on an empty bowl; high pressures 
can be generated, but average pressures over 
reasonable areas are small. As the deceleration 
continues, “rain” is generated continuously 
from the main body of fluid, and builds up 
against the upper bulkhead, slowly increasing 
an essentially fluid-static pressure until all the 
fluid is in contact. If this be the case for the 
vertical firings of reference 10.3, the maximum 
pressures measured were not the maximum 
which would have been attained had the 
deceleration continued for twice or three times 
the attained interval. 

Judging from the sample force and pressure 
time histories in reference 10.5, the maximum 
force or pressure was reached at about three- 
fourths of the total duration of the half-sine 
relative acceleration pulse. This point in time 
is about where the acceleration pulse may be 


thought to be beginning the most rapid half of 
its decay from maximum to zero. Whether the 
observed forces or pressures in reference 10.5 
may be expected to hold for longer deceleration 
pulses of the same magnitude is perhaps an 
open question. 

In summary, the question of the duration of 
the experiments relative to possible prototype 
durations has been consistently omitted from 
the cited references, but is a consideration in 
the problem. 

Variation of Impact Pressures With Acceleration 

The conclusions of reference 10.3 recom- 
mended, for design pm-poses, that a design 
impact pressure could be taken as a constant 
times the deceleration. This approach is con- 
sistent with the pressure coefficient approach 
noted in equation (10.33). Reference 10.5, on 
the other hand, noted that maximum pressures 
and forces are dependent on acceleration, and 
the force and pressure results of that reference 
do not appear to be proportional to acceleration. 
The comparative situation is summarized in 
figure 10.14. This figure was prepared from all 
the pressure data contained in references 10.3 
and 10.5 (which together may very well contain 
all existing pressure data) as follows; 

The pressure data of figure 10.11 were converted to 
pressure coefficient form using the indicated accelera- 
tions of that figure. (These accelerations are those 
derived for the moment of maximum pressure.) Both 
the “quiescent” and “modal” data are shown, and the 
pressure coefficients are plotted against indicated rela- 
tive acceleration in the left-hand portion of figure 10.14. 

The pressure data of reference 10.3 are too voluminous 
to fit on a single plot with clarity if the results of all 
pressure cells are included. Consequently, the highest 
maximum pressure, Pm»*i measured on any cell during 
a single firing was arbitrarily chosen as indicative and 
this pressure was nondimensionalized by the average 
acceleration measured during that firing. The results 
are plotted against average acceleration on the right- 
hand side of figure 10.14. Each series of connected 
solid or dashed line segments connect the test points 
obtained in a series of firings at different accelerations 
with the same inclination, head geometry, baffling, and 
amount of fluid. 

It appears that the results of the two refer- 
ences are not consistent. The pressure co- 
efficients derived from the data of reference 
10.3 appear to be relatively independent of 
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Figure 10.14. — Maximum pressuie coefficient versus acceleration. 


acceleration within attainable experimental 
accuracy, which is as it should be if this extrap- 
olation approach is valid. The trend of the 
pressure coefficients from reference 10.5 in- 
dicate just the opposite; in fact, to the same 
accuracy that the data of reference 10.3 indicate 
proportionality of pressure and acceleration, the 
data of reference 10.5 indicate virtual inde- 
pendence of pressure and acceleration. 

Effect of Lateral Sloshing and Lateral Acceleration 

Figure 10.14 illustrates the differences of 
pressures between the rotational and “modal” 
mode of fluid motion. The data of reference 
10. 5 quite plainly indicate that about the same 
pressures are induced by the modal and the 
“quiescent” mode. In the results of reference 
10.3, even though the fluid behaves in a manner 
similar to the “modal”, of reference 10.5 for 
inclined firings, the pressures induced are 
several times higher than those from vertici l 
firings. The obvious difference is that the 
first-mode lateral sloshing of reference 10.5 
dictates initial conditions, while the constant 


lateral acceleration of reference 10.3 acts 
continuously on the fluid. 

From the point of view of the estimates of 
section 10.2, the variation of impact pressures 
with relative normal acceleration is of greater 
interest than the variation with the inclination 
of apparatus in the laboratory. Accordingly, 
the maximum pressure coefficients from ref- 
erence 10.3 are shown in figure 10.15 as a 
function of the ratio of relative normal to 
axial acceleration (x/n). The data points have 
been segregated according to initial angle of 
inclination of the free surface and according to 
head shape. Included, but not denoted by 

oT\4:4/>io1 e\rml%rklo V\/%fK r>ococ r\f 

fourth and one-half full and the cases where ring 
frames were installed. Quantitative data for 
an apparatus inclination of 12.5® were obtained 
from the authors of refen nee 10.3 and are 
included. As in the preceding paragraph, each 
point reflects the highest pressure recorded on 
any of the pressure taps during a test firing. 

Figure 10.15 shows that, within the limits 
dictated by the appreciable data scatter, the 




372 


THE DYNAMIC BEHAVIOR OF LIQUIDS 



xin 

Figure 10.15. — Maximum pressure coefficient versus 
lateral acceleration ratio. 

pressures are not appreciably influenced by rlu' 
magnitude of lateral acceleration until the 
lateral acceleration ratio falls somewlicrt' below 
0.008. The transition in pressures bt' tween 
(xln) of 0.008 and 0.0 is unfortunately not cov- 
ered by the data. That a value oi j- U of O.Ol 


is a practical value may be seen by noting, in 
accordance with section 10.2, that xfn is roughly 
equivalent to rocket lift to drag ratio, and that 
this value of lift to drag might be achieved 
with a rocket angle of attack between %° and 
2%°. According to figure 10.2, an initial fluid 
angle of 6° or 8° is possible for an angle of attack 
of 2=i°. 

By noting that the pressures for the differing 
initial fluid angles are the same within data 
scatter, tli(> hypothesis that impact pressures 
are not influenced by the magnitudes of either 
initial fluid angle or lateral acceleration may 
b(' approximately true. Perhaps all that is 
important is to have an initial angle and a 
slight lateral acceh'ration to set the mode of 
motion of the free surface. 

.Small relative normal accelerations and first- 
mode sloshing are both to be expected in a 
booster vehicle in the atmosphere and, in the 
absence of better data, it must probably be 
assumed that the pressures measured in the 
inclined firings of reference 10.3 are indicative 
of practical possibilities. 





Part II. Liquid Rotation and Vortexing During Draining 

Franklin T. Dodge 


10.5 INTRODUaORY REMARKS ON ROTATIONAL 
LIQUID MOTIONS 

Of the various types of liquid motion that 
may occur in rocket fuel tanks, those that in- 
volve rotational liquid motions are of special 
interest for several reasons. As one example, 
unexpected behavior during the flight of Transit 
2-A has been tentatively explained by postulat- 
ing that rotational sloshing (see ch. 3) occurred 
in the fuel tank (unbaffled) ; the sloshing 
produced a certain amount of fluid angular 
momentum, which in turn caused a roU torque 
of about 3 kilogram-meters to be exerted on 
the missile (ref. 10.10). Furthermore, if a con- 
siderable amount of liquid angular momentum 
exists, it is relatively easy for a large vortex to 
form during draining; this can result in a hollow 
core over the drain (see fig. 10.16) and a conse- 
quent decrease in the fuel flow rate. 

10.6 RECENT RESEARCH TRENDS 

Problems of liquid rotation and vortexing are 
intrinsically very complex. Sufliciently ac- 
curate and detailed experimental data to ^ve 
real insight into the actual physical processes 
are extremely difficult to obtain, and theoretical 
analyses are hindered by this same lack of under- 
standing. Available theories and experimental 
results are reviewed in this section ; however, as 
will be seen, they leave considerable room for 
improvement. 

The central subject of this section is the vor- 
tex that forms whenever a tank drains through a 
small orifice; however, in order to carry out a 
reasonable discussion of this problem, it is also 
necessary to discuss liquid rotation, since by its 
very nature a vortex is accompanied by a sub- 
stantial amount of swirling liquid motion. In 
this context, “rotation” implies only that a 
certain amount of liquid angular momentum 
exists about some axis (usually the vortex core) ; 



Figure 10.16. — Vortex formed during steady gravity 
draining from a cylindrical tank (ref. 10.11). 


it does not necessarily mean that the smallest 
liquid particles rotate about their own axes, 
which is the more common definition of Uquid 
rotational motions. 

As anyone who has ever seen a draining 
vortex has noted, the centrifugal forces in the 
rotating Uquid are sometimes large enough to 
form a hollow core over the drain. This causes 
a decrease in the draining rate for two reasons: 
the effective area of the drain is decreased by 
the air core, and the Uquid potential head is 
partiaUy converted into rotational velocity 
instead of axial (drain) velocity. A physical 
picture of these phenomena can be constructed 
in a relatively simple way. To start with, a 
free vortex in an ideal Uquid carries along with 
it a rotational or swirling fluid velocity of 
magnitude 
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where r is the circulation and r is the distance 
from the vortex. F measures the vortex 
strength; its exact value may be computed by 
taking the line integral of the velocity around 
any curve enclosing the vortex, since the integral 
is equal to F. It is clear from equation (10.34) 
that the vortex flow field possesses a definite 
amount of angular momentum (the momentum 
is theoretically infinitely large if the field 
extends to r=“); however, no physical sig- 
nificance can be attached to this flow field 
near r=0, since infinite velocities are predicted 
here. For this reason, Rankine hypothesized 
that a line vortex must consist of a filament of 
finite radius, a, and constant vorticity, w, 
surrounded by an irrotational vortex field of 
the same circulation, F=irwa^, as the periphery 
of the filament.* The liquid velocity at r=a, 
from equation (10.34), is equal to Tro3a^i2ira 
= Kwa. Hence, since the velocity varies linearly 
with radius in the forced vortex, the flow field 
of Rankine’s combined free and forced vortex is 

V)—\ wr for 0<r<a 

A 

for r>a (10.35) 

The free surface shape can be computed from 
Euler’s equation by inserting in it the velocity 
profiles of equation (10.35). Typical results 
are shown in figure 10.17 for two different 
values of the filament radius, a. It can be seen 
that increasing the vorticity, oj, or decreasing 
the filament size, a, increases the depth of the 
depression at the center; ultimately an air core 
will form. (Fig. 10.12 and most of the preceding 
discussion are taken from an informative article 
by Rouse (ref. 10.12). A rather complete 
bibliography is included in this article; more 
recent developments, are reported in ref. 10.13.) 

The preceding e.xplanation of vortexing is by 
no means complete, since, in fact, radial and 
axial (drain) velocities also exist; moreover, 
the size of the core and the assumed vorticity 

‘ The flow field of equation (10.34) is irrotational 
except at the origin. This can be seen by computing 
the actual particle rotation, which is 

2\ 2irr»‘*'2irrV ” 



Figure 10.17. — Characteristics of the Rankine combined 
vortex (ref. 10.12). 


distribution within it are only approximations. 
However, more serious questions than these 
arise. Motions of the type described by 
equation (10.34) or (10.35) cannot arise in a 
perfect fluid, which at some instant was free of 
vortices, unless at least a part of the forces 
acting on the liquid are not conservative; that 
is, unless they are not derivable from a scalar 
potential. In fact, according to Prandtl (ref. 
10.14), application of the principle of angular 
momentum to an inviscid fluid leads to the 
conclusion that in all cases the moving fluid 
must previously have possessed circulation. 
Consequently, one may ask: How does the 
angular momentum (or the vortex) come into 
being? One answer is that when the flow field 
exists on a large-enough scale, such as in hurri- 
canes or tornadoes, the radial velocity toward 
the center can generate a rotational flow field 
through the Coriolis effect of the Earth’s rota- 
tion. But Coriolis forces are not sufficient to 
explain the vortices of even sizable drains (ref. 
10.12), so that other effects are primarily 
responsible here. 

Dergarabedian (ref. 10.15) has given an ap- 
proximate theory of vortex formation during 
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tank draining. According to his discussion, the 
core formation is a consequence of the unsteady 
free surface boundary conditions. He has 
shown that during draining, any small initial 
swirling velocity increases in magnitude with 
time and asymptotically approaches the dis- 
tribution given by equation (10.34), except 
near the center r=0. However, his analysis is 
not completely satisfactory because it is neces- 
sary to assume an initial rotational flow field, 
even though the velocity of this field may be 
indefinitely small. A recent series of experi- 
ments (ref. 10.16) have shown that under some 
conditions the combination of a rectilinear 
boundary layer flow with a symmetrical sink 
flow is unstable in the sense that amplifications 
of perturbations of the secondary vorticity 
associated with the curved streamline pattern 
lead to the creation of circulation around the 
sink outlet. These observations suggest that 
the circulation in a “bathtub vortex” might be 
created in a similar manner. 

To circumvent the foregoing difiiculties, it is 
customary in both theoretical and experimental 
investigations of draining vortices to produce 
initially a large swirling motion by artificial 
means. Typical results of these investigations 
have been presented by Binnie and his co- 
workers (refs. 10.17 and 10.18). Kamel has 
verified part of these results in his experiments 
(ref. 10.19). Figure 10.18 shows his results for 
the discharge coefficient, K, of a number of 
different orifices located at the bottom of 
a 27-centimeter-long, 10-centimeter-diameter 
tank, as a function of the initial swirl, X. 



Figure 10.18. — Nozzle discharge coefficients (ref. 10.17). 


In terms of the draining flow rate, Q, the total 
liquid head, H, and the orifice diameter, 
do, K and X are defined as 


and 


irdl{2gHy'^ 

(10.36) 

^ do{2gUy^ 

(10.37) 


where Q is the product of the swirling (tan- 
gential) velocity near the inner surface of the 
tank and the tank radius. For Al'= 1.0, the 
theoretical discharge coefficient should fall to 
zero; this implies that the available hquid head 
has been completely converted into swirling 
motion. Experimentally, a nonzero value of 
K was reported for all values of X; however, 
K does fall off significantly from its no-swirl 
value as X increases from zero. Moreover, 
an air core was observed in the large orifices. 
Reversal of the axial velocity close to the air 
core was also observed, but this is a conse- 
quence of the flow through the boundary 
layer on the bottom plate exceeding the 
discharge capuiity of the outlet. 

In a draining fuel tank, rotary sloshing is a 
readily available mechanism for producing 
swirling motion. (See ch. 3.) Thus, it is 
possible for effects such as those illustrated 
in figure 10.18 to occur naturally when sloshing 
and draining occur simultaneously. In order 
to compute the magnitude of the swirling 
motion due to sloshing, Hutton (ref. 10.20) 
has computed the transport velocity of the 
fluid particles during rotary sloshing. It was 
necessary to include nonlinear terms in the 
analysis, which is based on the inviscid flow 
assumption of irrotationality, because the 
average particle displacement in a linear wave 
theory is zero. He found that the maximum 
angular momentum of the fluid was about 
0.32(>?/i^i)“ of the angular momentuni if the 
fluid moved as a rigid body at the same rate 
as the free surface waves (n is the peak wave 
height, and dt is the tank diameter). Thus, the 
angular momentum of rotary sloshing, while 
small, is probably sufficient to initiate the 
vortex formation, according to Dergarabedian’s 
theory. 
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Another consequence of this angular momen- 
tum is that a roll torque will be exerted on the 
tank walls by the swirhng motion. (See also 
the discussion of ch. 1 with regard to flight 
tests of the Saturn vehicle.) In a series of full- 
scale and model tests designed to test this con- 
clusion (ref. 10.10), it was found that negligibly 
small torques (less than 0.15 kilogram-meter) 
were produced by rotary sloshing in an unbaffled 
tank. These findings appear to disagree wdth 
the data from the Transit 2-A flight test 
mentioned previously; however, the tank mo- 
tion during flight was considerably more severe 
than in the full-scale ground tests. Also, 
during flight the drain rate of the fuel was 
approximately 14 kilograms per second, while, 
in the ground tests, it was zero; thus any 
torque produced by the simultaneous sloshing 
and draining would be absent in the ground 
tests. According to the previous paragraphs, 
draining tends to increase any rotational mo- 
tions present, so the above conclusions are 
probably reasonable. 

As an interesting sidelight, the roll torque 
produced in the baffled tank was as large as 
3 kilogram-meters in some cases. This, of 
course, is in disagreement with the common 
assumption that an increase in damping 
decreases the sloshing forces and torques. 

A series of qualitative experiments of draining 
and sloshing are reported in reference 10.11. 
The model tank employed in these e.xperiments 
was 28 centimeters in diameter, with a 2.9- 
centimeter-diameter drain hole at the bottom. 
The tank was drained both by gra^'ity and by 
pumping, with and without initial liquid 
rotation. Some of the observations were made 
with a cross-type baffle over the drain, as shown 
in figure 10.19. The results of numerous tests 
can be summarized as follows: 

(1) Tank filled and draining initiated im- 
mediately. No baffle. Vortex appeared when 
the fluid level dropped to appro.ximately 2 
centimeters from bottom. Drain time, 24.0 
seconds. 

(2) Tank filled and draining initiated after 
substantial time delay. No baffle. Small vor- 
te.\ appeared when fluid level dropped to 



Figure 10.19. — Cruciform vortex baffle. 


approximately 2 centimeters from bottom. 
Drain time, 23.0 seconds. 

(3) Tank filled and draining initiated imme- 
diately. Cross-type baffle above drain. No 
vortex. Drain time, 22.5 seconds. 

(4) Tank filled and strong initial liquid 
rotation introduceil artificially. No baffle. 
Vorte.x appeared when fluid level dropped to 
approximately 9 centimeters from bottom. 
Drain time, 40 seconds. 

(5) Tank filled and strong initial liquid 
rotation introduced artificially. Cross-type 
baffle. No vortex. Drain time, 23.0 seconds. 

(6) Draining while undergoing normal slo.sh- 
ing. Similar to (1) above. 

(7) Draining while undergoing rotary slosh- 
ing. Similar to (4) above. Draining time was 
verj’’ long. 

(8) Draining while undergoing normal slosh- 
ing. Cross-type baffle. Similar to (3) abov^e, 
e.xcept drain time for last 2 centimeters of fluid 
was considerably longer. 

From these results it may be concluded that a 
small amount of liquid rotation appears to have 
a negligible effect on vortex formation. More- 
over, sloshing tends to break up a vortex as 
soon as it is formed, e.xcept that rotary sloshing 
produces a strong vortex. This is in agreement 
with the other results mentioned previously. 

The flow of liquid from tanks in a low-ijravity 
field can lead to considerable surface distortion 
and gas ingestion in the outlet line, even when 
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Figure 10.20. — Gas ingestion during low-gravity draining 
(ref. 10.21). 


the vorticity is negligible. (See fig. 10.20.) 
This is caused primarily by the reduced body 
forces acting in combination with the non- 
uniform fiow velocity across the tank cross 
section (ref. 10.21). 

As a conclusion to this brief section, it 
appears that no existing theory completely 
explains vortex formation and hquid rotation 
during draining. In some cases, such as when 
rotary sloshing and draining occur simul- 
taneously, large roll torques can be exerted on 
the tank, and the draining flow rate may be 
substantially decreased. Fortunately, it ap- 
pears that adequate baffling can be provided on 
an empirical basis to ameliorate this situation. 
Such suppressors are almost invariably pro- 
vided to control normal sloshing, so vortexing 
and rotational motions shoidd be adequately 
controlled in normal cases. Thus, these types 
of liquid motion, while of considerable interest 
from a fluid mechanic \dewpoint, are probably 
of less importance in practice. 




Part III. Longitudinal Oscillations of Flight Vehicles 


Daniel D. Kana 


10.7 POGO PHENOMENA 


Longitudinal structural oscillations at low 
frequencies (5 to 25 cps), superimposed on the 
usual steady accelerating motion, have been 
observed on a number of rockets and launch 
vehicles during flight. The basic stnictural 
oscillation occurs in the fundamental longi- 
tudinal free-free mode, so that the vehicle 
experiences an accordion-like motion, vdth the 
ends of the vehicle mo\'ing out of phase with 
respect to each other; hence, the behavior has 
been nicknamed “pogo” oscillation. 

A general description of this type of behavior 
is shown in figure 10.21, which is taken from 
the report of Rubin (ref. 10.22). At some 
time during the steady rising trajectory of the 
vehicle, an unstable coupling between some 
vehicle subsystem and the structure occurs, so 
that an oscillation at the structural frequency 
builds up, levels off, and then subsequently 
decays after enough change has occurred for the 
coupling to become stable again. The time 
of flight at the onset of the oscillations, as well 
as the frequency, severity, and duration of the 
phenomena, depends on the parlicvdar vehicle 
in which this type of behavior has occurred. 
However, in all cases, it appears that the fre- 
quency of the oscillations tracks the changing 


longitudinal 

Acceleration 



Figure 10.21. — Pogo oscillation superimposed on rising 
trajectory acceleration (ref. 10.22). 


structural resonant frequency during the entire 
period of the behavior. 

Tbor-Agena and Titan II have e.xperienced 
particularly severe oscillations (typically 0.5 
to 3 g at the payload) toward the end of first- 
stage burnout. The frequency variations are 
about 16.5 to 21 cps for Thor-Agena and 10 
to 13.5 cps for Titan II, vvith the most severe 
oscillations occurring at 20 ops and 11 cps, 
respectively, for the two vehicles. Character- 
istically, they have been referred to as the 
20-cps problem and the 11-cps problem. Asso- 
ciated with the behavior of these vehicles are 
strong pressure fluctuations in various parts of 
the propellant feed system, and at riie combus- 
tion chamber. Analyses iiave revealed that 
this behavior of these vehicles results from a 
closed-loop instability resulting from propulsion 
feedback with the fundamental longitudinal 
structural mode. 

A somewhat different type of instability has 
occurred on most Atlas flights, although the 
results are essentially the same. Here the 
oscillations occur near 5 cps, with a duration 
of about 20 to 30 seconds immediately follow- 
ing liftoff. A dynamic analysis of this vehicle 
has revealed that the instability results from 
the coupling of the pneumatic regulation 
system for the ullage pressure and the longi- 
tudinal structural mode. The engine system is 
apparently not involved to any extent. 

Several other vehicles have experienced 
similar oscillations at various times, but not 
with the severity of the cases mentioned above. 
It is obvious that such oscillations at low levels 
are at best undesirable, and at severe levels 
approach destruction of the vehicle. Elimina- 
tion of pogo oscillations is particularly impor- 
tant in the case of launch vehicles used for 
manned flights because of possible adverse 
effects on astronaut’s vision and manual reac- 
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tions. The use of the Titan II as the launch 
vehicle for the Gemini spacecraft prompted an 
extensive program to determine the causes of 
pogo oscillations in the various existing vehicles, 
as well as to develop fixes for these systems. 
Sufficient knowledge has now been gained so 
that the behavior has been explained quahta- 
tively, and simplified models have been de- 
veloped to study some of the systems over a 
wide range of parameters. Much of the present 
effort is being expended in refining the details 
of these models, so that they will provide a 
better quantitative prediction of pogo behavior. 
Further, the knowledge gained has indicated 
the requirement for dynamic analyses of all 
future systems during the design stage to delect 
potential pogo behavior. 

Considering the current state of investigation 
of pogo behavior, as well as the variety of 
vehicles in which it has occurred to one degree 
or another, the present discussion will be 
limited to only a qualitative description of the 
two types of coupling mentioned above, along 
with a brief description of sev'eral of the devices 
employed as fixes for the system described. 
It must also be emphasized that the intent 
here is to recognize the overall role of the 
liquid fuel systems in the occurrence of this 
behavior, rather than to give a complete 
description of pogo behavior in any specific 
vehicle. 

10.8 ENGINE-STRUCTURE COUPLING 
Simple Model 

It has been mentioned that the study of pogo 
oscillations has developed to the point at which 
simplified models, including the appropriate 
mathematical transfer functions of the sub- 
systems involved, can be formulated for 
the various vehicles to assist in the study of 
their behavior over wide ranges of parameters. 
The results of studies of engine-structural 
coupling using such models are given in refer- 
ences 10.22 through 10.25. Relatively simple 
models can be used to explain the behavior 
qualitatively, but more complex approxima- 
tions are necessary to correlate quantitatively 
with the actual vehicle performance. A simple 
block diagram of a model will be used to describe 
the behavior in the present case. 


The comparatively severe oscillations experi- 
enced by Thor-Agena and Titan II near the 
end of first-stage burning have been found to 
be the result of an instability in a closed loop 
comprised of the propellant system, engine, and 
structure. In the closed-loop system shown in 
figure 10.22, an oscillating thrust disturbance 
causes a longitudinal acceleration response in 
the first axial mode; the acceleration in turn 
acts on the mass of propellants in the tanks and 
feed lines, causing pressure fluctuations at the 
inlet to the propellant pumps; this causes cor- 
responding perturbations in the pump flow rate, 
an<i thus an oscillatory engine thrust, which 
closes the loop. When the closed-loop gain is 
sufficiently large, and the total phase angle is 
such as to allow positive feedback, the acceler- 
ation response will be larger than the accelera- 
tion input disturbance; that is, an unstable 
situation e.xists, and the amplitude of all 
variables involved will tend to grow without 



Figure 10.22. — Propellant transfer functions for simple 
vehicle representation (ref. 10.23). 
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limit. The actual limiting and subsequent 
restabilizing wUl occur as a result of changes in 
the system. 

The entire sequence of pogo behavior for 
engine-structural coupling can be described by 
means of figures 10.23 and 10.24. For sim- 
plicity, only two subsystems in the loop are 
used ; the structural system, whose resonant fre- 
quency, 01 ,, increases with burning time, and the 
propellant feed line, whose frequency, Uj,, re- 
mains constant. The feed line frequency, Wp, 
is the resonant frequency for pressure oscilla- 
tions in that subsystem and, hence, depends on 
the propellant compressibility characteristics, 
including effects due to gas bubbles from pump 
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Figure 10.23. — Closed-loop positive feedback system 
' (ref. 10.23). 
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Figure 10.24. — Frequency response for sample subsystem 
(ref. 10.23). 


cavitation or otherwise, and apparent compressi- 
bility effects as a result of the fle.xibility of the 
lines themselves. The resonances for both 
these systems are lightly damped.' Pogo be- 
havior results from the interaction of the two 
resonances as the changing structural frequency, 
w„ sweeps past the propellant feed line fre- 
quency, COp. 

The interaction of the two resonances can 
be seen more in detail from figure 10.24. Here 
the changing structural gain (acceleration re- 
sponse per unit force input) and phase are 
shown at three different times, and can be 
compared to the constant propellant feed line 
gain (pressure response to unit pressure input) 
and phase. The structural gain and resonant 
frequency both increase with time, due to the 
decreasing propellant mass in the vehicle. 
Damping in the feed line is somewhat greater 
than that of the structure, so that its phase 
changes more gradually with frequency than 
does the structural phase. It may be noted 
that the structural phase is 180° leading (180° 
lagging) below resonance, passes through 90° 
leading (270° lagging) at resonance, and be- 
comes zero (360° lagging) above resonance. 
This is because the observation point is at the 
engine section in the lower end of the structure, 
and the accordion-like motion results in such a 
phase response. The feed line inlet, also near 
the engine section, has the customary phase 
response of 0° below resonance, 90° lag at 
resonance, and 180° lag above resonance. 

The net loop gain for the two systems is the 
product of the individual gains, and the net 
phase is the sum of the two individual phase 
angles. Instability will occur when the net 
gain is greater than unity, and the net phase 
angle is zero. At t = t,, w, is at «i, which is 
below Up, and the net gain is less than unity. 
This corresponds to a stable condition early 
in flight. At a later time t = U, u, and Up 
coincide, and the structural gain has increased 
to where the net gain is greater than unity, and 
the net phase is zero; hence, instability results 
and the oscillations grow. At a still later time, 
t = t 3 , the structural gain has further increased 
so that the net gain is high, but the net phase 
angle has become negative so that the system is 
again stable. 
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More Complete Model 

The above explanation of pogo oscillations 
for engine-structural coupling has been based 
on only two subsystems: the structure and the 
propellant feed system. In the complete 
system, other subsystems, such as those shown 
in figure 10.22, influence the basic behavior to 
some extent. Therefore, in order to make 
quantitative predictions from a model, all of 
the significant subsystems shown must be 
represented. In fact, an even more complete 
system is shown in figure 10.25. This block 
diagram represents a simplified layout of the 
model used to study engine-structural coupling 
in Titan II and Thor-Agena. The complexity 
of the interaction of the various subsystems 
can readily be realized. An important feature 
in this schematic is that the net thrust is 
composed of the vector addition of engine thrust 
as well as apparent thrust felt by the engine 
from the (inlet pressure) X (feed line area), 
from both the oxidizer and fuel lines. 

Although the system, as depicted in figure 
10.25, is considerably more complicated than 



Figure 10.2S. Block diagram for complex vehicle 
representation (ref. 10.23). 


as it is shown in figure 10.23, the occurrence 
of the pogo instability results from the same 
basic behavdor: the sweeping of the structural 
resonant frequency through the constant pro- 
pellant feed line resonant frequency, at a time 
during flight when the structural gain is high. 
As far as is known, resonance does not occur 
in any of the other subsystems in present 
vehicles; these subsystems simply alter the 
net loop gain and phase. Their presence is, 
of course, very important, because they can 
either deter or promote the instability, depend- 
ing on their contribution to the total loop gain 
and phase. It must also be emphasized that 
the entire closed-loop system is composed of the 
oxidizer and fuel loops in parallel, and a pressure 
resonance occurring in either loop can cause the 
engina-structural instability. 

Fixes for Ensine-Structure Coupling 

Several devices have been proposed as fixes 
for engine-structural coupling, two of which 
have been used successfully on Titan II. 
Three such devices are shovm in figvire 10.26. 
Basically, all of these devices have but one 
purpose: to alter the propellant feed line pres- 
sure characteristics so that the changing 
structural frequency, w„ can never coincide 
with the feed line frequency, cop, or at least 
so that the coincidence will occur at such a time 
during flight that the net gain and phase will 
not result in an unstable system. 

Additional compliance is added to the pro- 
pellant feed system by means of a mechanical 
piston and spring in the accumulator (fig. 
10.26(a)), by means of a gas bubble in the 
standpipe (fig. 10.26(b)), and by means of the 
bellows in the bellows device (fig. 10.26(c)) . The 
accumfilator has been used on the fuel system 
and the standpipe on the oxidizer system in 
Titan II. The result of incorporating these de- 
vices is to cause the propellant feed system frequency, 
Wp, to occur at a considerably lower frequency. 
Then, even if it is still above the structural 
frequency, o>„ at liftoff, as the two frequencies 
coincide early in flight, the structural gain is 
so low because of the nearly full fuel load, 
that the net gain never becomes greater than 
unity until after the net phase becomes nega- 
tive. The use of such devices might be avoided 
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Figure 10.26. — Schematics of mechanical devices em- 
ployed as pogo fixes (ref. 10.22). 


if the proposed system can be analyzed suf- 
ficiently accurately for potential pogo behavior 
during the design stage of newly proposed 
vehicles. 

10.9 PRESSURE REGULATOR-STRUCTURE COUPLING 

Analyses of pogo-type phenomena in the 
Atlas v'ehicle have been reported by Rose and 
Harris (refs. 10.26 and 10.27). In this vehicle, 
the oscillations occur for a duration of about 
20 to 30 seconds immediately after liftoff, and 
at the longitudinal structural frequency of 


approximately 5 cps. The analyses indicate 
that the engine does not play a significant role 
in this case, the unstable coupling occurring 
through the pressure regulation system for both 
the fuel and oxidizer tank ullage pressure. 

Figure 10.27 shows a schematic of the pres- 
sure regulation system for either the fuel or 
oxidizer tank, the only difference being that a 
mixture of helium and oxygen is used for the 
oxidizer tank, while only helium is used for the 
fuel tank ullage. This system maintains a 
constant gage pressure in the tank ullage as 
the tank is drained. A pressure-sensing line 
transmits the ullage pressure to a pneumatic 
regulator, which in turn adjusts the flow rate 
of helium gas through a supply duct into the 
tank ullage. 

At liftoff the transient engine thrust and 
launch forces excite the longitudinal modes of 
the vehicle, and a corresponding oscillation 
occurs in the tank ullage volume and pressure. 
This pressure oscillation results both from the 
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Figure 10.27. — Schematic of Atlas pressure regulation 
system (ref. 10.26). 
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variation in tank volume and a variation in 
the quantity of ullage gas present, resulting 
from the regulator responding to the ullage 
pressure oscillation. This oscillating pressure 
acts as an effective axial force on the vehicle 
structure. Analyses of suitable models of the 
system have indicated that the closed-loop 
system can be unstable for a period of time 
when the ullage volume is small, immediately 


after liftoff. Subsequently, the gains and 
phases of the various subsystems change so 
that the net gain and phase no longer allow an 
unstable system. It must be emphasized that 
this type of coupling is entirely different from 
the previously described engine-structure cou- 
pling, but the net result is the same although 
the oscillations occur early in flight rather 
than near burnout. 
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PRINCIPAL NOTATIONS 


A p= projected lateral area 
o= radius of line vortex 
6= distance between initial position 
of a particle and the upper 
tank bulkhead 

C'D„_j=drag coefficient at zero angle of 


attack 

Z)=drag force 

Do=drag at f=0, r=ro, a=0 

• eto L.o_ 
d=base diameter 
do= orifice diameter 
d,=tank diameter 

F,= acceleration force of apparatus 
(ref. 10.3) 

normal aerodynamic force 
axial aerodynamic force 
initial normal aerodynamic force 
initial axial aerodynamic force 
g= local gravitational acceleration 
//= total head 
h—i&nk depth 

/=mass moment of inertia of vehicle 
iiL= discharge coefficient 
(/bi— tj) = inertia coefficients 
kp, k\ k’‘, coefficients 
L=lift force 

/= overall vehicle length 
M= aerodynamic moment 
M,=mass of apparatus (ref. 10.3) 
dM 

da 

m= vehicle mass 
mi = mass of a particle of fluid 
m<=mass of a particle of fluid in 
experimental apparatus 




n,=acceleration index (ref. 10.?) 
rio= amplitude of half-sine relative 
acceleration pulse 

ni= relative acceleration at maximum 
indicated impact force 
n= average relative acceleration 
n(<) = acceleration pulse 

= maximum impact pressure 
pressure 

ambient tank pressure 
p,= fluid vapor pressure 
draining flow rate 
2= dynamic pressure 

Rx, i?j= forces acting on an isolated 
particle 
radius 

To = Earth radius 

S=stroke of apparatus (ref. 10.3) 
iS6=base area of booster 
r= engine thrust 
r,,= duration of experiment 
f=time 

to = minimum time for a particle to 
impact dome, experimental ap- 
paratus (ref. 10.3) 
to = time of initial contact 
t^i„= minimum time required for a 
given fluid particle to reach 
the tank bulkhead 
u= normal velocity 
fluid velocity 
swirling velocity of fluid 
D= tangential velocity 
«o= initial velocity 
W=mg 

initial swirl 

X, moving coordinates 
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Xi, yi, t/,= coordinates of a particle 
*0 yi= coordinates 

y= distance through which a particle 
travels in time t 

(yi)o=relative particle acceleration at 
t=0 

Z= distance of center of pressure 
forward of vehicle center of 
gravity 

01 = vehicle angle of attack 
«o= vehicle angle of attack at <=0 
/3= angle of the quiescent fluid free 
surface with the normal to the 
tank axis 
r= circulation 
7>=peak wave height 


’?<7dc= adjusted cross-flow drag coeffi- 
cient. 

^=inclination of apparatus 
/i= dynamic viscosity 
»>= flight path angle 
;'/=kinematic viscosity of fluid 
p=mass density of air (local) 
P/=mass density of fluid 
<r=surface tension 
r=nondimensional time 
n= product of tangential velocity 
and tank radius 
co=vorticity 

£ 0 p= propellant feed line frequency 
co,=rocket structure resonant fre- 
quencies 





Chapter 11 


Liquid Propellant Behavior at Low and Zero g 

William C. Reynolds and Hugh M. Satterlee 


11.1 HYDROSTATICS AND HYDRODYNAMICS AT 
LOWg 


Introduction 

A full range of problems associated with the 
sloshing motions of liquids have been considered 
in previous chapters. The sloshing was pre- 
sumed to arise as a result of a body force (gravi- 
tational or equivalent accelerational) acting on 
the liquid as a whole. When the magnitude of 
this body force becomes very small, other forces 
come into play and these must be considered 
in analyses of the sloshing motions. In this 
chapter, we shall consider the influence of the 
most important of these additional forces, 
capillary forces, on the sloshing motions and 
associated phenomena. 

The term “zero g” is a misnomer. Even in 
the most advanced solar system mission one 
can contemplate, gravitational forces are never 
absent. In fact, the strength of the Earth’s 
gravitational field 1000 miles from its surface 
is about 64 percent of the ground-level value. 
When we refer to a low-gravity environment 
we really mean that the statics or dynamics 
of a system relative to its traveling vehicle 
can be treated as though it were in fact in 

low— giitv iiy iicio. 1 K} iiioaiiate this point, 
consider Newton’s law as applied to a particle 
moving with acceleration a in some inertial 
frame: 


jf^reid- W=ma 


( 11 . 1 ) 


Erei denotes the forces which the vehicle exerts 
on the particle, and W is the force exerted by 
the gravitational field. The acceleration may 
be represented as the sum of the vehicle ac- 
celeration, a„ plus the particle acceleration 
relative to the vehicle, 0 ,*!. The weight is 


given by W= mgi„ where gi, is the local accelera- 
tion of a free particle in the gravitational field. 
Equation (11.1) then becomes 


i^rel+"l(yL — ar)=TOOrel (H-2) 


which may be written 

E rel“t“^yrel mttrgi (11- d) 

Under the special condition where the vehicle 
is accelerating at the exact acceleration that the 
particle would experience if it were free in the 
gravdtational field; that is, when the 

dynamical equation for the particle relative to 
the vehicle would be identical with the equation 
for the particle in a truly zero-g environment. 
This condition is very nearly met in a freely 
falling vehicle, be it falling toward the Earth, 
around the Earth, or around the Sun. 

The condition gL=<i, is met exactly only if 
there is no e.xternal drag on the vehicle, and 
then only if the particle is exactly at the center 
of gravity of the vehicle. Orbital systems 
experience drag decelerations of the order of 
10“^ go.^ Aerodynamic drag is less significant 
in deeper space, but the existence of a gradient 
in the gravitational field means that the ac- 
celeration of a free particle at one point in the 
vehicle differs from that of a free particle else- 
where in the vehicle. Near Earth the gravity 
gradient is of the order of 10“* go/cm. It 
would seem, then, that in the missions of most 
immediate concern, the effective residual 
gravity will never be much smaller than 10“^- 

10-* go. 

The term “zero g” must be interpreted as 
meaning that the difference gi.—a, is suffi- 
ciently small that the effective body forces 

' go is here used throughout to denote 980 ctn/sec*. 
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seen by an observer moving in the reference 
frame of the vehicle are very small compared to 
other forces, and consequently do not influence 
the behavior of fluid particles. In this chapter, 
we are concerned primarily with the relative 
importance of body forces and capOlary forces, 
and with the dynamics of liquid motion under 
the combined influence of both kinds of forces. 

Hydrostatic Regimes: The Bond Number 

We can make some simple estimates of the 
condition under which capillary and body forces 
are important. Consider the rise of a liquid in 
a tube as shown in figure 11.1. The height. A, 
of the liquid may be estimated from a force 
balance on the column of liquid between points 
1 and 2, which gives 

Pi—Pi = pgh (11.4) 

Assuming that the liquid wets the wall com- 
pletely, a force balance on the meniscus gives 
(see eq. (11.12)) 

P,-P, = 2<r/r (11.5) 

Assuming that Pt=P„, we combine the equa- 
tions above, and express our estimate of A 
nondimensionally as 



The dimensionless grouping, Bo=pgr-lc, is 
called the Bond number;^ it compares the rela- 
tive magnitudes of gravdtational and capillary 
forces, and is the pertinent parameter delineat- 
ing capillary-dominated and gravity-dominated 
hydrostatics. For values of 5o>>l, the gravi- 

’ The dimensionless number, Bo = pgUI<r, has come 
to be known in the current literature as the Bond 
number (refs. 11.1, 11.2, and 11.3). Ileference 11.3 is 
the earliest work known to the authors in which the 
group Bo is specifically called the Bond number after 
W. N. Bond’s employment of the parameter to indicate 
the importance of surface tension in the correlation of 
the rise rate of bubbles in liquids (ref. 11.4). The 
parameter appears in different forms perhaps in the 
literature at a much earlier date, however; e.g., 
refs. 11.5 and 11.6. 



\ 

g 

Figure 11.1. — Capillary action in a tube. 


tational force predominates, and the column of 
licjuid would barely rise up the tube. For 
values of jBo<<1, capillary forces predominate, 
and the liquid would rise high in the tube. W’e 
can apply this criterion to the case of liquid in a 
partially filled container. At veiy high values 
of the Bond number, gravity dominates, and we 
would e.xpect that the interface would be nearly 
horizontal. Conversely, at very low Bond 
numbers the capillary forces predominate, and 
the hydrostatic configuration of the contained 
liquid would involve a strongly curved interface 
(meniscus). This behavior is in fact observed, 
as anyone who has ever compared the behavior 
of mercury in a manometer to that in a ther- 
mometer can testify. 

Regimes of hydrostatic behavior are quali- 
tatively separated by the condition Bo=l. 
These regimes are indicated for a number of 
liquids in figure 11.2. The straight lines cor- 
respond to constant values of the physical 
property “kinematic surface tension,” ^=<r/p, 
which is the relevant property in capillary 
fluid mechanics. Values for typical liquids are 
indicated in figure 11.2. In the region above 
the line for the pertinent /3, the body forces 
dominate; this is the gravity-dominated regime, 
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Figure 11.2. — Hydrostatic regimes for typical liquids. 

the subject of the previous chapters of this 
monograph. Below the line, capillary forces 
dominate; tliis is the “zero g” regime. In the 
region near the line, both capillary and body 
forces must be considered, and this is seen to 
be the case for many situations of practical 
interest. It should be understood that the 
regime division is only qualitative, and that 
only for Bond numbers much greater than 
unity can one be sure that capillary forces are 
negligible. Similarly, only for very small Bond 
numbers is gratdty effectively zero. Note that 
gravity effects can be important in large sys- 
tems, even though the magnitude of g might be 
quite small. 

Some feeling for the Bond number influence 
can be obtained from the photographs of 
methyl-alcohol menisci (under air) in Lucite 
tubes, shown in figure 11.3. There is some 
optical distortion, but the Bond number effect 
should be evident. 

Again we see some difficulty in the meaning 
of “zero g.” Henceforth, by zero-g hydrostatics 
we shall mean situations with very low Bond 
numbers, such that body forces do not affect 
the fluid statics appreciably. In small-enough 
systems, “zero g” can be effectively obtained 
at 1 go (as in the mercury thermometer). In 
larger systems, even 10~^ go cannot properly be 
considered as zero g. To emphasize further 
the importance of body forces in large booster 



Bo = 45 




Bo = 14 




Bo = 4.5 


Figure 11.3. — Methyl-alcohol menisci (under air^. 
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systems, the Bond numbers associated with the 
liquid in cylindrical tanks approximately 1.5, 
3, and 9 meters in diameter have been calculated 
for effective body forces arising as a result of 
aerodynamic drag, the gravitational field gradi- 
ent, and rotational motion required for geo- 
centric orientation. The results are shown in 
figure 11.4, which also portrays the parameters 
of the calculation. These calculations show 
clearly the importance of considering both body 
and capillary forces in many liquid-propellant- 
handling problems, and the danger of over- 
simplifying an analysis hy the idealization of 
“zero g.” 

Hydrodynamic Regimes 

The dynamic motion of a liquid-gas system 
may be influenced by capillary forces, body 
forces, and viscous forces. In many instances, 
all but one of these forces can be neglected, and 
the analysis of the motion or correlation of 
experimental data is thereby considerably 
simplified. A number of dimensionless param- 
eters can be defined, and these serve to di\ide 
the hydrodynamic behavior into regimes. 



80 100 200 400 600 800 1000 2000 3000 


Altitude, nautical miles 

Figure 11.4. — Bond number for atmospheric drag, 
centrifugal, and gravity gradient accelerations. 


The Weber number 

We=pV^LIc (11.7) 

provides an estimate of the ratio of “inertial 
forces” to capillary forces. Here Z is a 
“characteristic length” of the system. For 
ir«>>l, capillary forces influence the dynamic 
behavuor only slightly, while for IFe<(<(l they 
play a dominant role in determining the motion. 
The Froude number^ 

Fr=V^lgL (11.8) 

provides an estimate of the ratio of inertial 
force to body forces. For Fr)>)>l, the body 
forces are sufficiently weak that they cannot 
be expected to play an important role in the 
fluid dynamics, while for Fr<[<(l they must 
certainly be considered. The Bond number 
is seen to be simply the ratio of the Weber 
and Froude numbers 

Bo^WelFr (11.9) 

The regimes of flow as determined by these 
three parameters are shown in figure 11.5. 
In each case, viscous effects may or may not 
be important, and this question must be 
decided separately. 

This monograph deals primarily with prob- 
lems associated with sloshing; for gravity- 
dominated sloshing, the natural sloshing fre- 
quency, 01 , is correlated by the dimensionless 
group (ro is a characteristic system dimension) 

n*=rooiVsr (11.10a) 

Under capillary-dominated conditions, it is 
more convenient to use the kinematic surface 
tension in the normalization, and hence to 
work with the dimensionless frequency 

Q*=r?oiV<r (11.10b) 

Note that 

(11.10c) 

When we extend the inviscid, irrotational 
analyses of the earlier chapters to include the 
effects of capillary forces, we will find that 

’ Sometimes the Froude number is defined as F/Vfff'- 
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Figure 11.6. — Hydrostatic regimes and characteristic 
response times. 


V} can be expressed as a function of the Bond 
number for any particular configuration; for 
low Bond numbers will approach a constant, 
while for high Bond numbers will approach 
the constant values given earlier. The im- 
portance of the Bond number as a parameter 
in low-g sloshing should now be evident. 

Response Time Estimates 

In section 11.4, we will discuss the natural 
frequency of liquid sloshing motions, from 
which characteristic times for capillary-domi- 
nated and gravity-dominated motions will 
emerge. These characteristic times are found 
to be 

T— V Ljg for the gravity-dominated regime 

(11.11a) 

T=^J pUja- for the capillary-dominated regime 

(11.11b) 

These expressions provide order-of-magnitude 
estimates for the time required for reorientation 
of liquid to take place following the transition 
from one hydrostatic regime to another. 
I hese estimates are shown quantitatively for 
typical systems in figure 11.6. Note that 


the reorientation period at low g can be 
several minutes in a large tank. 

11.2 THE MECHANICS AND THERMODYNAMICS 
OF CAPILLARY SYSTEMS 

Introduction 

Capillarity has been a subject of considerable 
interest to surface chemists for several decades, 
and there is a vast body of related literature 
confronting the engineer concerned with low-g 
sloshing. It is known that capillary^ effects 
arise as a result of rather short-range molecular 
interactions, and there are various theories 
for predicting the surface tension. For a 
comprehensive summary, see reference 11.7. 
A presentation more oriented to the tempera- 
ment of an engineer is given by Bikerman 

v/x. X X j . 

Although the microscopic interpretations and 
analyses are interesting and important, for 
engineering purposes macroscopic representa- 
tions are much more suitable. In this section, 
we shall review the key ideas of the macroscopic 
approach to capillarity, emphasizing in partic- 


* Historically, a “capillary” tube was so small that it 
could only admit a hair (capella). For an interesting 
historical review, see Maxwell (ref. 11.6). 


229-64S 0—67 26 
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ular those aspects which are relevant to the 
low-g sloshing problem. Other treatment of 
capillary hydrostatics and hydrodynamics is 
given in references 11.9, 11.10, and 11.11. To 
the novice to this field, we strongly recom- 
mend the educational motion picture of 
Trefethen (ref. 11.12). 

Surface Tension and Contact Angle 

It has been found that liquids behave as if 
they were covered by a contractible membrane 
in uniform tension. This tension acts along 
the surface and tends to make its surface as 
small as possible. The force-per-unit length 
acting normal to any line drawn in the surface 
is defined as the interfacial or surface tension. 

Consider a spherical bubble of gas embedded 
in a liquid, as shown in figure 11.7. If we 
denote the surface tension by <r, then the tensile 
force acting along a great circle is Fs=cvD. 
For static equilibrium, this must be balanced 
by the pressure force, Fp=(7rZ?74)(P(— Po), 
where Pi and Po represent the pressures inside 
and outside of the bubble. The pressure 
difference is therefore given by 

P<-Po=^=7 (11.12) 

and is known as the capillary pressure. 

If the interface is not spherical, the capillary 
pressure difference across the interface at any 
point is given by (refs. 11.8 and 11.9) 

where and rj are the principal radii of curva- 
ture at that point. This relation forms the 
basis for the analysis of every hydrostatic 




Figure 11.7. — Spherical gas bubble embedded in a liquid. 


interface in which capillary phenomena are 
important, and is often called Laplace’s law. 

The surface tension is generally considered 
to be a thermodynamic property of the interface 
and is a function mainly of temperature for a 
given interface. However, during and shortly 
after the formation or destruction of new 
surface, the apparent surface tension may differ 
somewhat from its equilibrium value. This 
modified surface tension is called the dynamic 
surface tension (ref. 11.13). Fortunately, these 
dynamic effects ma}' be neglected in many 
engineering analyses, in particular for the ones 
at hand, and we shall not considerthem further. 

The surface tension is a monotonically de- 
creasing function of temperature, and vanishes 
at the critical point. Values of the surface 
tension of several important liquids are given 
in the appendix. 

When a liquid drop comes in contact with a 
solid surface, three angles are formed in a 
plane perpendicular to the three-phase line in 
the .solid surface. For drops on flat surfaces, 
the solid phase occupies 180°, while both the 
gaseous and liquid phases occupy the remaining 
180°. The angle measured within the liquid 
between the solid and the tangent to the liquid- 
gas interface at the three-phase line is called 
the contact angle (fig. 11.8(a)). 

The value of the contact angle is related to 
the relative magnitudes of the microscopic ad- 
hesive and cohesive forces (ref. 11.8). If the 
contact angle is less than 90°, the liquid is said 
to “wet” the solid; if the contact angle is 
greater than 90°, the liquid is said to be “non- 
wetting” (fig. 11.8(b)). Both wetting and 
nonwetting liquids will adhere to solid surfaces. 

Consider now a cylindrical droplet of liquid 
resting on the surface of another liquid, both 
under a third liquid (or gas) , as shown in 
figure 11.8(c). If we define the individual sur- 
face tensions of the three interfaces as before, 
then equilibrium of the contact line requires 
that 

<^23 = vi 3 cos cos <l> (11.14a) 

ffi 3 sin fl = cTij sin (11.14b) 

The above relations have been reasonably well 
substantiated by independent measurements of 
the three interfacial tensions and contact angles. 
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Figure 11.8. — Contact angles. 


Consider next the three cylindrical interfaces 
formed by a solid, a liquid, and a gas, as shown 
in figure 11.8(d). The condition of horizontal 
equilibrium can be satisfied if 


— (T<J£, cos fl-f" (11.15) 

However, the condition of vertical equilibrium 
cannot be satisfied. Nevertheless, this picture 
of the interfacial force “triangle” is commonly 
employed and justified on the basis of its anal- 
ogy to equation (11.14a). Equation (11.15) is 
often called Young’s equation. 

Although surface tension and contact angle 
are manifestations of microscopic forces, there 
is a great deal of evidence which indicates that 
together they define an appropriate macroscopic 
representation of capillary phenomena. For 
example, the height to which liquid will rise in 
a capillary tube can be predicted in terms of the 
surface tension and contact angle, both inde- 
pendently measurable, and these predictions 


are confirmed experimentally. The shapes of 
liquid drops on a surface can be computed in 
terms of the contact angle and surface tension, 
and these computations are in agreement with 
measurements. Henceforth, we will consider 
that contact angle and surface tension do in- 
deed allow capillary phenomena to be treated 
macroscopically. 

Although the surface tension is a relatively 
invariant property of the interface, the contact 
angle is not, and hysteresis is common. If a 
little liquid is added to a drop, it is observed 
that the base does not change, but that the 
drop merely changes its shape, and consequently 
the contact angle changes. After a period of 
growth, the base will suddenly expand in a 
jerky manner, and the contact angle will again 
be reduced. The greatest angle obtained on 
growth is termed the advancing contact angle, 
and the smallest angle on removal is the reced- 
ing contact angle. A similar effect is observed 
when a drop is placed on a plate which is sub- 
sequently tilted. The advancing and receding 
of the contact angle, characteristic of the hys- 
teresis process, have been measured for mercury 
on a tilted glass plate. Figure 11.9 presents 
some quantitative data for this case. This 
hysteresis seems to depend somew’hat upon the 
drop size and orientation in the gravity field. 
Hysteresis is also observed with a moving inter- 
face. The angular amount of hysteresis is not 
e.xcessive, but its existence is perhaps the most 
disconcerting factor in the contact angle-surface 
tension representation of capillary phenomena. 
An exception is found for pure fluids on clean 



Figure 11.9. — Contact angle variation with inclination 
for mercury on glass. 
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surfaces, where no hysteresis is observed 
(ref. 11.14). 

Both the contact angle and the surface tension 
are dependent on the condition of the interfaces. 
Contamination by foreign material influences 
the value of the surface tension somewhat, and 
alters the contact angle even more. Sensitivity 
to surface and environmental conditions makes 
reproducible measurements of the contact angle 
difficult. This partial uncertainty in contact 
angle is a key factor which often makes pre- 
dictions of capillary phenomena subject to 
uncertainty. The difficulties are the greatest 
when the contact angle is near 90°, for slight 
changes in this range can change a wetting fluid 
very rapidly into a nonwetter. 

Capillary Thermodynamics 

The thermodynamics of a capillary system 
are useful in formulating the conditions of 
equilibrium and stability. To determine the 
energy change associated with a change of 
state in a capillary system, consider the two 
cones with a cylindrical mass of liquid stretched 
between, as shown in figure 11.10(a). The 
dotted lines denote the boundaries of a system 
of fixed mass, and we imagine that these 
boundaries are free to move in a manner which 
keeps the system volume constant. The shape 
of the cones is adjusted so that the liquid retains 
its cylindrical shape, even if the contact angle 
changes. 



(b) 


Figure 11.10. — Computing the energy change in a 
capillary syatem. 


When the separation between the cones is 
increased by an infinitesimal amount dx, the 
work done on this system {PdV work is zero for 
this constant volume system) will be dW=Fdx. 
The instantaneous force, F, may be determined 
by a force balance on a second system, defined 
in figure 11.10(b). The pressure difference 
across the interface is Pj — Po=o-/r, so the force 
Fp is irr<r. The surface tension force on the 
system is 2irar, and, therefore, the force balance 
indicates that the cone force, F, is 2irar—ircr 
= var. The work done is therefore 

dW=itr<rdx (11.16) 

The radius may be expressed as a function of 
the volume using the constraint that the liquid 
volume remain fixed. We find 

dF=27rrZdr-xPdZ+2,rr-^=0 (11.17) 

tan 6 

The length change dl is related to dx and dr by 

dZ=(/x-f 2dr/tan d (11.18) 

Combining equations (11.16) and (11.17), one 
finds 

dW=crrr{dl—2drlta,n 0) (11.19) 

This can be put in a more convenient form by 
observing that the incremental change in the 
interface area is dA=2wrdl—2vldr, and the 
incremental change in the wetted area 
is dAu,=^irrdrlsin 0. Combining equations 
(11.17) and (11.19), we can obtain 

dW=a{dA—c,os 0dAu) (11.20) 

The case of constant 0 is of particular interest. 
For this case, we define the capillary area, 
Ac, by 

Ac=A—cos 0Au, (11-21) 

The work is then related to the capillary area by 

dW=<xdAc ( 11 . 22 ) 

Consider now a reversible change of state 
for which the entropy change is related to 
the energy transfer as heat to the capillary 
system by 

dS=dQIT (11.23) 
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An energy balance on the system gives 

dU=dQ-\-dW (11.24) 

where U is the system internal energy. Com- 
bining these two equations, we obtain the 
Gibbs equation of the capillary system (ref. 
11.15) 

dS=^dU—^dAc (11.25) 

We next differentiate the functional relation- 
ship U{T, Ac) 

Substituting into equation (11.25), we obtain 
From which it follows that 



liquid, and is a function only of temperature 
(ref. 11.16). The term 

Uc={^-T^Ac (11.34) 

represents the energy associated with the capil- 
lary forces. Note that the capillary energy per 
unit of capillary area is also a function only of 
temperature. 

Integrating equation (11.31), at constant 
T, we find 

S=(-J)^.+No(D (11.35) 

where So represents the entropy of the liquid 
phase (ref. 11.16). —(dcrIdT), the capillary 
entropy per unit of capillary area, is also a 
function solely of temperatime. Since dcjdT 
is negative, the entropy increases during an 
isothermal stretching. 

The Helmholtz free energy is then 

F=aAc+Fo (11.36) 


Now, consider the Helmholtz free energy, 
F= U~ TS. Differentiating, 

dF=dU-TdS-SdT (11,29) 

Upon combination with equation (11.25), we 
find 

dF=<rdAc-SdT (11.30) 

Since dF is exact, we have the Maxwell relation 



so that equation (11.28) becomes 

Measurements indicate that the surface 
tension is a function only of temperature, and 
henceforth we consider this to be the case. 
Integrating equation (11.32) at fixed T, we 
have 

U^(a-T^)Ac+Uo{T) (11.33) 

where Uo represents the system energy when 
Ac=0, that is, the internal energy of the 


where Fo—Uq—TSo- We see that the surface 
tension may be interpreted as the capillary 
Helmholtz free energy per unit of capillary 
area; this is sometimes used as a basic 
definition of o-. 

Now, let us consider a capillary system which 
reaches equilibrium irreversibly without a work 
interaction with its environment, such as the 
reorientation of propellant in a system tran- 
sisting from a high-g to a zero-g state. The 
first law is then simply 

dU=dQ (11.37) 

and the second law gives 

TdS-dQ>0 (11.38) 

The change in entropy is related to the instan- 
taneous state (U and A^ of the system through 
the Gibbs equation, equation (11.25). Com- 

bining with the two equations above, we find 

dU-adAc—dU>0 (11.39) 

which tells us that, during the irreversible 
approach to equilibrium. 


dAc<0 


(11.40) 
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Since the capillary area continually decreases 
during the process, the final equfiibrium state 
is a configuration of minimum capillary area. 

A similar result is obtained for an isothermal 
capillary system when the gravitational force 
is not zero. The work done on a capillary 
system by external force when its center of mass 
is lifted an amount dh is 

dWf=Mg dh (11.41) 

where M is the liquid mass, and ij is the local 
gravitational acceleration. 

The total work done on a capillary system is 
then 

dW= ad A M(f dh (11 .42) 

Applying the first law of thermodynamics 

dU=dW+dQ (11.43) 

The energy transfer as heat and the entropy 
change must be such that the second law of 
thermodynamics for a reversible process is 
satisfied; that is, 

TdS=dQ,,y (11.44) 

For this system the Gibbs equation, describing 
changes of state, is obtained by combination 
of the first and second laws, and is 

dS=~dU-~dA-^dh (11.45) 

Upon differentiating the functional relationship 
U{T, Ac, h), and following the steps leading to 
equation (11.28), one finds that equation 

(11.28) holds for this system also, provided 
that the derivatives are taken at constant 
T and h. Similarly, the Maxwell relations, 
equations (11.31) and (11.32), both hold if h 
is held constant in forming the partial deriva- 
tives. Then, integrating equation (11.32), one 
has 

U=(^a-T^^Ac+.m+Uo (11.46) 

The function J{h) is determined by considering 
a reversible isothermal elevation at constant 
Ac, and is simply /(^)=Af( 7 A. The entropy is 
also given by equation (11.35). 

Now, consider a capillary system which is 
allowed to approach equilibrium without any 


work interaction with its environment, such 
as the propellant reorientation from one g 
loading to another. An energy balance for an 
elemental step in this process then gives 

dU=dQ (11.47) 

and the second law for the irreversible proce.ss 
is 

TdS-dQ>0 (11.48) 

The change in entropy is related to the change 
in state {U, Ac, and h) through the Gibbs 
equation, equation (11.45). Combining with 
the two equations above, we learn that the 
changes in state which occur during the irre- 
versible process must be such that 

adAc+Mgdh<0 (11.49) 

The term Mgh is the gravitational potential 
energy of the system; sometimes the term a Ac 
is called the capillary potential energy. The 
stable equilibrium state is then the state of 
minimum total potential energy, where 

PE=aAc+Mgh (11.50) 

This is an extremely important result, for it 
provides the basis for the determination of 
stable equilibrium configurations in capillary 
systems. We shall use it frequently in the 
following section. 

11.3 CAPILLARY HYDROSTATICS 

Preferred Confisurations in Zero g 

The thermodynamic analysis in section 11.2 
indicated that the stable equilibrium state of a 
capillary system in an isothermal zero-g en- 
vironment is the state where the potential 
energy, PE—aAc, has the least value. There 
may be several states for which small pertur- 
bations in configuration result in an increase in 
PE; all of these states, except for the one of 
lowest PE, are metastable, for with a sufficiently 
large disturbance the system will pass to the 
stable state. This behavior is indicated in 
figure 11.11. We can use this idea to determine 
where liquid is most likely to be found in a 
container. Since the surface tension depends 
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Figure 11.11. — Stable states. 


only on temperature, it is constant in an 
isothermal system, and we need only to investi- 
gate the capillary area Ac- Thus the calcula- 
tion is entirely geometrical. 

It is important to realize that one cannot be 
sure from these considerations that the system 
will indeed be in this stable state; it may be 
“trapped” in a metastable state. The analysis 
merely indicates what is most likely, which 
often is too weak a prediction for purposes of 
conservative design. 

Consider first a collection of liquid drops 
away from interaction with walls. Suppose the 
drops are floating aimlessly about, and we seek 
to learn if there will be any tendency for them 
to merge upon contact with one another. 
Let us take the simple case where all N drops 
have the same diameter, D. If V represents 
the total liquid volume, then 

V=QNIP (11.51) 



Figure 11.12. — Capillary areas for wall-bound and free 
drops and bubbles. 


forming one large bubble. These trends are in 
fact observed experimentally. 

Let us next ask if a drop prefers to be floating 
free of the surface or if it has lower potential 
energy in a “waU-bound” state. A bit of 
geometrical calculation (fig. 11.12) leads to a 
relationship between the capillary areas for 
wall-bound and free drops (or bubbles) of 
identical volume on a plane surface.® 


The capillary area of each will be proportional 
to D^, and the total capillary area is therefore 

A.^CiND'^ (11.52) 

Since V is fixed, we conclude that the capillary 
area is of the form 


A n ”11/3 

i (2-3 cos 9-f cos® 0) (drops) 

Ac free J 

(11.54a) 



cos 0— cos® 



(bubbles) 

(11.54b) 


Ac==CJ^^'^ (11.53) 

The capillary area will therefore be least when 
the drops are merged into one. The general 
proof of this is a classic problem in the calculus 
of variations, where one finds that the shape of 
smallest surface area for given volume is a 
single sphere. We conclude therefore that the 
drops will tend to coalesce to form a single 
large sphere. 

By similar arguments, it is easily demon- 
strated that small free bubbles will tend to join. 


These ratios are less than 1 for all 0. Con- 
sequently, we conclude that the waU-bound 
configurations are more stable. If a free- 
floating drop (or bubble) collides with a wall 
not too violently, it will stick. In zero g, drops 
or bubbles prefer to be wall bound. 

Similar geometrical calculations have been 
made for the case of liquid in a spherical tank, 
and the results are summarized in figure 


5 For bubbles A c= 4/4- cos dAnw, where .4.v»- is the 
nonwetted area. 
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Wetting systems 



Wetting systems 


Non -wetting systems 



Non -wetting systems 



Figure 11 . 13 . — Comparison of capillary energies of possible configurations in a spherical tank. 


11.13(a). The ratio of the capillary areas for 
the wall-bound and free-floating configurations 
are plotted versus the liquid volume percentage 
for several wetting and nonwetting contact 
angles. The conclusion is as stated previously, 
that in every case both the liquid and gas 
bubbles are wall bound in the preferred con- 
figuration. The ratios of the high-g capillary 
areas (assuming a flat interface) to the wall- 


bound zero-g capillary areas are shown in 
figure 11.13(b). Note that the capillary area 
would indeed decrease as the fluid passes from 
an initial high-g state to a zero-g state after 
the removal of the body force field. An ex- 
ception is observed for the particular situation 
where the liquid meets the wall at the contact 
angle, in which case no motion would ensue 
following removal of the body force. 
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These predictions have been qualitative!}' 
observed in free-fall experiments. However, 
with wetting liquids in large quantity, the ullage 
bubble sometimes becomes embedded. This 
is attributed to inertial effects and it is felt 
that after an extended period of very small g, 
the bubble would drift toward the wall and 
eventually become wall bound. 

In the foregoing discussions, we tacitly as- 
sumed that the interface was a spherical sector. 
In a zero-g hydrostatic system, the pressures 
on either side of the interface will be uniform, 
and equation (11.13) then requires that the 
sum of the reciprocals of the principal radii 



of curvature be constant. Thus, ah axisym- 
metric meniscus in zero g mil take the shape 
of a spherical sector, provided it extends to 
r=0; an annular meniscus does not meet this 
requirement. If the Bond number is not too 
great, it is a fair approximation that the menis- 
cus is spherical, and this idealization can be 
used in estimating the configuration of many 
capillary systems. Clodfelter (ref. 11.17) used 
the spherical sector model to determine the 
position of the meniscus in a spherical tank 
under zero g, and design graphs adapted from 
his report are shown in figure 11.14. 
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Figure 11.14. — Meniscus configuration in a spherical tank at zero g. 
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Parallel Meniscus Systems in Zero 9 

Parallel meniscus systems are of considerable 
interest in a variety of space systems. Their 
preferred zero-g configurations may be deter- 
mined using the minimum capillary area ideas, 
and sometimes alternatively by force balance 
considerations. For example, consider the two 
menisci formed by two concentric tubes, as 
shown in figure 11.15(a). This parallel menis- 
cus system has application under certain condi- 
tions in large booster fuel tanks as a propellant 
positioning device, for, if the radii are properly 
chosen, the liquid will flow into the inner tube 
as the vehicle enters zero g. We can make a 
simple anaWsis for the preferred configuration. 
Neglecting the thickness of the inner tube, and 
assuming perfect wetting, the following pressure 
differences can be derived directly from the 
differential equations for the shapes of the inner 
and outer menisci, or from simple force balances. 



(1 1.55a) 


(11.55b) 



Figure 11.15. — Menisci in typical tanks. 


Now, if Pt, is less than Pa, the liquid will flow 
to the inner tube. Hence 


(1) if-<— !— 

r. ro-r.- 


liquid moves up the annulus 


(2) ifi = — -- 


liriuid remains in any position 


(3) if|> ^ 


ri ro—i’t 

liquid moves up the center tubej 

(11.56) 


Thus, if the inner radius is smaller than half 
of the outer radius, the liquid will flow to the 
center. This prediction was substantiated in 
the experiments of Petrash and Otto (ref. 
11.18). 

It must be emphasized that the tendencies 
previously indicated may be overridden by 
dynamic effects. For example, if the liquid 
were suddenly drawn up through the inner tube, 
following the removal of the body force, its 
momentum may carry it out of the inner tube 
into the top end of the tank; this possibility 
should be guarded against in any design utiliz- 
ing this sort of standpipe.® An analysis of the 
minimum-capillary-energy type, which is rele- 
vant to this problem, involves the determination 
of the container geometry in which a liquid of 
fixed volume can be contained wth the least 
capillary energy. Consider a family of cylin- 
drical tanks with hemispherical ends, as showm 
in figure 11.15(b). Assuming full wetting, the 
liquid volume is 

V=Tph (11.57a) 


The capillary area is 


Ac=2Tp-[2irrh + 2Tp] = -2rrh (11.57b) 

Combining, one finds that the least potential 
energy for fi.xed V is obtained with the largest 
radius. Hence, should the liquid squirt up to 
the top end of the tank of figure 11.15(a), it 


• This has been demonstrated in small-scale experi 
ments carried out by Siegel (ref. 11.10). 
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may well stay there in the absence of any 
restoring body forces. 

The foregoing example serves to illustrate the 
dangers of relying on the predictions of this 
type of zero-g analysis, and the need for careful 
consideration of dynamic effects, either by 
analysis or by properly scaled model experi- 
ments. Both of these topics will be discussed 
in subsequent sections. 

We have seen how the spherical segment 
model can be used in zero-g meniscus 
configuration analyses. To make accurate 
design calculations at nonzero Bond num- 
bers, one must use a more accurate me- 
niscus-shape equation. In many systems, the 
meniscus is axisymmetric, and a very large 
class of configurations can be handled when 
the characteristics of such a meniscus are 
known. We shall now consider a general 
treatment for axisymmetric menisci, the re- 
sults of which can be vised in design 
problems. 

Shape of Axisymmetric Menisci 

Consider the infinitesimal annular ring cut 
from the meniscus (fig. 11.16). A force bal- 
ance in the vertical direction provides the 
differential equation for the static interface 



iP-Pt) 


(11.58) 


The pressure is assumed to have a hydrostatic 
distribution^ 

P,=P,^—pgh (11.59) 

where P, is the pressure hi the liquid just 
beneath the interface, and Pt^ is the liquid 
pressure at the bottom of the meniscus. 
Introducing the dimensionless quantities 

R=rjr,', H—hlrc', S=slrc; B=pgPJ<r (11.60) 

where 

r,=^/(P,-P,„) 


and combining equations (11.58) and (11.59), 
one finds 


’’ The gas density is neglected. To consider it, replace 
P by pi—pg in the analysis. 



Figure 11.16. — Force balance for a.\isymmetric menisci. 




A second differential equation is obtained from 
the geometric condition 



(11.62) 


which, when differentiated and normalized, 
gives 


<1H dm , dR dm ^ 
dS dS^'^dS dS^~^ 


(11.63) 


Equations (11.61) and (11.63) form a pair 
which may be solved numerically. The prob- 
lem may be treated as an initial value problem, 
in which we prescribe 


P(0)=H(0)=H'(0)=0 
P'(0) = 1 


(11.64) 


Calculations of this type have been carried 
out at fixed B, yielding values of a along the 
way. These results were then cross-plotted 
for selected values of a to obtain the curves of 
figure 11.17. In these figures, V represents the 
volume of revolution bounded by the meniscus 
and the plane of the contact line. These 
curves may be used in design calculations 
involving any axisymmetric meniscus, which 
must extend to r=0. 

To illustrate the usefulness of these curves, 
suppose we wish to calculate the general con- 
figuration of a meniscus in a spherical tank as 
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Figure 11.17. — Configuration parameters for axisymmetric menisci. 


a function of the percent volume loading, to 
develop a curve similar to those in figure 11.14. 
It is a simple matter to read the required 
values from figure 11.17, and the calculation 
method is outlined in table 11.1. Figure 11.18 
shows the results of this calculation for a par- 
ticular case of moderate Bond number. Note 
that the depth of the meniscus is less than 
predicted by the simple zero-g (circular seg- 
ment) model of figure 11.14. This points up 
the fact that the zero-g analysis, though in 
error, may often provide a simple conservative 
estimate of the meniscus extension. When 
more accurate results are desired, tlie curves 
of figure 11.17 can be used. 


Approximate calculations for configurations 
not covered by the curves discussed above can 
be made using some assumed shape for the 
meniscus. For example, Satterlee and Chin 
(ref. 11.20) have found that an ellipsoidal 
approximation gave quite adequate results for 
axisymmetric menisci at low Bond numbers. 

Stability of Axisymmetric Menisci 

In a zero-g environment, a meniscus will hold 
its position and shape as the container is slowly 
inverted. At sufficiently low g, the inversion 
may also be made and the liquid left “hanging” 
at the top of the container. There are im- 
portant situations in which one would like to 
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Figure 11.17. — Concluded. 


design the container such as to maintain the 
inverted meniscus, and other instances where it 
is important that the liquid not remain in the 
inverted position. In these engineering prob- 
lems, knowledge of the stability of the meniscus, 
with respect to a destabilizing body force field, 
is of considerable utility, and we now will take 
up this important question. 

The concept of interface stability can be 
introduced by drawing on common experience. 


Consider a mercury-in-glass thermometer. 
Held in any position at normal g, the interface 
is stable, and the mercury does not run down 
the tube. In fact, it is possible to perform the 
same experiment with a tube 0.2 centimeter in 
diameter. However, if one attempts to invert 
a column of similar length in a 3. 0-centime ter- 
diameter tube, the mercury invariably falls 
down and out of the tube. We therefore expect 
that there is a critical radius below which the 
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interface is stable, and above which it is un- 
stable. The determination of this radius and 
the associated critical Bond number will be 
considered momentarily. 

Table 11.1. — Method of Determining the Meniscus 
Configuration as a Function of Liquid Volume 
for a Spherical Tank 




a-f-0*e 

R/R,- Sin 0 
L,/R/(l-CosB) 


Calculations below for S ■ 20*, />gR,/<r • 2.0 
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Figure 11.18. — Menisci in a spherical tank. 



(a) (b) (c) 

Figure 11.19. — Menisci in inverted tubes. 


A first thought might be to attribute the 
support of the heavy liquid at the top of the 
tube to capillary forces. However, one finds 
that wetting fluids can also be suspended at 
the top of a glass tube, as in the alcohol-in-glass 
thermometer. In fact, by being careful in the 
inversion process, water can be suspended in a 
0.6-centimeter-diameter tube. For wetting 
liquids, the surface tension forces tend to assist 
gravity in pulling the liquid down. In non- 
wetting liquids, some slight assisting support 
is given by surface tension, but the liquid is 
basically supported by pressure. Atmospheric 
pressure acts on the interface, and a reduced 
pressure acts at the top end of the tube (fig. 
11.19(a)). 

Since the ratio of weight to pressure force is 
independent of diameter, it is possible to support 
fluid in any diameter tube, provided, of course. 


that the length is small enough so that a positive 
absolute pressure results at the top of the tube. 
But we observe instability of the column in 
large tubes, while in the smaller tubes the inter- 
face is stabilized by surface tension. 

What would happen if we opened the top end 
of the tube, equalizing the pressures? Of 
course the liquid would fall down. This would 
not be considered an instability because the 
suspended configuration is impossible in itself, 
and one can only sensibly discuss stability 
when the static configuration could in principle 
occur. But suppose we restricted the bottom 
end of the tube, causing an interface of dif- 
ferent curvature to be formed, as shown in 
figure 11.19(c). Suppose the interface curva- 
ture is such as to produce a pressure in the 
liquid at the hole which is higher than atmos- 
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pheric, perhaps even high enough to support 
the liquid column. The tallest column will he 
possible when the radius of curvature of the 
protruding interface is least, for this yields the 
greatest “capillary pressure.” Here we see an 
example of a system in which capillary forces 
simultaneously provide both support and 
stability. 

The stability of a meniscus may be analyzed 
in a number of ways. One can do a dynamic 
analysis of the liquid motion, and then look for 
normal modes of vibration which grow in 
amplitude with increasing time. This is a 
difficult computational task, for although the 
problem may be linearized in a study of small 
disturbances, the domain in which the solution 
must be obtained is not simple. It is possible 
to show that the eigenvalue equation giving the 
stability limit obtained from an inviscid theory 
of this type is exactly as would be obtained 
simply by invoking the thermodynamic cri- 
terion of marginal stability; that is, that varia- 
tions in the meniscus shape produce no variations 
in the total potential energy (refs. 11.21 and 
11.22). This condition marks the boundary 
between states of minimum free energy (stable 
states) and maximum free energy (unstable 
states). We will use the latter method, and in 
section 11.4 will demonstrate for a simple case 
that the dynamic stability analysis indeed yields 
the same critical Bond niunber. 

According to our thermodynamic criteria, 
for a meniscus shaph to be stable there must be 
no small perturbation of its shape which can 
lead to a reduction in the total potential energy. 
For example, consider the meniscus formed by 
the liquid at the top of a spherical container, as 
shown in figure 11.20(a). Suppose the meniscus 
somehow finds itself with exactly the same 
shape, but with its position rotated slightly 
about the center of the sphere. The capillary 
potential energy would be unchanged, but the 
gravitational potential energy would be de- 
creased, and hence the total potential energy 
would be reduced. Consequently, the menis- 
cus in an “inverted” spherical tank is always 
unstable. This fact has important application 
in propellant tank design. 

All “inverted” menisci become unstable at 
sufficiently high g’s. The limit of stability is 



(b) 

Figure 11.20. — Stability of menisci. 

y 



-a + a 


Figure 11.21. — Liquid in an inverted channel. 

given by the point at which the total potential 
energy of the capillary system ceases to be a 
minimum, and starts becoming a maximum, 
A simple analogy helpful in grasping this con- 
cept is given in figure 11.20(b). 

To illustrate the methods, we will now carry- 
out the stability analysis for a simple case. 
Consider the liquid having 0=90° in an inverted 
two-dimensional channel, as shown in figure 
11.21. The capillary potential energy per unit 
of channel length is, for a two-dimensional 
disturbance, 
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P£'c=J* (11.65a) 

Hence, for small perturbations y{x), the varia- 
tion in capillary energy is, to first order 

(u.65b) 

The variation in gravitational potential energy 
per unit of length from the equilibrium (flat 
interface) value is 

SPE,=—J pg^dx (11.66) 

Denoting Y=y/a, X~xla, Bo = pga-fa, the 
total variation in potential energy may be 
expressed nondimensionally as 

For stability, 5PE=0 for any small virtual 
variation Y{X). The neutrally stable case 
occurs when hPE vanishes. Hence, in a stable 
state 

5o= {Y'ydxjj^' YHX=h!h (11.68) 

To find the critical Bond number, we should 
seek the shape perturbation Y{X) which mini- 
mizes the ratio IJI 2 above. This leads us to 
an isoperimetric problem in the calculus of 
variations (ref. 11.23); the solution which 
maintains the contact angle fixed is 

r=^sin|Z (11.69) 

Then, substituting back into equation (11.68), 
we find 

5oerit=ir74=2.46 (11.70) 

This is identical with the result obtained as 
a byproduct of the sloshing analysis. In the 
sloshing analysis, one considers the normal- 
mode oscillations, each of which yields a 
periodic interface perturbation Y„{X). If the 
Bond number is such that one of these normal 
modes grows in time, rather than oscillating, 
the system is unstable. The critical Bond 


number marks the onset of this instability. 
Now, the stability criteria obtained from the 
potential energy considerations admit any 
F(J?^ which satisfies the proper contact con- 
ditions. Hence, if instability occurs for a 
normal-mode perturbation, both methods will 
yield identical values for the critical Bond 
number. 

Concus (ref. 11.21) has used this approach to 
treat the instability in the two-dimensional 
channel for contact angles other than 90°. 
He found that the 90° case was the most 
stable, and that the critical Bond number for 
fully wetting or nonwetting liquids was only 
about 0.72 (compared to 2.46 for 0=90°). 
This same trend is found in axisymmetric 
menisci, which are of more practical interest. 
However, an important result of a later study 
by Concus (ref. 11.22) indicated that any 
meniscus for which the curvature changes sign 
was unstable. While this was shown only 
for a two-dimensional meniscus, it might be 
speculated that it would be true for any 
meniscus, when applied to the total meniscus 
curvature. These criteria might provide a good 
way of estimating critical Bond numbers for 
menisci of irregular shape. 

The extension of the stability analysis to 
generalized axisymmetric menisci is consider- 
ably more complicated; the details differ some- 
what from the previous analysis, but they are 
the same in concept. A summary of the 
analysis is given in reference 11.1, and we 
shall simply present the results here. 

The critical Bond number may be related 
to the radius of curvature (r„) of the bounding 
walls at the contact point in a plane containing 
the axis, to the contact angle, and to the angle 
a which the meniscus makes with the axis. 
This relationship may be expressed nondimen- 
sionally in the form 

This relationship was determined by numerical 
solution and is shown graphically in figure 
11.22. The meanings of the symbols are 
given on that figure. 

The curves of figure 11.22 can be used to 
examine the stability of practically any axisym- 
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sin 6 


Figure 11.22. — Neutral stability curves for axisymmetric menisci. 


metric meniscus. Several injportant general 
conclusions may be drawn from them directly: 

(1) An “inverted meniscus” is unstable at all 
Bond numbers for positive wall curvature 
(concave with respect to the meniscus) such that 
the parameter r/(r„ sin 9) is greater than +1. 
This includes the spherical tank case previously 
discussed. 


(2) The critical Bond number for zero wall 
curvature {ru,= ® ) depends only upon the angle 
which the meniscus makes with respect to the 
a.xis, and is Otherwise independent of the contact 
angle. This allows the stability^ criteria for 
conical capillaries to be represented in the 
manner of figure 11.23. 

(3) The critical Bond number for wall-bound 


229-648 O— 8T 27 
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Figure 11.23. — Critical Bond number for axisymmetric 
menisci in a conical tank. 


drops and bubbles may be determined from 
figure 11.22, and expressed in terms of a critical 
volume. The result is shown in figure 11.24. 

(4) The maximum destabilizing g loading 
can be sustained when the interface is flat 
(a =90°). 

What experimental data are available seem 
to confirm the instability theory. Satterlee 
and Reynolds (ref. 11.24) performed extensive 
experiments in a slightly tapered tube, and 
these data are in very good agreement with 
figure 11,22 over the range of 0°<a<90°. 
Similar data of Masica et al. (ref. 11.25) also 
support these predictions. Jakob (ref. 11.26) 
discusses the wall-bound bubble case in his 
nucleate boiling chapter, and shows a variety 
of data which are in very good agreement with 
figure 11.23 over the range — 90°<a<C0°. 
The case of very small negative radius of 



curvature occurs at the bottom edge of a 
vertical tube, or in a horizontal orifice; if the 
meniscus is flat, the critical Bond number is 
14.6. Experiments of Duprez (ref. 11.27) 
support this prediction. The case o! = 0° gives 
the maximum size of a long bubble which can 
persist in a straight vertical tube, and is in 
agreement with the theory and experiments 
reported by Bretherton (ref. 11.28). Two 
examples illustrating the use of these curves in 
axisymmetric meniscus stability analysis are 
given in figure 11.25. 

There are a number of important applications 
of these results in the design of liquid storage 
systems for use in space. If it is desh’able that 
the liquid not remain in the inverted position, 
that is, that it fall to the “bottom” of the tank, 
a spherical design should be used. Then, with 
any slightly destabilizing orientation of the 
body force, the liquid will migrate to the bottom 
of the tank. On the other hand, if it is desired 
that the liquid should remain “above” the gas, 
then one would try to design the vessel so as to 
achieve a flat meniscus. This might be ac- 
complished by placing thin rings around the 
walls, as shown in figure 11.26(a). The 
meni.sciis would become attached to one of these 
rings, and an optimally stable flat interface 
thereby obtained. If the g-loading is more than 
the critical value for stability, the tank can be 
partitioned to break up the meniscus into 
smaller stable menisci, as indicated in figure 
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Example 1 



Suppose 


a -50 
fl*30” 

R /R-3 
w 


4 > = 


R^ sin 9 3x 0.5 


0.667 


For a ■ 50* , * 0. 667 , read on Fig. 11.22 

-0.36 

Example 2 , 40" 



Suppose 

B ■ 135" 

a ■ '10“ i R 1 

R^/R--l ^ Rising -1x0.707 


For a ■ 40" , - 1. 41 , read on Fig. 11. 22 

<^0R'/-),rit -3.3 

Figure 11.25. — Two examples of axisymmetiic meniscus 
stability calculations. 



procedure, in which the interface shape was 
first specified and the container shape then 
calculated. In order to maintain the assumed 
meniscus shape, a nonuniform pressure must be 
impressed on the outside of the meniscus. 
Anliker and Pi state that the shape of the 
container bottom is very important in determin- 
ing the stability criteria. The present work 
would suggest that it is only the container 
shape at the contact point which is important, 
and it is believed that the stabihty limits given 
by the Anliker-Pi scheme for realistic meniscus 
shapes would be in full agreement with the 
curves of figure 11.22. 

Flat Annular Meniscus 

The stability of a flat meniscus in an annular 
tank has been analyzed by these same methods. 
The eigenvalue problem for a flat meniscus is 
relatively simple, and the solution is given in 
reference 11.1.* The results of this stability 
analysis are presented here in figure 11.27. 



Figure 11.27. — Stability of a flat annular meniscus. 


(a) (b) 

Figure 11.26. — Two methods for improving stability. 

11.26(b). Screens can be used effectively for 
this purpose. 

A recent study by Anliker and Pi (ref. 
11.29) involved calculation of interface in- 
stability by the dynamic method described in 
section 11.4. However, they used an inverse 


Note that the critical Bond number for the 
case of r(/Vo=0, corresponding to a thin wire 
in the center of a tube, is 3.39, the same value 
as obtained without the wire. This suggests 


* In ref. 11.1, the ordinate of the illustration cor- 
responding to fig. 11.27 is incorrectly labeled. The 
right-hand side of the first equation on p. 85 of 
ref. 11.1 should be multiplied by R. Eqs. (11.61) and 
(11.64) have been corrected for typographical errors 
that were present in ref. 11.1. 
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e 


Figure 11.28. — Shape and stability of a rotating meniscus in a cylindrical tank. 


tnat the presence of a small standpipe in the 
center of a large tank would have little effect 
on the critical Bond number. 

It should be noted that the two-dimensional 
channel, with a two-dimensional disturbance, 
does not form the limiting case as rj/ro->l. 
This is because of the azimuthal variation 
permitted in the annular tank.® However, the 
numerical calculations are checked by the 
observation that a disturbance with no radial 
variation which wiggles once and meets itself 
in going around the circumference is equivalent 
to the two-dimensional problem, with a re- 
placed by one-fourth the circumference, or 
ar/2. Then, using equation (11.70), we would 
predict pgr^lcr= 1, which agrees with figure 1 1.27. 

Shape and Stability of a Rotation Axisymmetric 
Meniscus 

Seebold and Reynolds (refs. 11.30 and 11.31) 
have made similar calculations for a rotating 
meniscus in a cylindrical tank, assuming that 


’ It is important to appreciate that the two-dimen- 
sional channel idealization, while simplifying the 
analysis, does not lead to meaningful results in the 
stability problem; for this reason the results of Concus’ 
pioneering study (refs. 11.21 and 11.22), which set the 
method for the stability analysis, have not been 
included heroin. 


the liquid is in a state of solid body rotation. 
Some of their results are given in figure 11.28. 
It is interesting to note that a rotating meniscus 
may be unstable even at zero g, enabling the 
liquid to move entirely to the outer perimeter. 
This has important applications in liquid-vapor 
separation. 

For the special case of zero contact angle and 
zero Bond number, Seebold and Reynolds 
(ref. 11.30) obtained a simplified stability 
criteria for the rotating meniscus in an annular 
tank. Their results may be written as 

(H-72a) 

Here r< and ro are the inner and outer radii of 
the tank, o> is the angular frequency (rad/sec), 
and is the rotational Weber number. If 
Q* exceeds this critical value, or if the meniscus 
contacts the bottom of the tank, the liquid 
moves rapidly to the outer wall. 

This theory indicates that even very slow 
rotations will produce full liquid separation in 
large tanks. For example, in a 3-meter- 
diameter tank, a rotation of the order of two 
revolutions per hour is sufficient to cause sepa- 
ration, once the state of solid body rotation has 
been achieved. Seebold and Reynolds present a 
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number of other data pertinent to the design of 
rotating tanks for low g. In particular, the refer- 
ence includes a more complete description of a 
calculation method for axisymmetric menisci, 
and a detailed discussion and analysis of the 
stability problem. 

The experiments of Seebold and Reynolds 
indicate that figure 11.28 provides a conserv- 
ative estimate of the critical rotation parameter. 
Separation was usually obtained at .somewhat 
lower Bond and Weber numbers, primarily due 
to “dynamic overshoot” in the reorientation 
period. 

Blackshear and Eide (ref. 11.32) have ex- 
amined the meniscus in a tank whirling about 
an axis perpendicular to the tank axis. This 
motion produces an effective body force gradi- 
ent, but the shape and stability can be de- 
termined essentially by the value of the body 
force at the meniscus surface. Hence the 
stability criteria, estimated using a critical 
equivalent Bond number of 0.84 (for fully 
wetting liquids), would be 

icoVo/£T<0.84 (11.72b) 

Here L is the distance from the whirl axis to 
the meniscus, and m is the whirling angular 
frequency. 

Condition for Sufficient Supporting Pressure 

Throughout the previous three sections we 
tacitly assumed that the pressure forces in 
the gas are sufiicient to support the meniscus 
in an inverted position. This must be ex- 
amined in each application. The pressure at 
the uppermost point in the fluid will be less 
than that at the lowermost point by an amount 
(see fig. 11.29) 

Pi-Pi=pgh (11.73) 

where A is the distance between these two 
points. The pressure at Pi must not be lower 
than the saturation pressure of the liquid at 
the particular temperature involved, or else 
vaporization is hkely to occur at the top of the 
tank. The maximum liquid height which can 
be supported is therfore 

A„ax=— (11.74) 


p,- p,*/>gh 



Fiouke 11.29.— Supporting pressure. 


This length must not be e.xceeded if the meniscus 
is to be supported, and such considerations 
should be made if the liquid is in a nearly 
saturated stale. If the liquid is saturated, no 
inverted meniscus can be supported. This 
fact must be considered in the design of cryo- 
genic liquid storage systems. 

Stability in Capillary-Supported Systems 

The menisci discussed in previous sections 
are supported in an inverted position by pres- 
sure forces. In contrast, consider the capillary- 
supported .systems of figure 11.30. This system 
can also be analyzed by the minimum potential 
energy method. However, instabilities gen- 
erally occur at very low values of the Bond 
number, based on the radius of the supporting 
menisci, and hence the simpler force-balance 
methods, utilizing the idealization that the 
meniscus is spherical, are usually quite ade- 
quate. For example, equating the total pres- 
sure variation along the axis of figure 11.30(a) 
to zero, one finds 

^=pgh (11.75) 

ri 

Since ri>r, a stable system is possible only if 

pghrt<r<2 (11.76) 

Similar analyses yield the results shown for 
figure 11.30(b). 

In a series of experiments on a system such 
as figure 11.30(c)-(e), Hollister (ref. 11.33) 
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/jgh r, /cr s 1 - r,/ r, 

(a> (b) 


2r 



(c) (d) (e) 


Ficube 11.30. — Stability of some capillary-supported 
systems. 

found that the maximum values of pghrl<r 
ranged from 1.5 to 3.5. Highest values were 
obtained with a water-Teflon system, which is 
probably most closely modeled by figure 
11.30(e). These experiments prove that simple 
analyses of this type can yield stability criteria 
sufficiently acciu*ate for many engineering de- 
sign purposes. 

instabilities in Other Capillary Systems 

Lamb (ref. 11.34) presents analysis which 
shows that a cylinder of liquid is unstable under 
the action of surface tension in zero g. The 
column of liquid tends to pinch together and 
form drops of liquid. If Do is the cylinder 
diameter, the most amplified disturbance is 
found to have an axial wavelength of 

X«4.5Z?„ (11.77a) 

The implication of the linearized theory is that 
the drops formed on breakup of the cylinder will 
have a diameter of approximately 

Z)«1.5Z?o (11.77b) 


The inverse problem of a gas column in a 
liquid under zero g was studied by Rayleigh 
(ref. 11.35). He showed that the cylindrical 
interface is unstable, and tends to pinch off, 
forming bubbles. The most rapidly amphfied 
disturbance has an axial wavelength of 

X«6.48L>o (11.78a) 

from which we estimate the pinched-off bubble 
diameter as 

£>«1.7Do (11.78b) 

These predictions have been confirmed experi- 
mentally and are beautifully demonstrated in 
the motion picture of Trefethen (ref. 11.12). 

Anliker and Beam (ref. 11.36) studied the 
stabihty of uniform Uquid layers spread over 
cylinders and spheres and found that the film 
on a fuUy covered sphere or cyhnder is always 
unstable. This contradicts the simplified 
analysis of Lee (ref. 11.37) which dealt pri- 
marily with longitudinal wave instabilities. 
With water, Lee always observed instability, 
but with oil he did not. It might be thought 
that this was a viscous effect, but the analysis 
of Bellman and Pennington (ref. 11.38) in- 
dicates that viscosity does not alter the critical 
Bond number. The surface tension value for 
oil used by Lee seems high, and hence his oil 
experiments are questionable. 

Otto (ref. 11.39) reports experiments on the 
stabihty of a meniscus in a horizontal tube. 
The critical Bond numbers, based on tube 
radius, ranged from about 1 to about 2.5; 
this was not attributed by Otto to contact 
angle variations, but may weU have been due 
to differences in contact angle or to contact 
angle hysteresis, which Satterlee and Reynolds 
(ref. 11.24) found to be important in their 
sloshing studies. 

11.4 LOW-s SLOSHING AND SOME RELATED 
PROBLEMS 

Introduction 

The sloshing analyses presented in previous 
chapters apply whenever the Bond number is 
substantially greater than unity. At low g 
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z 



Figcre 11.31. — Definitions for axisymmetric meniscus 
sloshing analysis. 


these analyses must be modified to account for 
the distortion of the undisturbed interface 
shape and the added interface pressure differ- 
ence caused by capillarity. While these new 
factors make the mathematics considerably 
more complicated, the general approach re- 
mains unchanged. In this section, we will 
formulate the sloshing analysis for axisyntmetric 
menisci and present the results for r!ie particu- 
larly useful case of a cylindrical tank with an 
axial body force. For more details of the 
treatment, see reference 11.24. 

General Formulation for Low-s Sloshing 

We presume that the essential features of 
sloshing motions will be revealed by an inviscid, 
incompressible flow theory. Consider the liquid 
in the axisymmetric tank of figure 11.31. The 
bounding walls are denoted by W, the undis- 
turbed interface by S, the disturbed interface 
by S'. The domain occupied by the liquid 
in the undisturbed and disturbed configurations 
are D and D', respectively. We denote the 
velocity components in the r, d, and z directions 
by u, V, and w, respectively. The fluid meets 
the wall at contact angle, 0, measured in a 
plane perpendicular to the contact line, C. 
Assuming the motion to be inviscid, incom- 
pressible, and irrotational, the equation of 
continuity may be expressed in terms of the 
velocity potential, <f>, as 

V^<t>=0inD' (11.79) 


U=—tl>r 

1 

--<!>» 

w=—(j32 (11.80) 

Subscript notation is used to denote partial 
differentiation with respect to the subscripted 
variable. The boundary condition appropriate 
for the inviscid problem at the solid walls is 

^=0onW (11.81) 

Since the motion is irrotational, Bernoulli’s 
equation is satisfied throughout the liquid 
domain, and in particular at the free surface. 
The unsteady form of Bernoulli’s equation 
applied at the perturbed surface is 

~+^-^gs=<t>t+m, on S' (11.82) 

where ^(<) is an arbitrary function of time. 
Here P is the pressure just inside of the interface 
and V is the total fluid velocity. It should be 
pointed out that the only point at which 
dynamics enters the analysis is through equation 
(11.82). 

P is related to the pressure just outside of 
the liquid, Pj, by 

Pg — P=<rK (11.83) 

where the total interface curvature, K, is 
given by (ref. 11.24) 


K= 


rdr 


rSr 






.V 




1 


(11.84) 


l+S?+-5 


A kinematic relation between the velocity 
field and the interface motion is essential to 
this analysis. This kinematic relation is (ref. 
11.24) 

r‘ 


Here the velocity potential is defined by 


(11.85) 
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If the meniscus is flat, or nearly so, only the 
first term on the right in equation (11.85) 
need be retained, as was the case in earlier 
chapters. However, with the strongly curved 
meniscus, the second term will also contribute 
to a linearized analysis, and all three terms 
would have to be used in a proper nonlinear 
treatment. 

For convenience, the arbitrary function of 
time in equation (11.82) may be set equal to 
the equilibrium liquid pressure at the vertex 
of the equilibrium free surface shape, divided 
by the liquid density. Then, using the kine- 
matic condition, the free surface condition 
reduces to 

= 0 on S' 

( 11 . 86 ) 


Surface boundary condition: 

^ /i A r — a r -Ai—ix 

p\r dr LvT+7f'-l^^' Lfl+fJj 

—gh+<t>,=0 on S (11.88b) 

Wall boundary condition: 

1^=0 on IF (11.88c) 

on 

Kinematic condition at the surface: 

ht — — ’hzf'fr^r on S' (11.88d) 

In addition, we require a contact point 
condition. We assume that the perturbation 
in the slope h, at the contact point is given, 
to order <, by 

hr=yh on C (11.88e) 


Equation (11.79) is the equation which must 
be solved, and the boundary conditions which 
must be imposed are equations (11.81) and 
(11.86), plus a contact angle condition. The 
kinematic connection between the shape of the 
free surface and the velocity potential is 
equation (11.85). Obviously, the nonlinear 
problem is quite difficult, and in the interests 
of obtaining a useful approximate method, we 
will now linearize the problem by idealizing 
that the perturbations are small. 

The Linearized Problem 

We assume that <t> is of the order e, where « is 
a small parameter, and express the interface as 

s(r,i},t)=f{r)+th{r,i},t) (11.87) 


The parameter y provides a macroscopic way 
for including the effects of contact angle 
hysteresis (ref. 11.24). In walls with curva- 
ture in an axial plane, y also includes the 
curvature effects. 

Now that the problem has been linearized, 
we can reduce it to the familiar sort of eigen- 
value problem for the natural sloshing modes. 
We put 


R=rjro Z=z/zo F=f/ro 
4>=fgri^{R, Z) sin ut 

h=J"^H{R, cosa>( 


y ( 11 . 89 ) 


Bo=pgTil<7 n*=pr?«V<r r=ro7j 


The values of <t> and its derivatives on the dis- 
turbed surface are expressed as a Taylor’s 
series expansion about their values on the 
undisturbed meniscus. This in effect allows 
the single boundary condition to be “trans- 
ferred” from S' to S. The linearized problem 
then becomes (to order «) ; 

Differential equation: 

V*4>=0 in D (11.88a) 


and obtain the dimensionless eigenvalue prob- 
lem for <i>, H, and 12: 

Differential elation: 

in D (11.90a) 

Wall boundary condition: 

<l>,v=0 on W (11.90b) 
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Surjace boundary condition: 

I ± r 1 1 ± r g. - | 

R dfl Lvi+gJ 

—BoH+^l^^=0 on S (11.90c) 

Kinematic condition: 

H==^z-FR^n on S (11.90d) 

Contact angle condition: 

Hn==VHonC (ll.QOe) 

In spite of the linearization, we still are faced 
with a formidable problem; except for very 
simple cases, the domain D is not well suited 
for solution of equation (11.90a), for the 
meniscus shape F{R) is known only numerically. 
We will now obtain a solution for the special 
case of a cylindrical tank with a flat bottom 
and a flat interface, and subsequently formulate 
and use a variational scheme for analysis of more 
realistic situations. 

Solution for o Special Cose 

For the special case indicated by figure 
11.32, solutions satisfying equation (11.90a) 
in D are 

^ = Jm(km,nR) COS md ■ COSh [km.n{L-\- Z)] (11.91) 

where Jm{x) is the Bessel function of order m. 
Note that m=0 corresponds to the first sym- 
metric perturbation, while m = l gives the 
first antisymmetric (lateral sloshing) mode. 
The eigenvalues km. n are determined from 
equation (11.90b), which gives 

JL(km.n)=Q (11.92) 

Note that equation (11.90d) is satisfied by 
equation (11.91). Using the kinematic con- 
dition, the surface boundary condition becomes 

~R ^R Bo^z+^^^=0 on S 

(11.93) 

This will be satisfied by solutions of the form 
of equation (11.91) only for particular values 
of U, namely 

n^,„=tanh ik„,nL)[m^kt,,+Bokm.n] (11.94) 


z 



W 


Figure 11.32. — Geometry for a special case. 

Note that we were unable to enforce any contact 
point condition. However, it may easily be 
shown that the contact angle is unchanged for 
this solution, which therefore corresponds to 
r=0. The lowest sloshing frequency (the 
fundamental) is obtained for m=7i = l, and is 

fi^==tanh (1.84lZ)[6.255-M.84l5o] (11.95) 

Note that for very large Bond numbers, 
equation (11.95) gives 

i27Bo=12^=a)%/£f=1.841 tanh(1.84lL) (11.96) 

which is the result obtained when surface 
tension is neglected. 

As long as 5o> — 3.39, will be positive 

and hence the motion oscillatory. But for 
Bo< — 3.39 fl* is imaginary, corresponding to 
a growing disturbance. The neutral stability 
point is therefore Bo = — 3.39, which agrees ex- 
actly with the value obtained from the simpler 
potential energy considerations. (Note that 
the sign difference is due to the different direc- 
tion for positive g. Note also that the critical 
value is- independent of depth, which is also in 
agreement with om earlier discussions.) 
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A Variational Formulation 


Det (11.100) 


In general, exact solution of the eigenvalue 
problem, equation (11.90), is not possible, and 
approximate methods are preferable. In par- 
ticular, a variational formulation can be made 
(ref. 11.24). Following the usual formalisms of 
the calculus of variations, one can show that,'® 
when 4> and its H are eigenfunctions satisfying 
equation (11.90), associated with eigenvalue fi*, 
the function 


RdRdMZ 


1 HI 


Vi+n' ^\'i+n 

-|- Bo 7?^ — 2 n \ RdRdd 


J 


-li 


VT+:^ 


jdi? (11.97a) 


is stationary with respect to arbitrary small 
variations in and H satisfying 

«>Ar=0 on IF (11.97b) 

H=^z-Fh^r on S (11.97c) 

Hr=VH on C (11.97d) 


The variational problem, equation (11.97), 
can be attacked directly by the Rayleigh-Ritz 
method. We assume a solution of the form 


(R, d, Z) (11.98) 

i-l 

The functions must be chosen so as to 
satisfy equations (11.97b) through (11.97d). 
The expression for / then becomes of the form 

(11.99) 

i»i 7^ 

where the Aij and Bij are numbers which can 
be calculated by integration. The requirement 
that I be stationary then produces a charac- 
teristic determinant, from which n’ must be 
evaluated, 

"> This may be derived physically from Hamilton’s 
principle (ref. 11.24). 


The roots of this expression provide the ap- 
proximation to the eigenvalues. 

Some considerable reduction in the amount 
of numerical work can be obtained if the wall 
geometry is such that each member of the ap- 
proximating functions can be chosen so as 
to satisfy v“^=0 in D. Satterlee and Reynolds 
(ref. 11.24) show that when <I> and H are eigen- 
functions satisfying equation (11.90), the 
function 


7 = 


H% . 1 m 
Vi-fn' ^'Vi+n _ 

RdRd^-V f , dd 
(11.101a) 



is stationary with respect to arbitrary varia- 
tions satisfying 

V^=0inZ> (11.101b) 

on IF (11.101c) 

H=^^z-Fn^R on S (ll.lOld) 

Hr=TH on C (ll.lOle) 


Now, if we look for eigenfunctions associated 
with a particular azimuthal mode, we can use 

cos mt> • Sf'^"(B, Z) (11.102) 

i-l 


and the required numerical integrations 
are purely one-dimensional. The functions 
^">(B, Z) cos md can be taken as the normal 
modes for the high g (flat interface) problem, 
if these are known in a convenient analytical 
form. 

Satterlee and Reynolds (ref. 11.24) have 
applied this idea in the analysis of the funda- 
mental sloshing mode for a liquid in a cylindrical 
tank with a flat bottom. Convergence diffi- 
culties were encountered with nonwetting con- 
tact angles, but the method proved quite 
effective for wetting liquids. Figure 11.33 
shows the results of these predictions and some 
measurements obtained in a companion experi- 
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Figure 11.33. — Lateral sloshing in a cylinder of infinite depth. 


ment. The lines denote the theory; •‘free” 
refers to a calculation with r = 0; and “stuck” 
denotes r= — «>, for which the contact line 
remains fixed. N ote that the effect of meniscus 
curvatures becomes increasingly important at 
low and negative Bond numbers. For ex- 
ample, the natural frequency for a highly 
wetting liquid is more than two times less 
than that predicted earlier for a fiat interface, 
while nonwetting liquids slosh much more 
rapidly than wetting liquids at zero g. 

Figure 11.34 shows the predictions and exper- 
iments for zero g. The solid line represents 
the theory in the range where the convergence 
of the variational calculation was considered 
adequate, and the dotted line our present best 
estimates, based on the theory. An approxi- 
mate equation, based on an empirical fit to the 
theory for the fundamental (lateral) mode (free- 
interface case), is 

pr?a>7 (T~tanh (1.84h)[6.26-f 1.84Bo-4.76 cos0] 

(11.103) 

where 6 is the contact angle. This approxima- 
tion will be suitable for most design estimates. 
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Figure 11.34. — Zero-g lateral sloshing in a cylinder of 
infinite depth. 




418 


THE DYNAMIC BEHAVIOR OF LIQUIDS 



-r 


Figure 11.35. — Effect of contact angle hysteresis on zero-g 
lateral sloshing in a cylinder of infinite depth. 

The experiments of reference 11.24 showed 
that for some liquid-container combinations the 
surface forces are so strong that the interface 
becomes “stuck” along the contact lines. The 
theoretical prediction for 11*, including hyster- 
esis, is shown in figure 11.35. Note that this 
effect is quite pronounced at zero g. In making 
a sloshing frequency prediction for zero g, it is 
consequently quite important to learn whether 
the liquid will move freely up and down the 
container surface, or whether it is so tenacious 
as to become stuck. Experience to date seems 
to suggest that the free-interface model is most 
approximate for typical propellant systems. 

An Estimatin3 Method 

At this writing, a large body of zero-g sloshing 
analyses are noticeably lacking. The designer, 
faced with problems of estimation, is therefore 
forced to make educated extrapolations. Based 
on the results at hand, we suggest the following 
scheme: 

(1) Determine the high-g sloshing frequency 
fi*=w*ro/^ 


(2) Determine the critical Bond number in 
the manner described in the previous section 
(note that there is a sign change due to the 
definition of g). 

(3) The il * — Bo curves seem to be straight 
lines, so put 

n2=p,^co7<r=a+6Bo (11.104a) 

The information in (1) and (2) above 
suffice to determine the constants a and h 

6 = n* (11.104b) 

o=|Bo.h,|/ 6 (11.104c) 

This should provide a reasonable estimate for 
the natural frequency of low-g sloshing. 

Elastic Interactions 

Smith (ref. 11.40) has studied the effect of 
elastic interactions with the container on 
sloshing frequencies and meniscus instability 
in a two-dimensional channel where the contact 
angle is 90°. He finds that the critical Bond 
number for antisymmetric disturbances is un- 
affected by the elasticity of the w'aU, but a 
surprising residt was found when symmetric 
disturbances were considered. When the wall 
is elastic, one possible mode of vibration has 
the meniscus (which is flat in his model) 
moving up and down, without changing its 
shape. In such a situation, surface tension 
cannot exert a restoring influence, and hence 
Smith predicts that the critical Bond number 
win be zero if the tank is elastic. As yet, 
this surprising prediction has not been con- 
firmed experimentally, nor is it expected to 
hold for realistic containers and contact angles. 
Although Smith’s work suggests that elastic 
effects are very important at low Bond numbers, 
in practical situations the elastic frequencies are 
much greater than the sloshing frequencies, 
and hence the interactions are relatively weak. 
Hence it is suggested that the rigid-w'all model 
will be entirely adequate for consideration of 
the meniscus stability in a realistic system. 

Tong and Fung (ref. 11.41) have studied 
the elastic interaction effects in a cylindrical 
container, and find that the increased system 
flexibility tends to reduce the natural frequency, 
as expected. 
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It is interesting to note that the pertinent 
elastic parameter is a “Bond number” where 
the equivalent membrane-force-per-unit length 
replaces the surface tension (ref. 11.40). 
Hence, when the membrane Bond number is 
large compared to the surface tension Bond 
number, elastic effects will be important. 

Reorientation Time Estimates 

A problem related closely to low-g sloshing 
is that of determining the time required for a 
meniscus to form its zero-g shape following the 
removal of a strong body force. Siegert, 
Petrash, and Otto (refs. 11.42 and 11.43) 
have made an experimental study of this prob- 
lem, correlating their results in the form 

t=KD^/y-y/^p (11.105) 

as suggested by dimensional arguments. With 
wetting liquids, the constant K was found 
to have the following values: 


Cylindrical tank 0. 15 

Spherical tank, 50 percent full 0. 16 

Annular tanks: 

r./ro=li 0.15 

*rilro=Vt 0.10 

*rJro=% 0.042 


*With D replaced by the gap width in equation (11.105). 

When the body force field is suddenly re- 
moved, the capillary energy is considerably in 
excess of its equilibrium value. If there were 
damping, when the interface reached its equi- 
librium configuration the liquid would possess 
this extra energy in the form of kinetic energy. 
Paynter (ref. 11.44) has used this idea to 
estimate the velocity of the meniscus and hence 
the time required to reach the equilibrium 
configuration. His analysis is perhaps over- 
simplified, but does seem to represent the data 
of Petrash, Zappa, and Otto (ref. 11.45) rather 
well. 

Unless the energy released is quickly damped, 
the liquid will tend to oscillate about the zero-^ 
equilibrium shape. A linearized analysis of 
this oscillation has been given by Fung (ref. 
11.46), which seems to check experiments 


reasonably well. In this case, it is the first 
symmetric mode which is predominantly e.x- 
cited, whereas the first antisymmetric mode is 
normally the fundamental sloshing frequency. 
For a cylindrical tank, Fung finds that the 
frequency of the resulting oscillation, as given 
by the first symmetric mode, is about 2.5 times 
the fundamental frequency (first antisymmetric 
mode) . 

Oscillations on a mercury droplet have been 
studied in a similar manner by Shuleikin (ref. 
11.47). 

Petrash and Nelson (ref. 11.48) have studied 
capillary rise rates in tanks of the form of 
figure 11.15(a), and find that reasonable predic- 
tion of these rates can be made using conven- 
tional momentum analyses. 

Oscillation of Drops and Bubbles in Zero 3 

Lamb (ref. 11.34) shows that drops and 
bubbles of fixed size are stable configurations 
in zero g. On the basis of an inviscid analysis, 
the fundamental frequencies of oscillation and 
their corresponding periods are found to be — 

(1) for the drop in an infinite void 

T=2.22Vpr7(r (11.106a) 

(2) for a bubble in an infinite liquid 

(11.106b) 

Reid (ref. 11.49) studied the effect of viscous 
damping on the oscillations of a liquid sphere. 
He showed that — 

(1) if >1.7 damped oscillations occur 

' ( 11 . 107 a) 

(2) if <1.7 the motion is critically damped 

(11.107b) 

For water, the radius below which the motions 
are critically damped is 0.23 millimeter. Hence, 
slowly decaying oscillations are expected in 
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drops or bubbles of larger size, as are usually 
found in zero-g systems. 

Drainins 

There is at present a considerable need for 
knowledge of and prediction methods for the 
draining of liquid from a tank under low g. 
Saad and Oliver (ref. 11.50) have made a 
linearized analysis of the sloshing problem 
during draining for nearly flat interfaces. Their 
results indicate a slight reduction in the critical 
Bond number for draining of an “inverted” 
tank. 

A visual study by Nussel, Derdul, and 
Pe trash (ref. 11.51) indicates a marked dip 
occurs in the interface a.s the liquid is forced 
out by a pressurizing gas. Blowthrough occurs 
if the draining velocity is too great. It is 
evident that considerable precaution is neces- 
sary in the design of a liquid-venting system for 
zero-g operation, and that model tests are 
definitelj'' in order in the present absence of 
reliable design criteria. We v\-ill add to the 
engineering side of tliese comments in section 
11.5. 

Forced Oscillations 

At this TOting, very little is known about the 
peculiarities of forced oscillations at low g. 
Tong and Fung (ref. 11.41) studied the motion 
in an elastic tank subjected to periodic axial 
oscillations using a variational method. They 
found that surface tension becomes very 
important at low Bond numbers, and that the 
stability limits and frequencies can be shifted 
considerably by surface tension. Eide (ref. 
11.52) has examined the motion of a space 
vehicle brought about by sloshing in a rectan- 
gular tank. His analysis shows that thrusting 
impulses can be properly phased so as to mini- 
mize the effects of sloshing on the vehicle 
attitude, and to control the amplitude of slosh 
\vithin a maneuvering vehicle. 

Although the published work on forced low-g 
sloshing is limited, the methods of analysis 
presented throughout this monograph may be 
readily applied to treat particular cases of 
interest in design. 


11.5 FLUID-HANDLING PROBLEMS AT LOW g 

Propellant Positioning and Control at Low g 

The positioning of liquids in large rocket 
tanks is not a straightforward task under 
conditions met in space vehicle operation. 
During prelaunch and ascent conditions, liquid 
location is determined by the direction of the 
acceleration-induced body forces. If the be- 
havior of liquids in a spacecraft were clearly 
dominated by surface forces, the matter would 
be simple. Calculation of the Bond number 
for a typical large space vehicle using an 
acceleration of 10”® go (Bo = 37 for the Saturn 
S-IV) indicates that the liquid \vt11 be domi- 
nated by adversely directed acceleration-induced 
body forces under practically any conceivable 
mission (ref. 11.53). With this in mind, means 
must be found to effect control over the location 
of the liquid in spite of significant extraneous 
forces acting on the space vehicle. (For recent 
summaries of zero-g propeUant-handling prob- 
lems, see refs. 11.54 and 11.55.) 

One method of positioning liquids in tanks is 
to provide strategically located surfaces for the 
liquid to wet (since all propellants now in use 
wet most practical tank materials). Under 
low-g conditions, wetting liquids will tend to 
wet more solid surfaces. An example of this 
system is the central standpipe liquid posi- 
tioner tested by the Le^\is Research Center on 
the Mercury MA-7 spacecraft (ref. 11.56). 
T his device is shown schematically in figure 
11.36. 



Figure 11.36. — Mercury MA-7 liquid positioning experi- 
ment. 
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The device tested consisted essentially of an 
8.9-centimeter ID plastic sphere with a 2.79-cen- 
timeter-diameter standpipe fixed to one end as 
shown. The lower edge of the standpipe was 
penetrated by four 0.79-centimeter-radius semi- 
circular holes to provide communication be- 
tween the central standpipe and the tank. 
Body force direction during ascent is indicated 
by the arrow g and the resultant liquid level is 
shown by the dotted line. 

Using the Bond number as a modeling basis, 
the data from reference 11.56 indicate that the 
maximum transverse g loading for which such 
a system can retain control of the liquid is 
approximately 

i7m.x«67^ (11.108a) 

where D is the baffle diameter. An estimate of 
the time required for a baffle of this sort to gain 
control of the liquid, based on the data of 
reference 11.56 and equation (11.11b), is “ 

(11.108b) 

When body forces are directed parallel to the 
axis of the tank and toward the end in which 
the baffle is located, the height of capillary 
rise can be estimated using the theory developed 
in the previous sections. 

The use of perforated materials, such as 
screening, in small model tests has been re- 
ported (ref. 11.17). This sort of material 
affords useful weight saving, since the liquid 
wets it almost as readily as if it w^ere solid sheet 
metal. 

Siegel (ref. 11.19) reports the results of an 
analysis and experiments which allow time esti- 
mates to be made for the filling rate of large 

r.fl.'nillfl'PV f.nVtoQ nnrloT’ vorrr Inw-o* 

^ -- •« o 

His method of analysis is given in sufficient 
detail to be used as a guide in calculating the 
rate at which a capillary tube type of locator 
baffle in a propellant tank will fill when the 
body forces acting on the liquid are suddenly 
reduced to very low levels. 


For this particular geometry, pressure drop through 
the semicircular orifices probably plays an important 
role in determining the time to reach equilibrium. 


An important use of the stability ideas is the 
enhancement of meniscus stability with screens. 
A typical application is the placement of a 
plane screen mesh or perforated sheet metal 
baffle across the tank, as shown in figure 11.37. 
If the liquid in the tank is subjected to body 
forces tending to make the liquid run in the 
2 -direction, the liquid forward of the baffle will 
do so, provided meniscus A is unstable. The 
liquid behind the screen mesh can be stabilized 
by the capillary surfaces in the screen mesh. 
If the liquid in the tank is subjected to a trans- 
v'erse body force, the liquid will be kept from 
running out through the screen by the capillary 
pressure across the liquid-gas interfaces in the 
screen mesh. This method is being applied to 
current liquid rocket systems. The newest 
model of the Agena upper stage vehicle, for 
example, has been redesigned incorporating a 
containment sump system (fig. 11.38). This 
containment sump is separated from the main 
propellant tank by a conical screen mesh of 
approximately 30 holes per centimeter and a 
porosity of about 50 percent. This assures the 
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Figure 11.38. — Agena containment sump. 

presence of liquid at the tank outlet when the 
engine is restarted, and thus eliminates the need 
for auxiliary rocket motors. The conical screen 
separating the sump from the tank will retain 
sufficient liquid in the sump ready for use by 
the engine. After restart, the main body of 
liquid is carried to and through the screen by 
the thrusting forces, refilling the sump for a 
subsequent engine operation. 

The two propellant-positioning methods just 
described are best suited for propellants stored 
in a single phase (the so-called storable pro- 
pellants). The unavoidable heat transfer to 
cryogenic tanks may cause local boiling of the 
propellant within the region of the screen 
bafile, thus forcing liquid out and destroying 
the baffle effectiveness. 

Capillary Pumping 

The pressure differences across liquid-gas 
interfaces of different curvature can be used to 
pump liquids from one place to another. The 
pressure differences are extremely small, so the 
expected pumping rates are very small. This 
use of capillary forces therefore has limited 
application. Consider the tanks shown in 
figure 11.39. The pressure difference across 
the liquid-gas interface in the larger tank wfiU 
be less than that across the interface in the 
smaller tank because the curvature of the 
surface in the larger tank is smaller. Thus, 
Pv>P 2 , and the liquid will move toward the 
smaller tank. It is a straightforward manner 
to develop a single relationship to express the 
flow rate in terms of the geometry of the system 
(assuming laminar flow and no losses duo to 
bends or enlargements and contractions and 
that the transfer line and pressure communica- 
tion line have the same diameter). When 




Figure 11.39. — Capillary pumping systems. 


typical values (ri = 4.57 m, r2=1.52 m, ro= 
0.152 m) of tank, and transfer and communica- 
tion line radii and lengths are introduced, the 
expected flow rate is very small, on the order of 
0.5X10“^ kg/hr for liquid hydrogen. This 
rate could be increased comsiderably by baffling 
the smaller tank, creating more highly curved 
menisci. 

Petrash and Otto (ref. 11.57) have suggested 
a similar scheme for orienting liquid within a 
single tank in a desired location. The tank is 
tapered as shown in figure 11.39(b). The 
drain end of the tank is connected temporarily 
to the far end of the tank by a pressure com- 
municating line. Under zero-g conditions, the 
pressure equalization in the gas afforded through 
the line wiU cause the liquid in the tank to move 
toward the smaller end of the tank. The 
process will continue until the liquid has filled 
the pressure equalization line such that its inter- 
face spreads out on the inside of the tank 
opposite the drain end. 

Application of systems of this type will be 
very limited in larger systems. First, the time 
required to transfer the large quantities of 
liquids from one tank to another or from one 
end of the tank to the other will be too great 
for operational convenience. Second, the 
pumping action will occur only so long as no 
adverse forces act on the tanks. Forces of any 
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size at all would probably stop the pumping 
action. 

Capillary pumping on a small scale has been 
proposed as a means for providing small 
quantities of liquid needed to feed certain 
devices. For example, McGinnes (ref. 11.58) 
experimented with a capillary pumping system 
in which liquid is first evaporated at one tem- 
perature; the vapor then flows through some 
device requiring a very small gas flow rate (such 
as a gas bearing for a gyro) and is condensed at 
lower temperature. The liquid is then returned 
to the point of evaporation by capillary action 
In the experiments, capillary pumping pressures 
on the order of 0.011 kilogram (force) per 
square centimeter were developed across the 
wick material, resulting in flow rates on the 
order of 0.11X10“* kilograms per second. 

Problems and Methods of Liquid Expulsion at Low g 

There is growing interest in problems of 
hquid expulsion from a container at low g, 
both for feeding of rocket engines and transfer 
of propellants from one vehicle to another. 
What limited information is presently available 
suggests that draining rates will have to be 
considerably less than at 1 go. Nussel, Derdul, 
and Petrash (ref. 11.51) report a visual study 
of draining at zero g which clearly illuminates 
the problems. In draining to a center hole, 
one invariably finds a "dip” in the interface, 
produced by the lower central pressure result- 
ing from the inward acceleration. Body forces 
act to smooth this dip out at 1 go, but under 
zero g only the relatively weak surface tension 
forces remain to prevent the hquid from being 
removed in a central core. (See, for example, 
the analysis of Bhuta and Koval (ref. 11.59).) 
A schematic representation of draining at the 
Identical rate aii low' aiio. mgu g is shown in 
figure 11.40. It is evident that a considerable 
amount of hquid may be retained at low g if 
adequate precautions are not taken. If the 
draining rate is sufficiently slow, the meniscus 
will retain essentially its initial shape and the 
maximum amount of hquid wiU be withdrawn. 
An estimate for this maximum draining rate 
is quite vital. 

It is, of course, entirely possible to formulate 
a mathematical model of the problem; an 

2S 


inviscid irrotational treatment is reasonable, 
but the large changes in surface shape mean 
that the nonlinear effects must be considered; 
as yet, there has been no really satisfactory 
computation method for this problem. (See 
the recent calculation scheme of Concus, Crane, 
and Perko (ref. 11.60), however.) 

We can, however, make some estimates as 
to the maximum draining rate for which the 
meniscus wiU retain its initial shape, using the 
reorientation-time correlation as a basis. For 
the draining rate to be sufficiently slow that 
the meniscus has time to adjust, the reorienta- 
tion period must be shorter than the time 
required for the meniscus to travel its length. 
Using equation (11.105) for the response time 
and setting the time for the meniscus to travel 
its depth as 

DI2 

[v(d/Dr] 



Low -g 


Figure 11.40. — Interface configuration during draining at 
low and high g. 
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where V is the velocity in the drain, D is the 
tank diameter, and d the drain diameter, we 
obtain the maximum drain-rate criteria 

Thus, if We<^Wems.x, the meniscus should retain 
its general shape during draining. Nussel et al. 
(ref. 11.51) experimented with a system having 
dlD=0A (for which W''em»x *= 10®), at Weber 
numbers of approximately 1.2X10'* and 2.7 
XIO®. In the first case, the meniscus did 
indeed retain its shape and in the second it 
did not. Hence, the estimate of equation 
(11.109) has at least some experimental support. 

When the tank Weber number exceeds the 
critical value estimated from equation (11.109), 
the diameter of the meniscus can be estimated 
under the assumption that the Weber number 
based on meniscus diameter is equal to the 
critical value. This is equivalent to as- 
suming that the meniscus diameter gets as large 
as possible in the period of time wliich it has to 
adjust to changes in its position. Hence, we 
estimate 

£>«F’p/<r«lo(^y (11.110a) 

Equation (11.110a) can be used to estimate 
DJD. Then, the amount of retained liquid is 
estimated as 

Here H is the initial mean depth of the liquid. 
This volume is based on leaving an annulus of 
liquid on the wall, and the volume beneath the 
spherical meniscus of diameter, D„, when its 
nose just reaches the drain. The fraction of 
liquid retained is therefore estimated as 



When we apply equation (11.110b) to the 
experiments of reference 11.51, with HID = 1.5, 
We = 2.7X10*, d ID = 0.10, we find /«0.88. 
For the con-esponding experiment, Nussel et al. 
measured /sbO.76. 


At very low discharge rates, where the menis- 
cus spans the tank, the volume of hquid 
beneath the meniscus when it reaches the drain 
mil inevitably be trapped. In the simple 

model presented above, this fraction is i DIH. 

O 

More accurate calculations can be made using 
the curves of figure 11.17. 

Further experiments using baffles at the 
outlet and at the gas inlet indicated that such 
devices could be used to allow substantial 
increase in the drain-flow rate of liquid from 
the tank with little increase in the trapped 
fraction. The use of a plane baffle over the 
tank drain at high-flow rates resulted in some 
reduction of the trapped quantity at fixed-flow 
rate, probably because the central vortex is 
eliminated. Use of a baffle at the gas inlet 
greatly reduced the trapped residuals at a 
given flow. 

It is evident from this work that draining of 
tanks in low-g conditions will likely result in 
high trapped residuals, and therefore some 
mechanical means of flattening the meniscus 
inside the tank is highly desirable. 

When the Bond number is sufficiently great, 
an entirely different type of retention mechanism 
will become important. Suppose a pump is 
sucking liquid from a tank, as shown in figure 
11.41. The pumping demand must be less 
than the critical flow rate for the drain, which 



Figure 11.41. — Simple model for estimate of drain 
choking. 
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will be determined approximately by the 
condition at which the flow over the lip of the 
drain becomes critical (Froude number unity). 
The maximum flow rate is therefore estimated 
as 

^’max ~ phoirdryj ghtj ^ Wpump (11.111a) 

When the hquid depth at the lip (ho) has 
fallen below the level imphed by equation 
(11.111a), the required flow cannot be dehvered, 
and to all intents and purposes the draining is 
finished. At reduced g, the critical depth, Ao, 
can be surprisingly large, and hence the choking 
problem should be thoughtfully considered. 

Assuming that the rate at which the liquid 
level is falling is slow compared to the liquid 
velocity over the drain, a quasi-steady estimate 
of h may be made, using one-dimensional 
theory. This gives 

= (11.111b) 

The volume of trapped liquid can then be 
estimated as 

I (D^-<P) I ho 

=1 I 

The Bond number involved in the draining 
of a large booster tank under a low-g condition 
may well be considerably greater than unity, 
in which case model experiments at 1 g on 
smaller tanks can give insight into the draining 
problems. An experimental study of draining 
of cylindrical tanks mth flat bottoms in the 
Bond number range 100-1000 has been reported 
by Gluck, GiUe, Simkin, and Zukoski (ref. 11.61). 
This range may be considered high-Bond 
number, and the surface tension effects may be 
expected to be minor. This was indeed the 
case, for these authors found that the point at 
which gas ingestion occurred depended only on 
the Froude number in the drain. The height, 
h, from the drain at which ingestion occurred 
was correlated quite well by 

A_o 1 ('YlTl 0.05<Fr<100 

D~0-43 tanh |^1 .3 j J 2<Dld<20 

(ll.llld) 


Note that at very high rates of draining 
ingestion occurred when the height at the wall 
was 0A3D. 

Another aspect of the flow of hquids from 
propellant tanks which will have to be carefully 
watched by the propulsion system designer is 
the formation of vortex flow. Since axial body 
forces do not enter the equations for angular 
momentimi, the formation of vortex flow can 
be expected to develop at the same rate under 
low-g conditions as under high-g conditions. 
When the vortex does occur, though, the result 
will be very much more pronounced under low-g 
conditions, with the vortex funnel penetrating 
much thicker layers of liquid at low g, 

In the event more positive control over the 
hquid during expulsion is desired, one must use 
some sort of flexible containment device, such 
as a bladder. Such techniques are discussed 
at length elsewhere (ref. 11.62), and will not 
be treated here. 

Problems and Methods of Vapor Expulsion at Low g 

The operation of a rocket propulsion system 
often requires that gas be allowed to escape 
from a tank without expelling hquid at the same 
time. For instance, in storable propellant 
tanks used with pressure-fed engines, it may be 
necessary to effect a pressure reduction in one 
of the tanks prior to restarting the engine. 
The use of cryogenic propellants is accompanied 
by the urgent need periodically to reheve pres- 
sure buildup due to heating. The venting of 
pressurization gas and propellant vapors presents 
no difficulty at all under high-g conditions when 
the location of the hquid in the tanks is well 
defined. Under low-g operating conditions, 
however, the hquids may be located in a variety 
of places in the tank, depending on the level of 
and the direction of body forces acting on the 
hquids and, in part, on the flight history. Some 
effort is therefore necessary to assure that w'hen 
the tank vents are opened, only gas will be 
expelled, and not precious hquid propellants. 

If the flight history is well known, it may be 
possible to use the passive methods described 
earlier to hold the liquid away from the vent. 
When this is not possible, some active means for 
removing the hquid from the vent must be 
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Gas - 



Figuhe 11.42. — Vent clearing by a temporary thrust. 



employed. Consider the propellant tank of 
figure 11.42. The vent at the top of the tank 
is temporarily covered by liquid which flowed 
there under the action of extraneous force en- 
countered by the vehicle during a prior phase 
of the mission. Application of a thrust in the 
direction of F will cause the liquid in the tank 
to move toward the bottom end of the tank, 
clearing the vent. For proper design, we need 
to know both the minimum force required to 
bring this change about and the time required 
for the liquid transfer. 

The acceleration produced by F must be 
sufficient to destabilize the meniscus, and the 
required magnitudes can be estimated, using 
the analyses and results of section 1 1 .3. Good 
design would normally use several times the 
theoretical minimum acceleration, which may 
be a small thrust, especially for a very large 
system. 

Care must be taken not to use too much 
acceleration, however, lest the liquid cause 
damage in impacting against the bottom of the 
tank. It is quite important, therefore, to have 
a rather good estimate of the rundown time 
and the velocity of the liquid mass on impact. 
Unfortunately, methods for making these 


calculations really accurately are not presently 
available, and the designer must rely on 
educated guesses and model experiments. 

We can, however, estimate the minimum 
time and maximum impact velocity simply by 
assuming the liquid falls freely. This gives 

(11.112a) 

(11.112b) 

With drag, the actual impact velocity may be 
considerably less. In studies of the motion 
of bubbles in tubes, which closely resembles 
this phenomenon, velocities of the order of 
one-third that given by equation (11.112b) are 
found (ref. 11.11). Thus, a conservative design 
procedure would be to use a reorientation 
acceleration something in excess of the critical 
value determined from the stability analysis, 
and design the structiure to take the impact 
velocity of equation (11.112b). Then, allow 
5 to 10 times the reorientation time from 
equation (11.112a) for the liquid to clear the 
vent. 

The flow behavior during reorientation has 
been studied experimentally by Hollister and 
Satterlee (ref. 11.63). As the acceleration is 
applied, liquid begins to flow down the wall 
in a relatively thin sheet of liquid. If the 
Bond number, pgt%!a, is of the order 10 or 
less, a large central bubble forms along the 
axis of the cylinder; but if the Bond number 
is of order 150 or greater, the formation of the 
wall sheet is accompanied by the delayed for- 
mation of a central plateau of liquid which 
grows down the axis of the cylinder, narrowing 
as it falls. The time trajectory of the wall 
sheets in these cases is given approximately by 
(for d/ro<1.2) 

d/ro=0.69T-t-0.4lT* 3.5<Bo<10 (11.113a) 

d/ro=0.65T* Bo^\50 (11.113b) 

where 

T=tV^/(2ro) (11.113c) 

and d is the fall distance. 

In the lower Bo case, the large central bubble 
slows down as it approaches the top of the 
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tank; consequently, a slight projection of the 
vent pipe into the tank will help insure that 
no liquid is removed. 

HoUister and Satterlee (ref. 11.63) have made 
a simple shallow-water analysis, which seems 
to predict the velocity of the bubble in the 
region near the top of a hemispherical tank 
rather well. They suggest use of the velocity 
of rise of bubbles in tubes, which is approxi- 
mately (ref. 11.11) 

F=0.46V^ (11.113d) 

until the bubble nose has risen to 0.23ro of the 
top of the tank. At this point they patch to 
the shallow-water analysis, which indicated 
that 

V=2^^[^o (11.113e) 

”o 

where h is the distance of the bubble nose from 
the end of the tank. This procedure provides a 
reasonable estimate for the time required for 
the bubble to reach the projected vent pipe. 

An interesting approach to noncondensable 
gas bubbles is being explored by Funk and 
Welch (ref. 11.65). They consider a system 
which suddenly passes from a high-g state to 
zero g, and look for the statistical distribution 
of bubble sizes that exists when the bubbles are 
first formed. While this work is still in a 
preliminary stage, it does indicate that certain 
aspects of statistical mechanics are applicable 
to bubble distributions; in fact, a Maxwellian 
distribution of bubble sizes seems to be found. 

The use of nonwetting screens for passive 
separation of small amounts of liquid from a 
vapor stream has been successfully employed 
by Smith, Cima, and Li (ref. 11.66). Using 
water-air mixtures, containing of the order of 
0.8 percent by mass of water, separation effi- 
ciencies of the order of 95 percent were achieved 
in small-scale bench tests. 

Dielectrophoresis 

One of the methods presently being considered 
as a means of locating liquid propellants in 

For pgrlja'^b. The rise velocity is considerably 
slower at lower Bond numbers, and is zero at the critical 
Bond number. See, for instance, ref. 1 1 .64. 


rocket tanks involves the use of electrically 
induced body forces in dielectric materials. 
The term which has been applied to this is 
“dielectrophoresis.” A theoretical explanation 
for this can be obtained using electric field 
theory, that is, Landau and Lifschitz (ref. 

11.67) . This theory has been specialized to the 
study of the behavior of fluid surfaces in 
electric and magnetic fields by Melcher (ref. 

11.68) . The theory as applied to a dielectric 
liquid with uniform dielectric constant and 
with no free charge indicates that a surface 
force is exerted directed away from the liquid 
at the liquid-gas interface (where a change in 
the dielectric constant occurs). Consider, for 
example, the force on a cylindrical body of 
liquid partially filling the annular space between 
a pair of concentric cylindrical electrodes. If 
the liquid is concentric with the electrodes, the 
theory tells us that there is no net force exerted 
on the liquid. If, however, the liquid mass is 
perturbed to a nonconcentric position, the 
surface force exerted on the liquid farthest 
from the central electrode will decrease and 
that on the liquid surface closer in will increase. 
In effect, there is a net force acting to reduce 
the displacement of the liquid. Hence, the 
liquid will be stabilized around the central 
electrode where the electric field intensity is 
greatest for this electrode geometry. 

The theory explaining dielectrophoresis indi- 
cates that the surface force acting on the liquid 
is proportional to E'^, E being the electric field 
intensity. This means that the polarity of the 
electrode system does not affect the direction 
in which the net restoring force acts. In fact, 
alternating voltages can be used. The surface 
force will be periodic but will always act in the 
same direction. 

A difficulty arises in practice with the use 
of direct currents. No liquid is a perfect 
dielectric. A finite current will be conducted 
in even the most nonconductive material. 
Such a current eventually results in the accu- 
mulation of an electric charge of one polarity 
on the free surface of the liquid. This charge 


Some reports have erroneously held that the electric 
force is a body force. 
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distributed on the free surface is, of course, 
mutually repulsive. Its effect is just the 
opposite of that of the surface tension of the 
Uquid. Wliere surface tension causes liquid 
masses to form into shapes with minimum 
capillary area, the accumulated charge %vill 
cause the liquid mass to be unstable and to 
break up Avuth the attendant formation of more 
surface area rather than less. If, instead, 
alternating currents are used, the accumula- 
tion of a net charge on the free surface of the 
liquid can be kept to low-enough levels that the 
instability just described is eliminated. This 
effect has been described recently by J. M. 
Reynolds (ref. 11.69). 

Depending on the electrode geometry con- 
sidered, there are a number of regimes of 
liquid behavioi wliich may be described. Con- 
sider again, for example, the concentric cylin- 
drical geometry used previously: 

(1) When no potential is applied between the 
electrodes, the liquid will tend to break up into 
a series of discrete spherical drops much like a 
string of beads. This instability is caused by 
the action of surface tension and can be ex- 
plained by the tendency toward shapes mth 
minimum capillary area. (See sec. 11.3.) 

(2) The apphcation of a constant potential 
between the electrodes mil result first in the 
stabilization of the Uquid into a cylindrical 
mass centered around the inner electrode. 
However, when the surface charge has built up 
sufficiently, the liquid cylinder mil again 
become unstable and will break up. 

(3) Application of an alternating potential 
between the electrodes will result in the forma- 
tion of a stable cyUnder of Uquid about the 
inner electrode. 

(4) If the frequency of the current is too 
high, higher order instabiUties are observed. 
Further, as a practical matter, the reactive 
current, which flows because of the fact that 
the electrode system acts as a huge capacitor, 
becomes excessive. 

(5) High voltages are required in apphcation 
to rocket propellant tanks to produce reasonable 
body forces. However, potential gradients 
must be kept below breakdown quantities. 
Otherwise arcing will occur which could be 


disastrous, particularly in oxidizer tanks. This 
requhes that voltages be limited or that 
staging of the electrodes be employed. 

This thumbnail sketch of the phenomenon 
of dielectrophoresis indicates how it works. 
A number of applications have been considered 
for this technique of Uquid positioning. First, 
liquids can be held in the drain end of a tank 
ready for withdrawal to a using system such 
as a rocket engine. This, of course, requires 
the proper choice of electrode geometry. Sec- 
ond, the tank vent can be located in the vapor 
space away from the Uquid. This also requires 
proper choice of electrode geometry. Third, 
bubbles formed as a result of nucleate boiling, 
as in cryogenic rocket tanks, can be forced out 
of the Uquid mass and combined with the gases 
in the uUage space. A fourth apphcation 
envisions reducing possible trapped residual 
propeUant quantities occiu-ring mth the rapid 
draining of a propellant tank under reduced 
gravitational conditions. 

Cryogenics appear to be the best application 
for dielectrophoresis because they generally 
exhibit high dielectric constant properties and 
consequently high specific electrical resistivity. 
This results in modest and quite feasible 
power requirements. Storable liquids ordi- 
narily have much lower dielectric constants 
and specific resistivity properties. The high 
potential required, coupled \vith relatively high 
current flows, render the use of dielectro- 
phoresis infeasible for room temperature Uquids. 

Application of a force of a different type 
than the normally experienced unidirectional 
gravitational body force actually removes the 
low-g character of the behavior of tanked 
Uquids. A new set of Uquid equilibrium shapes 
wiU occur in response to the shapes of this new 
force, and the behavior of the liquid may no 
longer be dominated by capillary forces. 

11.6 HEAT TRANSFER TO CONTAINED LIQUIDS 
AT LOW s 

Introduction 

One of the major reasons for studying the 
mechanics of Uquids at low g is to determine 
the nature of convection heat transfer under 
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these conditions. Knowledge of important 
heat transfer modes is important in controlling 
liquid temperatures and resultant vapor pres- 
sures. It may be expected that natural con- 
vection, the prime mechanism for heat transfer 
to or from a propellant, will be much reduced 
at low g. Consequently, diffusion of both 
energy and mass will be more important than 
under normal conditions. One must be partic- 
ularly careful in analysis to assess the impor- 
tance of each energy transport mechanism 
before discarding any. In this section, we shall 
describe some of the work in the study of 
energy transport under low-g conditions. We 
shall consider, in order, storable liquids, cry- 
ogenic liquids, and low-g boiling heat transfer. 

Temperature Control in Storable Propellant Tanks 

There are several reasons for temperature 
control for storable propellants. For example, 
in pump-fed engines, the success of the com- 
bustion control depends in large measure on 
precise flow-rate control, which in turn means 
that the liquid viscosity must be held near 
some preset value. 

Temperatures and temperature variations 
depend on many complicated factors, including 
system geometry and flight program. When 
the tanks are embedded within the vehicle, 
little difiiculty in maintaining uniform and 
constant temperatures is expected; but when 
the tanks are part of the external vehicle 
structure, large temperature differences can 
be expected, and propellant temperature within 
any one tank can vary considerably. The 
energy input is a strong function of the flight 
program. For example, a geocentrically ori- 
ented satellite in a twilight orbit intercepts 
about three times the direct solar energy as 
one in a noon orbit. The seriousness of the 
possible temperature nonuniformity is clear 
if one calculates the temperature variation 
around a thin-waUed cylinder exposed to solar 
radiation on one side. With typical emissivity 
values and wall thickness, temperature dif- 
ferences of the order of 200° F are found 
(ref. 11.70). Acting to smooth out these large 
temperature variations are diffusion and con- 
vection, which we shall now consider. 


Temperature nonuniformity in the liquid 
results in differences in vapor pressure. These 
differences in vapor concentration set up a 
diffusive flow of the propellant vapor in the 
gas phase from regions of higher concentration 
to regions of lower concentration. Propellant 
will be evaporated from the free surface in 
regions of higher temperature and condensed 
on cooler portions of the surface. This mecha- 
nism is quite important, particularly at zero g. 
At sufficiently high g these diffusive processes 
will be enhanced by convective motions, partic- 
ularly if the hot portion of the system is 
“below” the liquid in the (effective) g field. 
The dimensionless parameter, which is impor- 
tant in determining the onset and strength of 
convective processes, is the Rayleigh number 

Ra = 0gp-DMCj,j (pk) 

where jS is the coefficient of thermal expansion 
(at constant pressure) and L is a characteristic 
length in the direction of the temperature 
gradient. If the fluid is heated from above, 
it is stable and convection is suppressed. How- 
ever, if it is heated from below, it becomes 
unstable at Rajdeigh numbers of the order 
of 1000-2000 (ref. 11.71). Under typical 
orbital conditions, the Rayleigh number for 
the gas phase will be rather small, and hence 
only diffusive mechanisms are expected to 
operate. Within the liquid, however, large 
Rayleigh numbers are expected, especially in 
big booster tanks, and, if the g field is properly 
oriented with respect to the temperature field, 
an efficient natural convection process wUl 
evolve. Weinbaum (ref. 11.72) has studied 
the natural convection within a horizontal 
cylindrical tube, completely filled with liquid, 
and subjected to a circumferential wall tem- 
perature distribution. His generalized treat- 
ment is particularly useful for purposes of 
estimating the smoothing effects of conduction 
and laminar natural convection on the tem- 
perature profile. Convection is suppressed 
when the Rayleigh number, based on the 
cylinder radius and the maximum wall tem- 
perature variation, is about 1200. 

In the gas phase, where the diffusive mecha- 
nisms are controlling, theoretical formulation 



430 


THE DYNAMIC BEHAVIOR OF LIQUIDS 


is not difficult, though solution is another story. 
The basic equation governing diffusion of two 
ideal-gas species may be bitten as (in one- 
dimension) 

(ll.U4a) 

ai.ll4c) 

Here Ct is the local modal concentration of 
species i, Jmx is the local mass flux of species i, 
which is produced by gradients in its concen- 
tration, gradients in the concentration of other 
species, and temperature gradients, and Je is 
the energy flux. Note that there can be a 
gradient in the inert gas concentration of a 
particular species, even though it is not flowing, 
produced by gradients in temperature or in the 
concentration of the other species. 

These equations, plus the conservation equa- 
tions for energy and mass, provide the basis for 
analysis of simultaneous diffusion of mass and 
energy. Wang (ref. 11.73) has solved a rather 
simplified model problem based on approxima- 
tions to the equations. Even with these 
approximations, his results are indicative of the 
order of magnitude of the effects. In particular, 
he finds that in a typical situation, where 
UDMH vapor diffuses through helium along a 
1.5-meter path, the contribution of the first and 
second and third terms of equation (11.114c) 
is significantly larger than the “heat” conduc- 
tion term {—k dtfdx). The relative importance 
of these energy transport mechanisms is 
strongly influenced by the ratio of the average 
partial pressure of the diffusing vapor to the 
total pressure. In the case studied, the ratio 
of the diffusive energy transfer to the conduc- 
tion energy transport is 0.233 and 0.037 for 
pressure ratios of 0.40 and 0.175, respectively. 
Thus, at high partial pressure fractions, the 


Here Da denotes the coefficient in the linear 
diffusion equation for species i due to a gradient in 
concentration of species j. This is somewhat at odds 
with older literature. 
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Figure 11.43. — Estimating temperature effects at low g. 


diffusive transport may well be the controlling 
process. This points up the importance of 
considering coupled diffusive mass and energy 
transfer, and particularly the importance of 
considering them properly. 

Temperature differences within a tank result 
in differences in temperature of the free surface 
of the liquid. The surface tension decreases 
with increasing temperature, and the resulting 
gradient in surface tension acts to pull molecules 
in the interface along the interface toward 
regions of colder temperature. Surface-tension- 
driven motions are probably very important in 
low-g environments; they are beautifully illus- 
trated on a laboratory scale in reference 11.12. 
As yet, these effects have not been examined 
in sufficient detail, but we can make a rather 
simple estimate of the conditions under which 
they are important. Using dimensional argu- 
ments, we find that the pertinent dimensionless 
parameter relevant to the thermally induced 
distortion of the meniscus of figure 11.43 is 
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The effects are small 
(11.115a) 

The effects are large 
(11.115b) 


Note that at very low g, the effects are most 
pronounced. At zero g, the interface would 
swing to the cold side of the tank. 

Surface tension gradients can also giv'e rise 
to cellular convection patterns. Consider, for 
example, the two-dimensional channel of figure 
11.44. The surface tension gradient would set 
up interface motion, which in turn would 
augment the heat transfer within the liquid. 
This interesting kind of “natural” convection 
recently was reviewed at length by Scriven 
and Sternling (ref. 11.74). 


Heat Transfer in Cryogenic Tanks 

The analysis of heat transfer between a 
cryogenic tank and its surroundings and within 
the tank itself is quite different than in the 
case of the storable propellant tank. While the 
mean temperature of the svuface surrounding 
the storable propellant tank can be controlled 
within the temperature range in which the 
propellant must be used, tank outer surface 
temperatiues are at least 100° F above the use 



Figure 11.44. — Surface -tension-driven convection in zerog. 


temperature of even the warmest cryogen. 
This means that if pressure rise rates within 
the tanks are to be held to acceptable limits, 
the tank must be well insulated. It also means 
that heat transfer is always to the fluid, unlike 
the usual circumstance with storable propel- 
lants. Because of the insulation, the heat 
transfer to the liquid is quite uniform over the 
wetted area and relatively constant throughout 
the flight. 

It is important to know the details of the 
mechanisms of energy transport within a 
cryogenic tank. On the basis of a first exami- 
nation, it might be considered that a certain 
amount of heat will flow into the liquid through 
the insulation and that this energy rate will 
result in liquid boiloff, thus causing the pressure 
in the tank to rise at a certain rate which is 
easily calculated. This is not the case, how- 
ever; it is found that the pressiue rise is con- 
siderably less than would be predicted by an 
analysis which assumed equilibrium between 
the liquid and vapor phases. Consequently, it 
is necessary to know something of the details 
of the energy transport mechanisms within 
the tank so that an acciuate estimate of the 
temperature distribution inside the tank can 
be made. 

Levy et al. (ref. 11.75) have used an integral- 
boundary layer analysis to study the stratifi- 
cation problem. Since their methodology would 
seem to be generally applicable, it will be 
outlined here . Consider liquid in the cylindrical 
tank of figure 11.45. For simplicity, let us 
assume that the free surface is plane and 
that the only heating occurs on the cylindrical 
walls. Energy entering the tank wall forms 
a buoyant boimdary layer adjacent to the wall, 
which rises toward the free surface. We 
assume that all the energy entrained in the 
boundary layer enters and remains in a strati- 
fied region at the top, where the liquid tempera- 
ture is greater than that in the central core. 

The general method of analysis is to write 
an expression for the rate of mass transfer to 
the stratified region. This will be of the form 

w=/(H-A) (11.118) 

where H— A is the working height of the natural 
convection boundary layer. This expression 
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would be determined from established theory 
and correlations for natural convection from 
vertical surfaces with specified heat flux, and 
it allows one to determine the rate of gi-owth of 
the stratified layer. An energy balance, plus 
some assumption about the internal tempera- 
ture distribution in the stratified layer, then 
suffices to fix the interface temperature. 

The idealizations employed in writing the 
energy balance on the stratified layer will 
depend on the composition of the ullage gas. 
If inert gas pressurization is used, the liquid 
will be strongly subcooled below the total 
pressure, and the only place where evaporation 
will occur is at the upper surface. One could 
assume that the ullage gas is saturated with 
propellant vapor but, in many cases, satis- 
factory results may be obtained by neglecting 
any energy or mass transfer from the interface. 
Bailey et al. (ref. 11.76) did this, and further 
assumed that the temperature was uniform 
throughout the stratified region. Levy et al. 
(ref. 11.75) also neglected ullage interaction, 
but assumed that the temperature profile in 
the stratified region maintained a similar shape 
during the heating period. Using established 
results for laminar natural convection boundary 
layers, they predicted that the thickness of 
the stratified region would be “ 

Here is the coefficient of thermal expansion of the 
liquid phase, q the heat flux, and it, c„ v, and k the 
fluid properties of the liquid phase. 


A(f) , 1 

H " 1 


r 


l<Pr<30 A(t)<H 

(11.117a) 

where 

Gr*=g^rtq!{kv-) 

(11.117b) 


Pr=iicjk 

(11.117c) 


A corresponding analysis for turbulent convec- 
tion boundary layers gave 

T-'-[‘+0092f(#,)j^. 

x(i+o:^TT’ 

The turbulent relation is recommended for 
6'r*Pr> 10“, which wiU normally be the case 
in large booster tanks. 

Levy et al. (ref. 11.75) also report some 
experiments, from which some idea for the 
assumed temperature profile can be obtained. 

Clark and Barakat (ref. 11.77) have ex- 
amined the transient heating of a liquid partly 
filling a two-dimensional channel in an exact 
numerical solution of a model problem. They 
assumed that the liquid motion is laminar, 
its density is a linear function of temperature, 
and it is at rest with a uniform temperature at 
time zero. The mathematical treatment of 
this problem is as a boundary-initial value 
problem. The non-steady-state energy, con- 
tinuity, and momentum equations, written in 
terms of the stream function, were reduced to 
difference equations and solved numerically. 
The interface was assumed to be a surface of 
zero shear. Upper and lower surfaces of the 
tank were considered to be: (1) insulated, 
(2) subject to a uniform heat flux, or (3) kept 
at a constant temperature. Tank side walls 
were: (1) subject to constant heat flux, or (2) 
kept at constant temperature. Results of 
their calculations for liquid nitrogen standing 
approximately 30 centimeters deep in a 15- 
centimeter-wide tank show that temperature 
is uniform across the tanks except near the tank 
wall. Irregular wavelike streamline motion 
near the intersection of the free surface and the 
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tank wall was also predicted, and this has been 
noted in some experimental flow visualization 
work. 

Although in principle the method used by- 
Clark and Barakat is fundamentally the sound- 
est for laminar flow, it cannot be used for turbu- 
lent flow, which seems to be of primary interest 
in large tanks. Moreover, even the simple 
model problems require a large amount of com- 
puter time. Nevertheless, the “exact” solu- 
tions do provide a valuable basis for comparison 
with the approximate methods. 

It appears that the most interesting heat 
transfer problems in propellant tanks may well 
involve transient natural convection. A recent 
study by Schwartz and Adelberg (ref. 11.78) 
showed that a very long time is required 
to obtain a steady-state natural convection 
boundary layer in a typical large tank. The 
Schwartz-Adelberg survey is recommended as 
a starting point for any designer faced with 
making a propellant heat transfer estimate. 

Boiling Under Low-g Conditions 

There are a number of important bofling heat- 
transfer problems encountered in low-g environ- 
ments. A direct problem related to propellants 
is that boiling may cause the liquid to be dis- 
placed from known or preferred locations by the 
attendant phase change. Fortunately, burnout 
is not a problem in propellant tanks, since the 
heat transfer rates encountered are very modest. 

A number of workers have investigated the 
various forces acting on bubbles as they form 
and grow in a nucleate pool boiling condition. 
Adelberg (ref. 11.79) has presented one of the 
more recent and comprehensiv'e studies of this 
sort. He made an order-of-magnitude estimate 
of the various forces based on data of Ellion 
(ref. 11.80) for experiments using a water- 
aerosol solution. Not surprisingly, this indi- 
cates that inertial and surface forces control 
the early stages of bubble growth. Buoyant 
and drag forces are shown to be approximately 
two orders smaller. 

Adelberg also estimated the forces as a func- 
tion of At=twaii— tsat- He found that at high 
At’s the bubbles are removed from nucleation 
sites by dynamic effects, while at lower At’s 
buoyant forces take this role. This suggests 


that at low At’s the g level will affect the charac- 
ter of nucleate pool boiling, while at higher At’s 
it should not. 

Keshock and Siegel (ref. 11.81) present a 
similar order-of-magnitude analysis, based on 
their own data. Their experiments were car- 
ried out at go and at reduced g conditions. The 
liquids used on these experiments were distilled 
water and a 60-percent water-sucrose solution. 
The authors indicate that when bubble growth 
rate is large, nucleate boiling is essentially inde- 
pendent of g level. In this case, bubble depar- 
ture was governed by inertial and surface 
tension forces. For more slowly growing bub- 
bles, departure was governed by buoyant forces 
and surface tension forces. Viscous fortes were 
indicated to be of little importance. 

Merte and Clark (ref. 11.82), Sherley (ref. 
11.83), Steinle (ref. 11.84), and Usiskin and Sie- 
gel (ref. 11.85) have carried out nucleate boiling 
experimental studies under near-weightless con- 
ditions. Different liquids were used by these 
investigators, and hence it is difficult to relate 
their results. However, at high heat transfer 
rates, the first two studies indicate that heat flux 
is essentially the same function of #w— isatj in 
near weightlessness as under standard gravita- 
tional conditions, which agrees with the quali- 
tative arguments just presented. However, 
the quantitative effect of low g on nucleate 
boiling under conditions of low heat fluxes is 
not established. Since this is the most impor- 
tant region for boiling in propellant tanks, 
experiments in this range are badly needed. 

Burnout heat transfer rates are indicated by 
most investigators to be significantly reduced 
by reduction in acceleration level. Merte and 
Clark (ref. 11.82) tentatively give the zero-g 
to 1-g burnout heat flux ratio as 0.41. It should 
be noted that this was for e spherical heater 
on which a stable film can be sustained under 
zero g. However, on cylinders the film tends 
to be unstable, even at zero g, due to the surface 
tension effects and, hence, less drastic reductions 
in burnout heat flux are expected. 

Bex and Knight (ref. 11.86) report an experi- 
mental study to propane in a spherical tank 
under nearly zero g. The nucleate boiling heat 
transfer rate for fixed At was approximately 
30 percent of the value at 1 go. 
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There is a rather large body of literature 
dealing with condensing in zero g. However, 
as this work is aimed primarily at tube con- 
densers, and is therefore not particularly related 
to propellant problems, we will omit its discus- 
sion here. 

11.7 EXPERIMENTAL SIMULATION OF LOW -3 EN- 
VIRONMENTS 

Simulation Requirements 

Before we investigate the various means 
which one can use to simulate low gravity 
environments, let us examine the conditions 
which one would like to simulate. 

We first consider hydrostatic configurations. 
The Bond number, Bo=pgUj<j, is the pertinent 
dimensionless parameter characterizing hydro- 
statics. In addition, the contact angle must 
be maintained for proper modeling. The 
simplest means for maintaining contact angle 
is to use the same fluids and surfaces in the 
test which would normally be employed in the 
space system. Then, in order to model environ- 
mental conditions of a prototype with a scale 
model, the g imposed on the model would have 
to be selected to maintain the proper value of 
the Bond number. If the same fluid is used for 
both model and prototype, a Ko-scale model 
of a system designed to operate in 10“® go 
should therefore be tested in a 10~® go environ- 
ment. Modeling of the Bond number is not 
so important if its value is significantly less 
than unity (i.e., in the range of "zero-g hydro- 
statics”). For example, if the prototype will 
operate with the Bond number equal to 0.001 
and at 10”^ go, testing the Ko-scale model at 
go (^0 » 0.01) would likely provide adequate 
modeling. However, if the Bond number of 
the prototype will be of order unity, modeling 
of the Bond number is essential. 

The relative time response for the model will 
be determined by the length and gravity scaling. 
In the gravity dominated regime (.Bo>>l), the 
time constant varies as (see eq. (11.11a)). 
If the same fluid is employed, and if g will have 
to appropriately be increased to maintain the 
model Bo, the response times of the prototype 
and model will be related by 



A Ko-scale model would therefore have a time 
constant of the order of Ko of the prototype’s. 

In the capillary-dominated regime (Bo<<[l), 
the time constant varies as for a given 
fluid. Therefore, in this regime the model and 
prototype time constants would also be related 
by equation (11.119). These arguments sug- 
gest that, in the region Bo~\, where both 
capillary and gravity forces are important, the 
time constant should also scale like for a 
given fluid. This provides a strong motivation 
for using the design fluid in any model tests. 

The desirability of visual observation in the 
model tests may well exclude the use of solid 
surfaces. In the event that transparent con- 
tainers are used in the tests, the fluid should be 
selected to provide the proper contact angle. 
The appropriate dimensionless parameters 
would then have to be employed to determine 
the proper scaling. 

In hydrodynamic situations, the Weber 
number, Reynolds number, and Bond number 
should be maintained to provide accurate 
scaling. While scaling of the Bond number 
can be accomplished by proper selection of g 
for the model test, the Reynolds and Weber 
numbers cannot both be maintained if the 
design fluid is employed, since velocity and 
characteristic length appear in different w'ays 
in the dimensionless group. In situations 
where interface stability is of prime concern, 
it would appear best to forego maintenance of 
the Reynolds number and keep the proper 
Weber number. This should be reasonable as 
long as the resulting Reynolds number is such 
that the model and prototype operate in the 
same flow regime (i.e., laminar or turbulent). 

We shall now discuss some experimental 
techniques currently used to investigate hydro- 
statics and hydrodynamics at low g. 

Bench Testing 

It may seem strange to suggest testing a 
space system on a bench at 1 go- However, in 
large vehicles subjected to very small loadings, 
the Bond number may be sufficiently high that 
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a bench test on a small-scale model will give a 
realistic appraisal of the prototype performance. 
For example, suppose we are interested in 
knowing the sloshing frequencies of the pro- 
pellant in a large tank of peculiar configuration 
at IQ-* go. Neglecting viscous effects, the 
dimensionless frequency, fl^=pZ,®o)V<r, is a func- 
tion only of the Bond number. The Bond 
number will be maintained in a bench test on 
a Kooth-scale model. If the general size of the 
prototype is of the order of 10 meters, the 
model size is sufficiently large so as to be 
manageable. 

Hydrostatic configurations at low and zero g 
can be bench tested, using a second liquid in 
place of the gas. In hydrostatics, the density 
difference is really what appears in the Bond 
number, and this difference can be adjusted so 
as to give the proper modeling. However, the 
technique should not be used for dynamic 
modeling, for the greater inertia of the second 
liquid will not properly model the behavior of 
a light gas. 

Bench testing is by far the easiest and 
cheapest means for simulating a low-g en- 
vironment, and should be considered whenever 
feasible. 

Free-Fall Simulation 

Free-fall capsules provide the simplest means 
for simulating low-g environments. The time 
available for a zero-g experiment is approxi- 
mately given by 

t=^-y/K seconds (11.120) 


where h is the height in meters. A 5-meter 
drop therefore allows roughly 1 second. A 
drop of 20 meters is required to double the 
test time to 2 seconds. With greater falling 


problem. A double-capsule system, in which 
the outer capsule acts as a drag shield, is 
preferable even for short-fall systems. With 
the long drop come severe arresting problems 
and longer setup time. 

With a drag shield and a partially evacuated 
carrier capsule, environments of the order 
10~^ go can be simulated. The addition of 


counterweights can provide simulation in the 
range 0.02-1 go. The difficult range to obtain 
in a controlled way is 10~^-10“^ go. The 
counterweight system is awkward because the 
effective mass of even a rising cable is appre- 
ciable. If the inner capsule must be secured 
to the drag shield to get the counterweight 
effect, then the velocity-dependent drag forces 
will cause the effective g to vary during the 
drop. Very weak springs attached between 
the capsules offer an interesting possibility 
for getting into the moderately low-g range. 
We used thin rubberbands for this purpose in 
some early experiments. 

The designer of simulation experiments using 
free fall in a drop tower should make sure that 
the response time of the phenomena in the 
model is less than the drop time. The data 
given earlier should be useful in making these 
estimates. 

With free-fall times of the order of 1 second, 
the experiments must necessarily be of small 
scale if meaningful low-g results are to be 
obtained. Referring to figure 11.6, we see 
that characteristic lengths of the order of 
1 or 2 centimeters would be required for a 
fluid having a kinematic surface tension of the 
order of 50 cm^/sec^. Since, for a given 
response time the characteristic length varies 
as only the one-third power of the kinematic 
surface tension, we can estimate that for most 
fluids 1-centimeter experiments would be prac- 
ticable. This limitation on the permissible 
size in free-fall experiments is the chief draw- 
back of this relatively inexpensive low-g simu- 
lation technique. 

Aircraft Simulation 

A variety of low-g experiments have been 
performed in aircraft executing a Keplerian 
Armroyimatelv 32 seconds of near- 
zero g can be obtained with a jet transport. 
Free-floating capsules are used to isolate the 
experiment from the airframe. 

Although experiments of larger scale than 
in free-fall towers are possible, and the simula- 
tion time is longer, the aircraft experimentation 
has some serious drawbacks. It is difficult for 
the pilot to accurately maneuver the aircraft 
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around the floating capsule, and collisions 
between the experiment and the padded walls 
of the aircraft are frequent. Stress loadings 
on the aircraft are high, resulting in limited 
lifetime and therefore high cost per flight. 
Initial roll imparted to the experiment upon 
release of the capsule from the airframe is 
maintained during the floating period, and is 
difficult to control. Nevertheless, aircraft ex- 
periments have provided much valuable in- 
formation on system performance during brief 
periods of low gravity. 

Orbital and Suborbital Systems 

The use of suborbital systems further in- 
creases the experimentation time to the order 


of several minutes. Drawbacks are the large 
expense invoh'ed, the high launch acceleration, 
and the need to either recover the capsule or 
telemeter the data. The experiments are 
subject to the motions of the vehicle, and control 
of the effective g is virtually impossible to 
obtain. The utility of such testing would 
seem to be limited to prototype hardware 
which is to be tested for operation during launch, 
coast, and reentry. The usefulness of such 
systems in basic research seems limited. 

With the coming of the manned orbital 
laboratory, one has the possibility of performing 
extended zero-g experiments; though not every- 
one will have this opportunity, a significant 
amount of basic research data will doubtlessly 
be obtained in this manner. 
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PRINCIPAL NOTATIONS 


-4e=capillaxy area 
Bo— 'Bond number 
Z>=tank diameter 
d=tank drain diameter 
Fr=Froude number 
g= local acceleration 
go =980 cm/sec* 
i= characteristic length 
r=radial distance or coordinate 
ro= tank radius 
r= characteristic time 


f=time 

We=Weber number 
/3=kinematic surface tension, o-/p 
r=contact angle hysteresis parameter 
0= contact angle 
p=liquid density 
<7= surface tension 

£2^=low-g sloshing frequency parameter, 
prgwVo- 

oiooiaiUg frequency parameter, 

< 0 = sloshing or rotational frequency, rad/sec 


229-648 0 — 67—29 
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Physical Properties of Selected Liquids ‘ 

Included in this appendix are tables of typical physical properties of 
various rocket propellants and various fluids which have been or might be 
used in model studies. The values in these tables should be interpreted as 
“typical” since in many cases disagreements of various orders of magnitude 
were observed among the various references. It should also be noted that 
many of the fluids are toxic and/or dangerous to handle. For this reason, 
references 15 through 22 are appended to the list of references since they 
present data on the properties of dangerous materials and laboratory equip- 
ment necessary to handle these materials. 


‘ The information contained in this appendix was compiled by John F. Dalzell, with 
the assistance of Sandor Silverman. 
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Table A-III 


Contact Angle Values* 


Solid 

Phase 1 

Phase 2 

Contact angle, deg 


Air 

Water 

0- 




0 




128-148 


Air . . 

Water. 

0 




0 




0 


Air . . . 

Water 

0 


Air 

Water 

0 


Air 

Water 

0 

Tin dioxide (SnOj) . . 

Air . ... 

Water - 

0 

Air . . 

Water 

80 




60 




0 


Air 

Water 

106,-- 




105 


Air 

Water . 

40 


a-Bromonaphthalene. 

Air 


145--- 



84 




0-38- - 



Water 

130 


a-Bromonaphthalene_ 

Air 


133 



88 






Air 

CHjl2 

53 

Steel - 

Air . ... 

Water 

70-90 

Aluminum oxide 


Water 

22 

(AljOa). 

Hexadecyl alcohol 

Air 

Water 

50-72 


Water 

45 

Gel 4.0% SiOa (pure) . 

Air - - 

Paraffin 

50.5 ±0.5, adv 



49.5 ±0.5, rec 




SI ..S 4- O.Sj adv 




51.3±0.5, rec 


Air 

Mel] 

52.2 ±0.4, adv 




52.0 ±0.7, rec 

Gfil fimpiirp^ 

Air 

Paraffin 

32.5 ±2.5’ adv 




0, rec 

Glass 

Water 

Oleic acid 

55, water rec 




80, water adv 



Mercury 

41, water rec 

Mica 


Benzene 

0 , water rec 

Talc 


Benzene 

135, water rec 



Benzyl alcohol 

122, water rec 



Ethylene dibromide.. 
Nitric acid (IRFNA). 

145, water rec 

Aluminum 

Water 

3®-15' at 76° F, 5 psia.. 
3°-10' at 76° F, 

(Agena tank 
material) 

He 


Unsymmetrical 

dimethylhydrazine 

(UDMH). 

15 psia. 

3°-20' at 76° F, 

25 psia. 

0°-45' at 76° F, 5, 
15, and 25 psin. 


*Thls table Is taken Irom ref. lO. 


Type of measurement 


(Tilting slide.) 

(Sessile drop.) 

Tilting slide. 

Tilting slide. 

Porous plug. 

Porous plug. 

Tilting slide. 

Porous plug, solid 
given various heat 
treatments. 

Porous plug. 

Porous plug. 

Tilting slide. 

Sessile bubble or drop. 
Sessile drop. 

Various surface treat- 
ments; sessile drop. 
Porous plug. 

Tilting slide. 

Tilting slide. 

Sessile drop. 

Sessile drop. 

Captive bubble. 
Captive bubble. 
Sessile drop. 

Sessile drop. 

Sessile drop. 

Sessile drop. 


Tilting plate method. 
Tilting plate method. 


Tilting plate method. 
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SUBJEG INDEX 


A 

Accelerating vehicle 
coordinates for, 16 
pitching motions of, 16 

Acceleration pulse, from exhaust-gas impingement, 361 
Accelerometer 

criteria for, 240 
equation of motion, 231 
gain value, 250 

influence on vehicle stability, 249 
for vehicle stability 
ideal, 247 
nonideal, 248 
Aerodynamic drag, 387 
body forces from, 390 
Agena, 193; see also Thor-Agena 
containment sump, 422 
Air resistance during free fall, 435 
Air shaker, 183 

Amplitude; see finite amplitude and liquid amplitude 
Amplitude of excitation 
effect 

on damping, 125 
of liquid frequency, 32, 79 
of slosh force in spherical tank, 53 
Analogy, mechanical; see mechanical model 
Angle of contact; see contact angle 
Annular meniscus, stability of, 409 
Annular tank; see cylindrical tank with ring cross section 
Antiroll tank, mechanical model, 203 
Arbitrary cross section, of cylindrical tank, 47 
Arbitrary motions, of circular cylindrical tank, 47 
Asymmetrical plate segment baffles, 120 
Atlas, pogo-type phenomena, 382 
Atmospheric disturbances, vehicle response to, 256 

B 

Baffles ; see also damping and experimental investigation 
asymmetric plate segment, 108, 120 
asymmetric type, 182 
configurations of, 122 
conical section perforated ring, 120 
cross type; see cruciform below 
cruciform, 108, 116, 376 
for damping, 108 
effect on 

liquid frequency, 117, 125, 130 
liquid impact, 368 
fixed nonring type, 116 
flexible, 134 
floating cans, 115 
floating or movable lid, 107, 117 
for liquid control, 421 
loads on, 107, 125, 130 
partition, 108 
perforated, 130 
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Baffles — Continued 

screen type, 368, 421 

for liquid control, 421 
theory for loads on ring, 127 
truncated cone type, 6 
Bandwidth technique, 106 

for measuring damping, 177 
Beating, during rotary slosh, 99 

Bending vibrations of shell coupled with liquid motions ; 
see coupling and cylindrical shell of circular cross 
section 

Bernoulli’s law, 15 

Blast effects; see impulsive motion 

Body force; see also force 

from aerodynamic drag, gravitational field gra- 
dient, and rotational motion, 390 
electrically induced, 427 
Boiling 

under low-g conditions, 433 
nucleate, 428 
Bond number, 388 
critical, 406 

for menisci of irregular shape, 406 
modeling, 434 

Bottoms, of various geometry; see cylindrical tank of 
circular cross section 

Boundaries, for stability; see stability boundary 
Boundary conditions 
linearized, 16 

for model support systems, 185 
Breaking waves in spherical tank, 97 
Breathing of shell; see cylindrical shell of circular cross 
section 
Bubble (s) 

behavior and cavitation for longitudinal excitation, 
290 

behavior for random longitudinal excitation, 298 
cluster, 291 

effect of tank elasticity on cluster, 291 

entrainment, 270 

experiments in dynamics of, 290 

explanation of behavior, 297 

free, 397 

motions, 270 

from nucleate boiling, 428 
oscillations in zero g, 419 
pulsations, 292 
stabilization of, 298 
surge of, 270 
theory of vibration, 291 
velocity of rise in tube, 427 
Buckingham 7r-theorem, 146 

Bulging modes; see cylindrical shell of circular cross 
section 

Bulkhead of tank; see liquid impact, and particular 
bulkhead geometry 
Buoyancy of bubbles, negative, 290 
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c 

Cables for support of model, 186 
Canal 

circular, 48 
conical, 14 
elliptical, 14 

Capacitance wire system for measurement of liquid 
displacement, 175 
Capillary; see also capillary system 
area defined, 394 
energies for spherical tank, 398 
forces, 387 
hydrostatics, 396 

phenomena, Laplace’s law for, 392 
potential energy, 396 
pumping, 422 
rise rates, 419 
stability of conical, 407 
systems supported by, 411 
thermodynamics, 394 
waves, 269, 288 

Capillary system; see also capillary 
Gibbs equation for, 395 
Helmholtz free energy for, 395 
instabilities, 412 
Laplace’s law for, 392 
Maxwell relation for, 395 
mechanics and thermodynamics of, 391 
metastable states of, 396 
Capped liquid in shell 

comparison of model and full-scale results, 180 
equivalent rigid body, 199 
Cavitation 

of liquid for longitudinal excitation, 290 
simulation of, 162 
Cavitation index for 
cryogenic fuels, 369 
liquid impact experiments, 369 
Centaur missile sloshing in liquid oxygen tank, 201 
Characteristic equation 

analytical sohition, 234 
techniques for obtaining roots, 233 
Choked flow at low g, 425 
Circular canal, 48 

Circular free surface cross section, 47 
Circulation, as a measure of vortex strength, 374 
Closed-loop positive feedback system, 380 
Cluster of bubbles, 290 
Clustered tanks 

damping required, 252 
effect on stability, 251 

Compartmentation of tank; see cylindrical tank 
Compressibility of fluid 

effect of shell vibrations; see coupling and cylin- 
drical shell of circular cross section 
simulation of, 1962 

Complex mechanical model; see mechanical model 
Complex plane; see root locus plane 


Concentric tanks, stability boundaries for vehicle with, 
252 

Condensing in zero g, 434 
Conical bottom, in cylindrical tank, 47, 58 
Conical bulkhead, liquid impact on. 364, 365 
Conical canal, 14 

Conical capillaries, stability of, 407 
Conical pendulum for rotary slosh, 99, 207 
Conical-section baffles, 126 
Conical tank, 14, 57 

mechanical model, 205, 21.5 
viscous damping in, 113 
Contact angle, 392 

advancing defined, 393 

hysteresis effect on zero-g lateral sloshing, 418 
hysteresis of, 393 
values for, appendix 

Container; see also vehicle, canal, and particular 
container configuration 
flexible, 107, 115, 425 

Container geometry; see also vehicle, canal and par- 
ticular container configuration 
effect on stability, 251 

Control and positioning of liquid at low g, 420; see also 
expulsion 

Control and stability of vehicle; see stability and control 
Control system; see also stability and control 
control factor for, .343 
damping, 247, 343 
effect on m;iss center, 22.5 
equation of inotiou, 230, 232, 340 
lateral bending, 225 
liquid motion, 225 
phase lag coefficients, 230 
vehicle attitude, 225 
Conversion factors, viii 
Convection in propellant tanks, 433 
Convection patterns from surface tension at zero g, 431 
Convective processes, onset and strength of, 429 
Coordinate 

generalized, 229 
for linear theory, 15 

Coriolis force, effect on vortex formation, 374 
Coupled liquid pressure modes, 321 
Coupled response of vehicle umbilical tower, 190 
Coupling; see also cylindrical shell of circular cross 
section and nonlinear 

of compressible fluid motion with shell breathing 
vibrations, 318 

between engine and structure, 379 
fixed for, 381 

of incompressible liquid motion with shell breathing 
vibrations, 321, 330 

of light compressible fluid with breathing vibra- 
tions, 317 

of liquid and elastic shell, model study, 190 
between liquid and clastic structure, 179, 180, 303, 
309, 316, 321, 334, 336, 418 
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Co upling — Continued 

of liquid motion and elastic tank bottom, 336 
of liquid and rigid tank motions, 180 
of liquid and shell motions, inertial coupling 
coefficient, 306 

of liquid and shell motions nonlinear effects, 332 
at low g, 418 

mechanical model for engine-structure, 379, 381 
between structure and pneumatic tank pressure 
regulation system, 269, 378, 382 
Criteria for vehicle stability, 236 ; see also stability 
Critical damping, 106 
Crossflow drag coefficient, 356 

Cryogenic fuels, cavitation index for, 369; see also 
appendix for fuel properties 
Cryogenic tanks, heat transfer in, 431 
Cylinder, covered by liquid film at zero g, 412 
Cylindrical shell of circular cross section; see also 
liquid impact, experimental investigation, damping, 
coupling and longitudinal excitation 
breathing vibrations 
coupled with 

compressible fluid motions, 318 
incompressible fluid motions, 321, 330 
light compressible fluid motions, 317 
effect of 

liquid inertia and compressible, 180, 315, 
320 

pressurization and liquid on, 323 
of empty shell, 309, 310 
subbarmonic response of shell, 333, 334 
bulging modes, 330 

containing liquid and longitudinally excited, 280, 
285, 326, 334 

containing liquid and unpressurized, frequencies 
for, 323 

Donnell equations for, 310 
with elastic bottom, 286, 336 
mechanical model for, 220 
nonlinear liquid-shell coupling, 306, 333, 334 
pressurized, 317, 318, 323 

Cylindrical tank; see also liquid impact, experimental 
investigation, damping, coupling, and longitudinal 
excitation 

with annular cross section: see ring cross section, 
below 

arbitrary cross section, 47 
of circular cross section 

arbitrary rigid body motions of, 47 

effects of ellipticity of the cross section, 14, 47 

equivalent flat bottom for, 14, 47 

floating devices for damping, 107 

free surface modes of, 7 

harmonic and superharmonic liquid response 
to longitudinal excitation, 284, 285 
with hemispherical ends, 47, 110, 332, 366, 400 
jump phenomena in, 97 

liquid stability diagram for longitudinal 
excitation, 273 


Cylindrical tank — Continued 

of circular cross section — -Continued 

mass moment of inertia of fluid, 211 
mechanical model for, 203, 208, 220 
nonlinear effects in, 97 

compartmented, 79, 80 

nonlinear liquid motions from lateral ex- 
citation, 93 

reorientation time estimates, 419 
ring damping theory, 122 
with spherical bottom, 47, 110 
with splitter plate, 96 

subharmonic liquid response to longitudinal 
excitation, 269, 270, 274, 280, 281, 283 
with conical bottom, 47, 58 
with elliptical cross section, 14, 47 
with 45° sector cross section, 29 
liquid response to longitudinal excitation, 271 
with 90° sector cross section, 30, 211, 283 
with perforated compartments, equivalent 
Reynolds number for, 80 

with quarter sector cross section, mechanical 
model for, 211 

with ring cross section, 33, 36, 38, 41, 43, 419 
mechanical model for, 211 
reorientation time estimates, 419 
with ring sector cross section, 20-23, 26 
of sector cross section, 20, 29, 34 
with 60° sector cross section, 32 


D 


Damping 

of accelerometer, 231 
by baffles 

asymmetrical plate segment, 120 

cruciform, 116 

fixed nonring, 116 

fixed ring, 107, 121, 127, 183 

flexible, 107, 115, 134 

movable or liquid surface devices, 107, 114, 
115, 117 
partition, 108 
perforated, 130 

two-dimensional (asymmetric), 182 
calculated by 

bandwidth technique, 177 
the forced response method, 177 
Miles’ theory, 183 

in circular cyiinuiical tank with spherical bottom, 
110 

comparison of model and full-scale results, 187 ; see 
also experimental investigation 
in conical tank, 113 


of control systems, 247, 343 
critical, 106 

in cylindrical tank, 109, 110 
theory, 122 
by dampometer, 176 
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Damping — Continued 
dependence on 

excitation amplitude, 125 
liquid amplitude, 106, 110, 113 
effect of efflux rate draining. 111, 181 
effect on 

liquid mass moment of inertia, 217 
liquid stability boundaries, 273, 284 
surface tension, 110 
equivalent viscous, 106 

experimental techniques, for determination of, 106 
general discussion, 105 
introduction into 

mechanical model, 200, 215 
vehicle equations of motion, 105, 227 
in oblate spheroidal tank. 111, 130, 131 
of pitching motion, 181 
required 

clustered tanks, 252 
to predict “jump down,” 283 
for vehicle stability and control, chapter 7, 339 
in sector cylindrical tank, 117 
significant variables, 107 
in spherical tank, 110, 111, 115, 131, 132 
in spheroidal tank, 111, 130, 131 
strip theory for, 182 

structural, for vehicle stability and control, 342 

subcritical, 342 

supercritical, 343 

theory, for ring, 107, 122, 183 

in toroidal tank, 114 

of vehicle, 227 

viscous 

in circular cylindrical tank, 109 
in conical tank, 113 

effect on oscillations of a liquid sphere, 419 
equivalent, 106, 227 

by flexible bags and diaphragms, 107, 115 
for spherical tank. 111, 112 
in toroidal tank, 114 

Dampometer for measuring damping, 176 
Dangerous liquids, handling of, appendix 
Density requirements for simulation, 151 
Determinant, positive roots of, 22 
Decrement; see logarithmic 
Diaphragms for damping, 107, 115 
Dielectrophoresis, 427 

Diffusion of two ideal-gas species, governing equation 
for, 430 

Dimensional analysis, 145; see also simulation 
applied to simulation, 148 

Displacements of liquid; see text in chapter 2 under 
particular tank configuration and excitation of in- 
terest 

Dissimilar structural material modeling, 153 
Dissipation function; see damping 
Docking impact, 6, 353; see also liquid impact 
Dome impact, 6, 353 ; see also liquid impact 
experimental techniques to measure, 179 
pressure measurements, 170, 179 


Donnell equations for circular cylindrical shell, 310 
Drag 

aerodynamic, 387, 390 
coefficient for crossflow, 356 
decelerations, 387 
shield for free fall experiments, 435 
Draining 

effect of damping. 111, 181 

gas ingestion while, 377 

liquid rotation and vortexing while, 9, 373 

at low g, 420 

Drain-rate criteria, maximum, 424 
Droplets, 288 

Drop oscillations in zero g, 419 
Duration of experiment for liquid impact, 370 
Dynamically similar model, testing of, 184; see also 
simulation 
Dynamic 

model study of propellant coupling with structure, 
190 

stability; see stability 
surface tension, 392 
Dynamics of bubble motion, 293 

E 

Efflux rate; see draining 
Eigenvalue; see characteristic equation 
Elastic bottom, response of liquid in tank with, 286, 336 
Elastic shell; see cylindrical shell of circular cross 
section, coupling, and stability 
Elastic structure: see cylindrical shell of circular cross 
section, coupling, and stability 
Elastic vehicle; see cylindrical shell of circular cross 
section, coupling, and stability 
Elastic vibrations; see cylindrical shell of circular cross 
section, coupling, and stability 
Elasticity of shells; see cylindrical shell of circular cross 
section, coupling, and stability 
Electrically induced body forces for liquid control, 427 
Ellipsoidal bulkhead, liquid impact on, 366 
Ellipsoidal tank, mechanical model, 213 
Elliptic cross section 

cylindrical tank with, 14, 47 
of free surface, 47, 61 
Elliptical canal, 14 
Energy dissipation; see damping 
Energy transport 

within a cryogenic tank, 431 
at low g, 429 
mechanism for, 430 

Engine-structure coupling; see coupling 
Entrained vapor in liquid, 270 
Equations 

empirical for frequency 
in spherical tank, 51 
in spheroidal tank, 61 
governing diffusion of gases, 430 
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Equations — Continued 
of motion for 

accelerometer, 231 
bending, 229 
control system, 230 

control; see equations of motion for vehicle 
elastic body, 226 
liquid, 229 
pitching vehicle, 229 
rate gyroscope, 232 
vehicle, 105, 227, 232, 243, 340 
for trajectory analysis, 354 
for vehicle stability, 243 

Equivalent flat bottom, circular cylindrical tank with, 
14, 47 

Equivalent linear conical pendulum, 99 
Equivalent mechanical model; see mechanical model 
Equivalent rigid body, replacement of liquid by, 199 
Equivalent Reynolds number for 

conical-section perforated ring baffles, 127 
perforated sector cylindrical tank, 80, 1 17 
Euler constant, 26 

Excitation amplitude; see amplitude of excitation 
Excitation frequency; see longitudinal excitation 
Exhaust-gas impingement, simulation of, 361 
Experimental derivation of mechanical model param- 
eters, 201 

Experimental investigation 
baffle loads, 130 
bubble dynamics, 290 
bubble stabilization, 298 
canal, circular, 47, 48 
circular cylindrical tank 

bending, comparison of model and full scale, 
187 

breathing vibrations, 322, 326, 331, 333 
bubble behavior, 290, 298 
compartmented, 30, 79, 117 
with conical bottom, 47 
coupled liquid-shell bending, 308 
damping, 107, 110, 124; see also damping 
with clastic bottom, 339 
frequencies for empty shell, 314 
liquid stability boundaries, 275 
with perforated sector compartments, 117 
pressurized and liquid filled, 319, 325, 326, 327, 
331, 333 

with ring baffles, 107, 108, 124, 126 
shell bending 

comparison of model and full scale, 187 
frequency for capped liquid, 308, 309 
with spherical bottom, 47 
subharmonic liquid response to longitudinal 
excitation, 275, 280-282, 285, 286, 288 
superharmonic liquid response to longitudinal 
excitation, 286 
conical tank, 47, 57, 113, 364 
cruciform baffle over drain, 376 
cylindrical tank of 90° sector, 283 


Experimental investigation — Contin ued 
damping 

by asymmetric plate segment baffles, 120 
by cruciform baffles, 116 
by expulsion bags and diaphragms, 115 
by flexible baffles, 136 
by floating 
cans, 115 
lids, 114 

by perforated sector compartments, 117 
by ring baffles, 107, 108, 124, 126, 130, 131, 
136 

viscous, 110, 113, 114 
flexible baffles, 136 
frequency reversal, 93 
liquid impact 

on conical bulkhead, 364 
on ellipsoidal bulkhead, 366 
pressures, 365, 369 
on spherical bulkhead, 364 
time duration, 369 

liquid positioning in Mercury MA-1, 420 
nonlinear 

coupling between liquid and shell, 335 
liquid motion in spherical tank, 97 
nucleate boiling at zero g, 433 
planar and nonplanar liquid motion, 100 
rectangular tank, 89, 92 
reorientation time, 419 
review of work related to liquid impact, 362 
. spherical tank, 47, 50, 53, 82, 97, 110, 116, 131, 136, 
173, 284, 364, 433 
swirl motion, 101 
tank draining, 376 

at high bond number, 425 
toroidal tank, 54, 114, 174 
zero-g liquid sloshing, 417 
Experimental techniques 

apparatus for simulation, 170 
to determine damping, 106 
harness for model experiments, 186 
for low-g simulation, 434 
to measure 

dome impact pressures, 179 
forces during swirl, 179 
liquid displacements by 

capacitance wire system, 175 
coueeutrio float, 176 
load cell, 173, 176 
pressure pickup, 176 
strain gauge bridge, 173 
torque bar, 173 

visual and photographic means, 171 

of tank 

construction, 170 
support and excitation, 171 
Explosion, effects on liquid-filled tanks, 2, 13 
Expulsion bags for damping, 107, 115, 425 



460 


THE DYNAMIC BEHAVIOR OF LIQUIDS 


Expulsion of 

liquids at low g, 423 
vapor at low g, 425 

Extensional vibrations, Rayleigh’s theory, 310 

F 

Feedback conditions, adverse, 236 
Feedback loops, 380 

between structure and control system, 225 
Finite amplitude; see also longitudinal excitation 

harmonic and superharmonic liquid response, 284, 
285 

stable wave, theory for rectangular tank, 87 
standing wave, 270, 277 
stationary oscillations in 

axisymmetric tank, 353 
rectangular tank, 87 

Finite differences applied to spherical tank, 4!) 

Fireball resulting from bulkhead impact, 353 
Flexible baffles, 134 
Flexible containment device, 107, 115 
for positive expulsion, 425 

Flexible shell; see coupling, cylindrical shell of circular 
cross section and stability 

Flexible vehicle; see coupling, cylindrical shell of 
circular cross section and stability 
Floating cans, lids or mats for damping, 107, 115 
Force; see also liquid force and pressure 
from atmospheric disturbances, 256 
body, 390, 427 

on bulkhead from liquid impact, 367, 368 
electrically induced, 427 
from engine thrust, 228 
on ring baffles; see baffles 
simulation of; see simulation 
virtual work by, 228 
Young's equation for interface, 393 
Force response method of measuring damping, 174 
Forced oscillations at low g, 420i 
Forming techniques for tank construction, 171 
Free-fall simulation, 435 
Free surface 

coupling with shell bottom, 336 
devices for damping, 1 14 

displacements ; see text in chapter 2 under particular 
tank configuration and excitation of interest 
effects on coupled liquid-shell motions; see coupling 
and cylindrical shell of circular cross section 
with elliptical planform, 14, 47, 61 
equation of, 16 

response to longitudinal excitation; see longi- 
tudinal excitation 
stability ; see stability 

Frequency; see also liquid frequency and cylindrical 
shell of circular cross section 

reversal, experimental verification of, 93 
of shell with free and capped liquid surfaces, 180 
variation with flight time, 5 


Froude number, 390 
Fuel; see liquid 

G 

Gain values of accelerometer, 250 

Gamma function, 26 

Gas 

diffusion, 430 
ingestion, 377 

simulation of impingement, 361 
Generalized coordinate, 229 
Gibbs equation for capillary system, 395 
Gravitational field gradient, body forces resulting from, 
390 

Gravitational potential energy of capillary system, 396 
Gravity 

low ; see low g 
simulation of earth's, 186 
zero; see zero g 

Gravity draining, vortex during, 0 
Gust loads, vehicle response to, 256 
Gyroscope 

criteria for position of, 237 
equation of rotation, 232 
preferable position for, 343 
transfer function for, 231 
use in control system equations, 2.30 

H 

Handling liquid at low g, 420 
Hardware, effect on model parameters, 203 
Harness for model experiments, 186 
Heat transfer 

by convection in tanks, 433 
in cryogenic tanks, 431 
to liquids at low g, 428 

Helmholtz free energy, for capillary system, 395 
Hemispherical; see spherical bulkhead and spherical 
tank 
Hurwitz 

criteria for stability, 234 
determinant, 341 
stability polynomial, 341 
Hydrodynamic loading on shell, 316 
Hydrodynamics at low g, 387 
Hydrostatics at low g, 386, 387 
Hyperboloidal tank, 14 
Hysteresis of contact angle, 393 

effect on zero-g lateral sloshing, 418 

1 

Ingestion of gas during draining, 377 
Impact, 353; see also liquid impact 
Impingement of exhaust gas, 361 
Impulsive motion, tank subjected to, 2, 13 
Incompressible liquid motions coupled with tank 
breathing vibrations, 321, 330; see also cylindrical 
shell of circular cross section and coupling 
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Inertia coupling coefficient for coupled liquid-shell 
motions, 306 
Inertia 

of fluid, effect on tank breathing vibrations, 
316, 320; see also coupling of liquid, effect of 
damping on, 217 

moment of; see moment of inertia of liquid 
simulation; see simulation 

Inertial parameters of equivalent mechanical model, 200 
Inextensional vibrations, Rayleigh’s theory, 310 
Instability; see also stability 

in capillary-supported systems, 411, 412 
criterior for large amplitude stationary waves in 
rectangular tank, 92 
of liquid 

during dielectrophoresis, 428 
for longitudinal excitation; see longitudinal 
excitation 

Rayleigh-Taylor type, 271 
in liquid response, 334 

regions, subharmonic; see longitudinal excitation 
Saturn I, 2, 4 

Interaction; see coupling and cylindrical shell of 
circular cross section 
Interface stability, 403 
Interfacial effects, simulation of, 162 
Interfacial force. Young’s equation for, 393 
Interfacial (surface) tension, 392 
Internal hardware, effect on model parameters, 203 
Internal pressure, comparison of theoretical and ex- 
perimental frequencies of shells with, 316-319; see 
also cylindrical shell of circular cross sections, and 
coupling 

Inverted meniscus, 407 

J 

Jump phenomenon in circular cylindrical tank, 96 

K 

Kinetic energy of 

empty structure, 226, 347 
liquid, 226, 347 

L 

Large amplitude; see finite amplitude 
Laplace 

constant, 388 

equation, in rectangular coordinates, 15 
law for capillary phenomena, 392 
Liquid (s) 
behavior 

at low g and zero g; see low g and zero g 
during reorientation, 426 

displacement measurement techniques; see ex- 
perimental techniques 
draining; see draining 


Liquid(s) — Continued 
effect on 

damping of amplitude 

shell vibrations; see cylindrical shell of cir- 
cular cross section and coupling 
equation of motion, 229 
equivalent rigid body for, 199 
expulsion; see expulsion 
film on sphere and cylindrical at zero g, 412 
force; see also text in chapter 2 under particular 
tank configuration and excitation of interest; 
force 

for nonlinear liquid rotational motion, 95 
measurement of, 178 

on shell, 316; see also coupling and cylindrical 
shell of circular cross section 
free surface; see free surface 

frequency; see also text in chapter 2 under par- 
ticular tank configuration 

dependence on excitation amplitude, 32, 79 

sensitivity of, 14 

variation 

with baffle location, 125, 134 
in circular cylindrical tank, 125 
with depth in cylindrical tank, 13 
in perforated sector compartmented cy- 
lindrical tank, 117 
impact, 353, 368, 426 

on conical bulkhead, 364, 365 
duration of experiments, 369 
effect of 

baffles on, 368 

lateral sloshing and lateral acceleration, 
371 

on ellipsoidal bulkhead, 366 
cxperiemental 

techniques, 179 
work, 362 

fireball resulting from, 353 
force on bulkhead, 367, 368 
pressures 

resulting from, 362-366 
variation with acceleration, 370 
resulting from 

docking, 6, 353 
thrust termination, 353 
simulation of, 362, 368, 369 
on spneriuai bulkhead, 364, 366 
structural breakup from, 363 
summary, 368 

inertia and compressibility, effect on shell vibra- 
tions; see coupling and cylindrical shell of 
circular cross section 
instability ; see instability aucl stability 
kinematic viscosity 

effect on force in spherical tank, 53 
simulation of, 162 

values for typical model fluids and propellants, 
appendix 
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Liquid(s) — Continued 

location by dielectrophoresis, 427 
mass moment of inertia for cylindrical tank, 211 
oxygen (LOX), 191 
pressure; see also force 

distribution; see text in chapter 2 under 
particular tank configuration and excitation 
of interest 

modes, 320, 321; see also cylindrical shell of 
circular cross section 

properties; see particular property and appendix 
for numerical values 

response to longitudinal excitation: see longitudinal 
excitation 
rotary slosh 

bearing during, 99 
pendulum analogy, 207 
swirl motion, 97 
rotation 

during draining ; see draining 
roll torque from 373, 376 
safety with, appendix 
separation by nonwetting screens, 427 
simulation; see simulation 
sloshing 

defined, 6 

influenced on vehicle ; see stability and control 
simulation of ; see simulation 
at zero g ; see zero g 
stability; see stability 

subharmonic response to longitudinal excitation; 

see longitudinal excitation 
swirl; see swirl 
vortexing; see simulation 
Literature 

other than English language, S 
on safety, appendix 

Load cell to measure liquid motion, 173, 176 
Loads; see force 

Locus-curve method of determining stability, 235 
Logarithmic decrement 
defined, 105 

to measure damping, 174 

for viscous damping in circular cylindrical tank, 109 
Longitudinal excitation; see also coupling, cylindrical 
tank of circular cross section, cylindrical shell of 
circular cross section, and stability 
bubble behavior; see bubbles 
cavitation of liquid, 290 

of circular cylindrical tank, 269, 270, 274, 280, 281, 
283, 285, 326, 334 
at high frequency, 288 
linearized theory, 269, 271 

liquid response to, 269, 274, 280, 284, 285, 286, 288 

Mathieu equation for, 271 

mechanical model for, 287 

of 90“ sector cylindrical tank, 283 

pogo phenomena, 269, 378, 382 

random, 298 

of rectangular tank, 278 


Longitudinal excitation — Continued 
of spherical tank, 284 
stability chart, 273 
summary, 284 

superharmonic response, 285 
Loops; see feedback loops 
Low g; see also zero g 

behavior of liquid at, 387 
boiling at, 433 
draining at, 420 

expulsion of vapor and liquid, 423, 425 

forced oscillations at, 420 

free fall simulation, 435 

gas ingestion, 377 

heat transfer to liquid, 428 

hydrodynamics and hydrostatics, 386, 387 

liquid 

configuration, 396 
energy transfer, 429 
handling, 420 

positioning and control, 420, 421 
temperature control, 429 
maximum 

acceleration for liquid control, 421 
flow rate, 425 

orbital and suborbital systems to obtain, 436 
phenomena, 6 

positive expulsion devices, 425 
response time estimates, 391 
rotating tanks in, 411 
simulation of, 434, 435 
sloshing, 412 

elastic tank interactions, 418 
estimating methods, 418 
general formulation for, 413 
solution for a special case, 415 
the linearized problem, 414 
time required to gain control of liquid, 421 
a variation formulation, 416 
Weber number modeling, 434 
LOX (liquid oxygen), 191 
Lunar excursion modulo (LEM), 191 
LUT (launch umbilical tower), 191 

M 

Magnification factors for liquid force and moment ; 
see text in chapter 2 under particular tank configura- 
tion and excitation of interest 
Mass; see also liquid mass 
conservation law, 15 
density requirements for simulation, 151 
Material properties, simulation of, 153 
Mathieu equation for longitudinal excitation, 271 
Maxwell relation for capillary system, 395 
Measurement of ; see also experimental techniques 
damping with a Dampometer, 176 
dome impact pressures, 170, 179 
liquid forces, apparatus for, 178 
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Measurements of — Continued 
liquid motion, 171, 173, 176 

types of transducers used, 175 
with strain gauge bridge, 173 
swirl forces, experimental techniques, 179 
Mechanical model 

annular cylindrical tank, 211 
antiroll tank, 203 
calculation of parameters, 201 
circular cylindrical 
shell, 220 

tank, 203, 208, 220 
conical tank, 205, 215 
effect of internal hardware, 203 
clastic shell, 218 
ellipsoidal tank, 213 
engine-structure coupling, 379, 381 
experimental derivation of parameters, 201 
inertial parameters of, 200 
introduction 

of damping, 200, 215 
into vehicle equations of motion, 339 
lateral sloshing, 199 
longitudinal excitation, 287 
with moment of inertia damping, 218 
nonlinear, 207, 214 
oblate spheroidal tank, 202, 213 
pendulum type, 201 
rectangular tank, 203 
representation of sloshing, 199 
restrictions to their use, 206 
spherical tank, 205, 214, 218 
spheroidal tank, 202, 213 
Mechanics of capillary system, 391 
Membrane, bottom of rigid tank, 336 
Meniscus, 388 

bond number for, 406 
in capillary-supported systems, 411 
differential equation for, 401 
inverted, 407 
in inverted tube, 404 
reorientation time estimates, 419 
rotating, 410 

shape and stability of axisymmetric, 401, 402, 410 
in spherical tank at zero g, 399, 404, 405 
stability of, 402, 405 
flat annular, 409 
support pressures required, 411 
system in zero g, parallel, 400 
Mercury MA-7, liquid positioning experiment, 420 
Mesh, conical screen type, 421 
Metastable states of capillary system, 396 
Model; see also simulation and mechanical model 
dynamically similar, 184, 191 
harness for, 186 

mechanical; see mechanical model 
propellants, 185, appendix 
replica, 153 
support systems, 185 
vibration testing of, 184 


Modeling; see simulation 
Moment; see liquid moment 
Moment of inertia of liquid; see also inertia 
in cylindrical tank, 211 
effect of damping on, 217, 218 
Motions, arbitrary, 47 
Mulberry harbors, 1 

N 

Negative buoyancy of bubbles, 290 

New mode of oscillation in oblate spheroidal tank, 61 

Newton’s second law, 15 

Nonlinear 

coupling between liquid and shell, 325, 333-336; 
see also coupling and cylindrical shell of circular 
cross section 
effects, 97 

arising from large amplitude liquid motions, 82 

from compartmentation, 80 

from excitation amplitude, 79 

in rectangular tank, 82 

in spherical tank, 82 

from tank geometry, 79 

liquid motions in circular cylindrical tank, 79, 80, 
93, 97; see also coupling and cylindrical tank of 
circular cross section 
mechanical model, 207, 214 
rotary motion, 100 

softening in circular cylindrical tank, 96 
Nonwetting liquid, defined, 392 
Nucleate boiling, 428, 433 

O 

Oblate spheroidal tank, 47, 58, 60, 174 
damping in. 111 
mechanical model, 202, 213 
new mode of liquid oscillation, 61 
Oscillations; see also liquid, force, and cylindrical shell 
of circular cross section 
finite; see finite amplitude 

free; see text in chapter 2 under particular tank 
configuration ; see also liquid frequencies 

P 

Parabolic tank, 14 

Passive antiroll tank, mechanical model, 203 

Partition baffles, 108 

Pendulum 

analogy for 

rotary sloshing, 207 
spherical tank, 205 
equivalent linear conical, 99 
type mechanical model, 201 
Pendular tank support, 171 
Perforated 

material for liquid wetting, 421 
partitioned cylindrical tank, equivalent Reynolds 
number for, 117 
sector cylindrical tank, 80 
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Phase-lag coefficient, 342 
for control system, 230 
Pitching motion 

of an accelerating vehicle, 16 
damping of, 181 

equations of motion of vehicle with, 229 
ir-theorem, 146 
Planar motion, 100 
Plate 

bottom of rigid tank, 336 
segment baffles asymmetric, 120 
Pneumatic regulation system, coupling with 
longitudinal structure oscillations, 378, 382 
vehicle structure, 269 
Pogo phenomena, 269, 378, 382 
Poisson equation, 17 
Polynomial, stability type, 237 
Positive expulsion devices at low g, 425 
Potential, velocity, 15, 16 
Potential energy of 
liquid, 227, 347 
structure, 227, 347 
Pressure; see also force 

on conical bulkhead during impact, 365 
distribution during lateral sloshing, 14 
forces required for meniscus support, 411 
measurement of during dome impact, 170, 179 
resulting from liquid impact, 362 
simulation of, 152 

Pressure modes of oscillation in circular cylindrical 
tank, 316, 320; see also cylindrical shell of circular 
cross section 

Pressure pickups for measurement of liquid displace- 
ments, 176 

Pressure regulator-structure coupling, 382 
Pressiirization, of shell; see cylindrical shell of circular 
cross section 

Projectile, spin-stabilized, 2 

Propellant ; see also appendix for typical properties and 
liquid 

model study of coupling with structure, 190 
simulation in dynamic models, 185 
Properties of liquid, appendix 
Pulsations, of bubble, 292 

Q 

Quarter-tank; see cylindrical tank with 90° sector 

R 

Random longitudinal acceleration of tank, bubble 
behavior for, 298 
Rate gyroscope; see gyroscope 
Rayleigh number, 429 

Rayleigh’s theory for extensional and inextensional 
vibrations, 310 
Rectangular tank 
for antiroll, 203 

finite stationary oscillations in, 87 


Rectangular tank — Continued 
instability criterion, 92 
lateral excitation, 17, 18 
longitudinal excitation, 278 
low gravity in, 18 
mechanical model, 203, 211 
nonlinear response characteristics, 82 
wave frequency as a function of wave amplitude, 87 
Reissner’s shallow shell theory, 310, 317 
Reorientation 

liquid behavior during, 426 
time estimates, 419 

Replica and dynamically similar models, 153; see also 
simulation testing of, 184 

Reversal of frequency, experimental verification of, 93 
Reynolds number 
equivalent for 

conical section perforated ring baffles, 127 
45°, 60°, and 90° perforated compartmented 
cylindrical tanks, 80, 117 
modeling at low g, 434 

Rigid body, equivalent for capped liquid, 199 

Rigid body stability; see stability 

Rigid vehicle; see stability 

Ring baffles; see baffles 

Ring damping; see damping 

Ring tank; see cylindrical tank with ring cross section 
Rocket ; see vehicle and particular vehicle geometry 
Roll torque resulting from liquid rotation, 373, 376 
Root 

of determinant, 22 
stability, 233 
Root locus plane, 233 
Rotary slosh; see liquid rotary slosh 
Rotating tank at low g, 411 
Rotational motion 

body forces resulting from, 391) 
instantaneous center of, 339 

5 

Safety with liquid, appendix 
Saturn I 

example problem of vehicle stability and control, 
263 

flight instability, 2, 4 
Saturn V 

H 0-scale dynamic model of, 191 
'4o-scale model, 186, 189, 190 
support system for l^o-scale model of, 187 
Saturn SA-1 

model and full-scale test comparison, 187 
H-scale dynamic model, 186 
support system for H-scalc model, 187 
Scaling; see simulation 
Scalloped tanks, 4 
Screen baffle 

effect on liquid impact force, 368 
for liquid control, 421 

Screens, nonwetting for liquid separation, 427 
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Sector tank ; see cylindrical tank 
Shaker, air, 183 

Shell; see also particular shell configuration, coupling, 
and vehicle 

shallow, Reissner equations for, 310, 317 
Ship stabilization in roll, 2, 203 
Simulation; see also model 
of bond number, 434 
of cavitation, 162 

of dependent variables, forces, pressures, and 
response parameters, 152 
dimensional analyses applied to, 148 
with dissimilar structural materials, 153 
of dynamic properties of liquids, 157 
of earth’s gravitational field, 186 
of exhaust-gas impingement, 361 
experimental techniques and apparatus, 170; 

see also experimental techniques 
geometrical consideration, 150 
of inerfacial effects, 162 
of liquid 

compressibility, 161 
kinematic viscosity, 159 
impact, 361, 362, 368, 369 
interfacial effects, 162 
sloshing, 145, 149 
surface tension, 163 
liquids for, 185, appendix 
of low-g environments, 434 
mass density requirements, 151 
models for; see model 
of prototype propellant, 185 
with replica models, 153 
of scaling effects for liquid impact, 369 
simultaneous satisfaction of scaling criteria, 166 
of structural material properties, 153 
summary of inertial and mechanical scaling, 152 
using free fall techniques, 435 
of Weber number, 434 

Sinking bubbles for longitudinal excitation; see longi- 
tudinal excitation 
Sloshing ; see liquid sloshing 

Small amplitude liquid motions for longitudinal excita- 
tion, 285, 286; see also longitudinal excitation 
Softening in circular cylindrical tank nonlinear, 96 
Sphere 

covered by liquid film at zero g, 412 
of liquid, effect of viscous damping on, 419 
for low-g wetting experiments, 421 
Spherical bulkhead; see also spherical tank 

in circular cylindrical tank, 47, 110, 332, 366, 400 
liquid impact on, 364, 366 

Spherical tank, 49; see also spherical bulkhead and 
experimental investigation 
breaking waves in, 97 
capillary energies, 398 
damping by 

expulsion bags and diaphragms, 115 
ring baffles, 131, 132 
free surface modes of, 7 


Spherical tank — Continued 

measurement of liquid force, 53, 178 

mechanical model, 205, 214, 21S 

meniscus configuration at zero g, 399, 404, 405 

modal parameters for, 53 

nonlinear effects in, 82 

reorientation time estimates, 419 

with splitter plate, 96, 97 

subharmonic response of liquid to longitudinal 
excitation, 284 
viscous, 110, 111 

Spheroidal tank; see also oblate spheroidal tank 
damping in. 111, 130, 131 
measurement of liquid force, 178 
mechanical model, 202, 213 
Splitter plate in 

circular cylindrical tank, 96 
spherical tank, 96, 97 

Spray formation from high frequency excitation, 288 
Spray-formed wave, 270 
Spray surface, 6, 9, 288 

Stable harmonic liquid motion for longitudinal excita- 
tion, 285; see also longitudinal excitation 
Stable nonlinear (rotary) motion, 100 
Stability; see also instability and stability and control 
aerodynamic, 361 

of axisymmctric meniscus, 402, 410, 450 
boundary for liquid 

effect of damping, 273, 284 
experimentally determined, 275 
boundary for vehicle; see stability of vehicle 
of conical capillary, 407 
of flat annular meniscus, 409 
interfacial, 403 
of liquid 

film on sphere and cylinder at zero g, 412 
free surface, 6, 95, 97, 100; also see longitudinal 
excitation 

by locus-curve method, 235 
polynomial, 237 

of rigid vehicle; see also stability of vehicle 
without accelerometer control, 246 
with ideal accelerometer, 247 
with nonidcal accelerometer control, 248 
root, 233 

of vehicle, 233, 235, 240, 252, 340 ; see also stability 
of rigid vehicle 

bending mode, 239, 242 

effect of tank geometry and location, 251, 252 
general criteria, 236 
with liquid sloshing, 243, 252 
with quarter tank, 254 
with sector tank, 254 
subjected to wind loads, 257 
with tandem tank arrangement, 254, 256 
Stability and control; see also control system and 
stability 

control factor for attitude control, 343 
damping required for; see chapter 7 
effects of elastic structure on, 338 
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Stability and contol — Continued 
example problem, 263 
of vehicle, 225, 233, 252, 340 
Stabilization 

of bubbles, 298; see also bubbles 
of ships in roll, 2, 203 
of vehicle; see stability 
Standing wave of finite amplitude, 270, 277 
Stationary oscillations; see finite amplitude 
Strain energy due to bending and stretching of shell, 315 
Strain gage bridge to measure liquid motion, 173 
Strip theory applied to dampling, 182 
Structural damping; see damping 

Structural deformation coupled with liquid motions; 
see coupling and cylindrical shell of circular cross 
section 

Structural material modeling with dissimilar mate- 
rial, 153 

Structural oscillations; see also coupling and cylindrical 
shell of circular cross section 
coupling with 

engine, 379, 381 

pneumatic regulation system, 269, 378, 382 
pressure regulator, 382 

Subharmonic liquid response; see longitudinal excitation 
Subharmonic shell response, 333, 334; see also cylindrical 
■ shell of circular cross section 
S .pport system; see also experimental techniques 
for 1/5-scalc model of Saturn SA-1, 187 
for 1/40-scale model of Saturn V, 187 
pendular type, 171 
for models, 185 

Support cables, types for model experimentation, 186 
Surface response; see free surface 
Surface spray formation, 288 
Surface tension, 392 

effect on convection at zero g, 431 

effect on damping, 110 

effect of temperature on, 430 

gradients, 431 

kinematic, 388 

simulation of, 162 

values for typical model fluids and propellants, 
appendix 

Surge of bubbles, 270 
Swirl; see also stability 

experimental techniques of measuring forces during, 
179 

unstable liquid free surface motion, 6, 95, 97, 100, 
373 

T 

Tandem arrangement of 

three tanks, stability of vehicle with, 256 
two tanks, stability of vehicle with, 254 
Tank ; see also vehicle, and particular tank configuration 
and coupling 
clustered, 251 
convection in, 433 

longitudinal excitation; see longitudinal excitation 
scalloped, 4 


Tank bottom motion coupled with liquid motion, 336 
Tank bulkhead; see liquid impact and particular bulk- 
head geometry 

Tank construction techniques, 170 
Tank draining; see draining 

Tank elasticity; see also cylindrical shell of circular 
cross section, coupling and stability 
effect on 

bubble behavior, 293 
bubble cluster motion, 291 
low g sloshing, 418 
mechanical model, 218 

Tank geometry, nonlinear effects Irom 79; see also 
nonlinear 

Tank location, effect on vehicle stability, 251; see also 
stability 
Tank motion 

coupled with liquid motion; see coupling 
excitation with air shaker, 183 
experimental techniques for excitation, 171 
impulsive, 2, 13 
velocity potential for, 16 

Tank pressure regulation system, coupling with vehicle 
structure, 269, 378, 382 

Tank pressurization with fluids possessing inertia; see 
coupling 

Tank support; see also experimental techniques 
for models, 185 
platform for, 171 
tripod type, 172 
Temperature 

control in storable tanks, 429 
effect on surface tension 430 
effect at low g, 430 
nonuniformity in liquid, 429 
Theory 

for axisymmetric tank, stable waves of large 
amplitude, 83 
of bubble vibration, 291 

extended Hutton’s for nonlinear liquid motions in 
circular cylindrical tank, 93 
linear, 14 

liquid sloshing at low g, 413, 414, 416 
longitudinal excitation, 269, 271 
Miles’ for ring damping, 107, 183 
Moiseyev’s for large waves in axisymmetric tank, 
83 

Thermodynamics of capillary systems, 391 
Thin-walled ; see tank elasticity 
Thor-Agena 

full-scale dynamics studies, 186 
pogo oscillations of, 378, 379, 381 
vibration tests of, 192 
Thrust forces, 228 

for vent clearing, 426 

Thrust termination, bulkhead impact resulting from, 
353 

Tidal oscillations, 1 

Time, estimates for reorientation of meniscus, 419 
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Tinioshenko shell equations, 317 
Titan II, pogo oscillations of, 378, 379, 381 
Titan III, H-scale model, 188, 189 
Toroidal tank, 54 

liquid mode shapes, 174 
viscous damping in, 114 
Torque, resulting from liquid rotation, 373, 376 
Torque bar to measure liquid motion, 173 
Tower, launch umbilical, 191 
Toxic liquids, appendix 

Trajectory analysis, differential equations for, 354 
Transducer system, types of used, 175 
Transfer of liquid ; see liquid transfer 
Transverse excitation of shells, nonlinear coupling be- 
tween liquid and shell, 335; see also coupling and 
particular shell configuration 
Tripod tank support, 172 

U 

Umbilical tower, dynamically similar model of, 191 
Unstable; see stability 

Unstable liquid free surface (swirl) motion, 6, 95, 97, 
100; see also stability 

V 

Vapor bubbles entrained in the liquid, 270 
Vehicle; see also coupling, particular vehicle configura- 
tions, and stability 
characteristics of launch, 3 
configuration of launch, 3 
configurations of space, 6 ' 

Vehicle bending frequency, effect of liquid, 307 
Vehicle control; see also control system 
equations for, 340 
during lateral sloshing, 233 
Vehicle coupling; see coupling 
Vehicle dissipation function; see damping 
Vehicle propellants, appendix 
V’ehicle response to 

atmospheric disturbances, 256 
wind load, 257 

\'chicle stability; see stability 

Vehicle stability and control; see stability and control 
Vehicle umbilical tower response, 190 
Velocity potential, 15 
for tank motion, 16 


Vent clearing by temporary thrust, 426 
Vertical excitation; see longitudinal excitation 
Vibration tests, of dynamic models, 184 
Virtual displacement of the generalized coordinate, 229 
Virtual work dbne by the external forces, 228 
Viscosity; see liquid kinematic viscosity 
t’iscous damping; see damping 
^■ortex formation, 6 
effect of 

Coriolis force, 374 
liquid rotation on, 376 

\ ortex strength, determined from circulation, 374 
Vortexing during draining, 9, 373 

w 

Wall-pressure distributions, 14 
Water hammer 
analysis, 295 
theory, 321 

Waves; see also free surface and finite amplitude 
breaking, in spherical tank, 97 
capillary, 269, 288 
spray-formed, 289 
Weber number, 390 

modeling at low g, 434 
Wetting 

defined, 392 
experiments, 421 
of wall by liquid, 388 

Wind disturbance, vehicle response to, 256 

Y 

Young’s equation, for interfacial force, 393 

Z 

Zero g; see also experimental investigation and low g 
condensing in, 434 
convective patterns, 431 
drop and bubble oscillations in, 419 
effect of contact angle hysteresis on lateral sloshing, 
418 

meniscus configuration in spherical tank, 399, 404, 
405 

parallel meniscus systems in, 400 
stability of liquid film on sphere and cylinder, 412 
Zero gravity; see zero g 
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